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PRAEFATIO. 

•jnLmplitudo rcientiarum flatico - mechanicaram elt mmm e 

praecipuis impedimentis , quae in illarum ftudio progredl cur 

pientibus iter jam retardant ac remorantur, jam penitus inter- 

dudunt. Tot enira inYentis .funt hae fcientiae hactenus am* 

pfijGcatae, totque novis progreflibus et acceflionibus illae 

indies adaugentur et promoventur, ut, quivel prlmos ordines 

in iis ducere fibi propofuerit, in latiflime patentem cam- 

pum debeat excurrere; tot opera diverfa et diaria confulere^ 

lit raro «unus fit futurus , qui illa conquirere poflit et pervol'- 

vere. In hac porro inventoram ubertate multa occurrunt 

peculiari fiudio exquirenda ; multa ad criticae normam expenr 

djenda, et recto acutoque examine diiudicanda, quo minus 

utiUa.ftb utilibus> fallk a verisy et incerta a certis probe dif- 

cernantur« 
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iT PRABFATIO. 

Indubium ell, partem puram rcientiarum flatico - inecha- 
nlcarum ad tantum perfectionis gradum jam elTe perductam, 
ut fere nihil fit, quod expectari poflit aut debeat: feu enim 
aequilibrii , feu motus* prindpia confideres , ad tantam funt ea 
uniYerfalitatem promota, ut nihil amplius defiderandum videa- 
tuf. Interea certum efi, pleraque principia a multis harum 
fcientiarum doctoribus aut ex alienis et minus genuinis prin- 
cipiis efie derivata, aut methodo inconvenienti expofita: apud 
omnes vero invenies univerfam motus theoriam indetemiinatis 
et vacillantibus infinite parvonim notionibus principiisque fu- 
perfiructam, confequenter evidentia illa et certitudine defiitu- 
tam, qua difquifitiones mathematicae fe tantopere folent 
commendare. 

Quodfi autem partem adplicatam fcientiarum fiatico-mer 
chanicarum feorfim attentius expendamus , in qua generalia 
prin.cipia aequilibrii et motus in parte pura fiabilita ad vires in 
xiatura re ipfa exifientes applicantur; imperfectio ejus omnem 
expectationem fuperabit, nifi nos ad difficultates fere iiifupera« 
biles continuo reflectamus, quae in excolenda hac parte fe 
perpetuo ofierunt. Tot fane tantisque tenebris veritas involuta 
hic delitefcit, tam abdita, et ab oculis nofiris tam longe re- 
mota, ut, fi vel adproximare ad illam cupias> multo pluribue 
iiobilioribusque obfervationibus et experientiis te opus haber^ 
facillime fentias, quam ad hunc ufque diem facere capereque' 
licuit. Atque hinc factum efi, quod pleraeque adplicationes 

hypothe- 



TRAEPATIO. * 

hypotliefibtis phyficis fint fuperftructae, quae jam nulli genm- 
no, jam admodum levi fundamento innituntur, jam ^ani 
inter feplurimum dilTentiunt, et faepenumero cum veritatibus 
et principiis extra omne dubium pofitis evidenter videntur 

'pugnare. 

Haec funty quae me ad elaborationem hujus operis exd- 
tamnt, in quo quaecunque hactenus in univerfis fcientiis 
ftatico-mechanicis praeclareacta funt, ita exponere confiituii 
ut inde plurimum et utilitatis tyrones, primam, ut ajunt, ha- 
rum fcieatiarum ftudio manum admoventeSi et commodi 
Doctoresy' lucrique ipfae fcientiae quearit -capere, unde fe- 
quens totius opeiis ratio e€ oeconomia Iponte fe obtulit. 

I* Praemitto in hoc primo opufculorum volumine ele- 
menta cdculi differentio-integralis, et geoxhetriae fublimioris, 
in' qnorain expofitionfe ita yerfor, ut cuncta ex evidentinun» 
analyfeos finitoruni notionibus et principiis elementaribus de- 
dncam, notionibusque infiriite parvorum,^ quoruni jufii ofores 
funt recttitiflimi geometrae, perfectiflime exclufis, omnia ad 
gennina principia methodi exhabfiionis veterum' revdcem , qua 
de re uberius in introductione diflero. 

ft. His jam elementis fuperfiruam omnes difquifitiones 
fiatico -mecbanicas, quas feqtientia voliimina complectentur. 
Babo operam, ut, inchoando a primis ftaticae et mechanicae 
principiis, quaecunque ufu aliquo et utilitattf fe commendSre 
vilk fueriiit, in diverfis differtationibus criticisque commenta- 

a 3 tionibus 



tiombus foUde aeque ac fuccincte exponantur illulb^enturqu^. 
j£t ideo, ubicunque p^r naturom objecti licuerit^ cooabor orr 
jdinem; notionuin propoHtidnuinque fcientificum/ et tigoreqi 
in condendis demonftratiombuis geometiicum fervare. In or- 
dinandis Yero diflertationibus ad id folum attendam, ne uUa 
Jmutatur principiiSy quae nondunl iint expo&ta et evicta;: Non 
,.enim aediiicium hic ad omnes leges ; architecturaei exactum 
ibrnere, fed materiam duntaxat conquirere mihi propofui, qiia- 
lem amplitudo et dignitas ejusmodi aediiicii poftulat: , nihil 
rergo refiprt, quo ordine Jingulae ejus partes expendantUr, modo 
^inaterla: prp , llngulisi quoad ticuerit y folida determiuetur; 

3. Eapropte;^ ad^licatam ftatica^mechanicarum fcie^tuurum 
vpartem, et in fpecie doctrinam de aequilibrio virium.ifl ma- 
chinis machinarumque motu pecuUariter.difetttiaitu '6orrtemata 
.hypothefibus phyrfiqis fuperftracta/ ne 'line hecelfitirtcrfiBjL iji- 
.finitus/ breviter rec^feba; ; tum llHguIa taliiexamirii fiibiitciam, 
^jupid ad.explorandam veritatem fufficiat» .Quaxnobrem non 
illa folupfi , quae, bactenus . funt inftituto«, experiiiaenta confur 
laxi^, . fed, alia q^Of^e.iCopio(a ^ et ifexcpiiikta. in XuWfdiuint YOf 
cabo, quorum pleraquer^istfpmachinis Jam exftructisr- capere 
^conilitui. ' > . . ; .. > ii' ' -i 

4*.In fecfindD litaquci, Yolyinine^ .»quo.ad.onmis-gerierfL 
^quiiitioiji^s ,tj^^nesi;prfte{)arQmy^agaia.ide^genemIibus corpo* 
jri^ .viriumquie» k^ illa ageamum proprietatibusr yirivuri aequif- 
librio^ earumqui^ compoiitione et relblutibne} centrp MquilibTii 

.. in 



PRAEFAiriO. vii 

in genere, et ^jetitro graviwtis ejusque invefii^tione^inlpecie; 
motu punctorum aequabili et inaequabili; ihotu maiTarumpro- 
grellivo pendente a datis viribus ; lapfu corporum gravium per 
^jlana inclinata, et lineas curvas; denique de momento iner« 
tiae, motuque mairarum circa axes £xos/ et 'motu oscillato* 
rio pendulonim* In tertio autem volumihe evolvam , ob ean« 
dem caufam, principia*geiieralia tam aequilibrii, quam motiis 
iii maclunis iimplicibus et compofitisi ita ut hinc ad aequili- 
brium et motum pro determinatis viribus facillimum (It tranfi- 
re, feliciflimoque fuccefTu principia utriusque conftabilirei 
modo leges virium in natura exiftentiumi quas eae fibi nulli^ ' 
calculis praefcribi patiunturi ex obfervationibus et experimen- 
tis colligere liceat. 

Tuum jam erit Lector benevole^judicare, utrum haec 
aliquidy an nihil meriti habeant. Si nihil inter ea novi, quod 
meumiity inveneris; fpero tamen fore, ut obferves, jue alio- 
rum meditationes haud temere congefliire, fed plerasque ita 
excoxiflei ut meac efle videantur. . • , 

Dabam Lipfiae i^ma. ^bris. An. 1799. 
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INTRODUCTIO 

IN CALCULUM DIFFEREimO-IimiGRAU^ 

Xbeoretnt elementtre, cojos demoaftrtdonem ifi (199. SO.^^If «ft 
UDum e prtecipuie principiit genertlibui mthodi txhamjiwnis veteram 
geometrtrum. Demonftrttio tequtlitttis duorum ' qutntorom illi princ^ 
pio rite roperftroftt ttnttm ptrit evidentitm et certitudinem, ttnttmque 
habet vim in inteUeftu de verittte convincendo, ut et mtjor. defidertri 
non poflit. Qui tliter (bndunt, non fttis mibi videntur ritlurtm ejusmodi 
demonftrttionum expendlfle. Inter hos Michit/tnus eft; qui negt^ 
methodum exhtnftionis veterum per fe td veritttes mtximo, qui poillit 
defidertri, rigore evincendts fn£Eicere (*): tft non eft, cur in confuttnda 
ejus opinionis levittte dintius immorer; unico exemplo uttr, quo cltriut 
tyrones ntturtm demonftrttionum hujus generis perfpidtnt Sit nimironi 
demonftrtndt teqotlitts inter tretm circuU et produftui|;n ex ejus femi- 
peripherit in rididm. 

K) Ridios circuM fit r et r ejus peripherit, X totem tret. Si p de« 
notet perimetrum cujascunque polygoni regultris circulo infcripti, et P 
perimetrum polygoni fimilis eidem circulo circumfcripti; erit evidenter 
tam ^^p et r <P, qutm X> ipr et XiqiPr. 

B) Sint D=P — sr et d:?=r — p differentite inter peripheritm cir* 
cnli et perimetros polygonorom in (A); erit P=:D+ir, etp=T — dr 

igitur iil (A) erit etitm X>-~ii»i^-~^ et X<l-~+-~. ^ 

b » O CI»- 

(•) Beytnlg* tm Bcnirdemng dw Stadinm der Matbematik. ym Stiick. S. 193. 194. 



X INTRODUCTIO.^ 

C) Qarnm porro eft, reftts aeqaales ^lffefentiis D» d in (B) eo 
Diinores fieri, quo propias polygont in (A) accedunt ad cjrculuniy neqae 
dlfficulter demonftratirr, pro quavls cogitabili lineofa refta z talia pojy- 
gona in (A) eiTe polTibilia; pro quibas qaaevis reftaram D, d minor &t 

«• • 1* . .. Dr . ZT dr.zr 
IiDeola Zi CDnfequenter etiam -r- ^ » ^ 

2 3 2 2 

D) Porro oull^^ eft cogkabiiis tam parva ruperfieies e, pro qaa et 
quovis dato radio f ,Don fit polTibilis ejusmodi lineola ro6U Zj qaae det 
irz<e. Cum enim abfurdum fit de fuperficie e cogitare» quin in hac 
tria ponfta «xiftant, qnae nec iiT Una Vefta jaceant, neque in unum pun- 
ftuni coniluant; evidenter patet , p>p quavis qukntumlibet parva fuperficie 
e podibile elTe triangulumy pata attitudinis a ct bafeos b, qood minus fit 
foperHcie e, nimiram -^ ab< e. Qoantumcunque porro parvae fint lineo- 
lae b| 1^ cum illas com pun(tis confundere non liceat; necefle efi, at 
pro dato quovis radio r pofiibilis fit quarta proportionalis z ad r, b, a, 
quo fitt r:b:=a:z, hinc rz=ba» et .irz=j:ba; proiode etitm 
i r z < e. . 

E) Quare evidens eft, femper efie pofl^bilem Itheoltm reAam z, 
pro qua dimidium irz reftanguli rz minus fit quavis atconque parvt 
foperllcie e per (D): igitur erunt pofiibiles reftae D^d, pro qnibos fit 
ttm dimidium ^Dr reftungoli Dr, quam dimidiuro (dr reftanguU dr 
mious quavis cogitabili fuperficie e per (C), quod eft' impofiSbile i ^aio 
fit X— irr ob (B) per (129. §•)• 

2. Hoc modo procedeSf quotiescunque principiom in (129.$.) de» 
monftratom ad evincendam aequatitatem duorum quantorum; Z» X applicare 
volueris. Quaere ante omnia» an non dentur duo quanra variabilia V, V, 
pro quibus femper Ct Z>X— U et Z<.X+V vel Z<X — V, quos- 
cunque valores qutnta Ui V obtineant: tum difquire fedulo, atrum haec 
qnantt ejus Dtturae fint^ at quodvis illorum qaolibet qaaoto otcunque 
parvo minus pofiTit fieri. Si entm haec evifta fuerint, conftabit eo ipfo, 
qaanta Z, X inter fe dsbere aequari, ita ut abiiirdum fit difierentiam all- 
quam inter illa ftatnere , utcunque^l^arva ea eife dicatur, determinabiiis, 
vei indeterminabilis (129. §.)» quaiem Michel/e^nus in praecedente exem* 
plo t drculo petito fibi imaginatur. Videamus jam» qatott fit hujus 
melbodi vis in promovendt methodo, inveDtioDis» ii iUt td diiTerentiat 

fuo^o- 
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fafiftionjam rlte appUcetor, quae dirquifido eo plai utititatig hebere cea- 
fendfl eft, qoo evidentiui inde et genuinanr objcftam calculi difTerentio* 
Integralis, et fufficientia metbodl exbauftionls veterom ad conftabiliend$ 
bQJua calculi principia poteft colligi. 

3. Plenque anmlydae, duce Leibnizio calcoli differentialis inven- 
tore, univerfam honc calculum circa iniinite parvas differentias quantita-^ 
tum variabilium ec funAionum verfari arbitranturt cojut fyftematia prio- 
cipia palmaria ad fequentia capita poffunt revocari. 

A) Si a denotet. quamcunque quantitatem finUam , qua et major et mi« 

nor fit aflSgnabilii; et m fit numerus integer quiscunque; erit — :=: x 

pars mta quantitatiSi a, eaque eo miDor» quo major fuerit nomeros m. 
Data jam utcunque parva quantitate e pofllibilis erit nomerus integer m» 

pro quo valor fradionis x= — /coofequenter 'etiam quaevis fraftionnm 

a ' a ' a 
— , — , — , ctc. fiat mirior quantitate e: fi ergo cogitetur tiome- 

rus m indefioepter crefcere, licebit bac via ad nomerum ibfinite magnum 
m=:oo, nimirum omni dabili majorem»^ et qoantitates infiniie parvas 

-— » — r, — r-, — T-, etc, fea omni dabiK minores, mente ad- 
<» 00* 00' 00* ^ ^ 

proximaret: imer qoaa idcirco et finitas, qaafititates ejuamodi iotercedet 

i«latio, Qt quaeKbet quantitaa infinite parva -^ tam refpe6te qoantita- 

r . . "OO 

tis cujoBcdnqQe flnitae, qoam rerpefbl iofiiiicae parvae inrerioris ordinit 

•..••''■»'■'■ 
'■ ■ perfefte debeat evanefcere. 

B) Qoamobrem . licebit etiam datam qoamconqoe qoantitatem varfa* 

X 

bilem X increroento infinite paryo — ^Dgerej qoo qoaevis ejus funAio y 

certa quantitate mutetur» nlroirum crefcat vel decrefcat: quantitatem 

*x * 
hsmc \ocuit IHfferwtiali /unftiottis y y et incremeotom. — variabilis x 

Differentiali variabilis x, illudque defignanefigiio dy, et ifltid figno dx. 
Cakutus differentiaiis compleftitur methodom inveniendi differentialia faii- 
Aionum, et Calculus iniegralis methodum inveftigaodi fonftiones, qoa- 
rxm data fint difffsrentialia. 

C) Facillimum vero eft in hoc fyftemate differentialia quarumvis 
futiftioniim invelUgare. Cogltetor lanim variabilis t aftgeri incremlf^ntp 

b 3 infioite 
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infintte ptnro dxt=~, et t valore, y^ quem furiflio y inJuajt, varia- 

bili X 10 x+dx abeuDjte» fubtrabatur ip£| fundtio y; reGduum y'— ^y 
dabit differenciale dy funftionii y per (B), qopd fi^iplicifllme exprimea, 
fi, perafta reduWone refidui y* — y, funfimis formae «4*i8dx + ydx* 
4-ddx^+®^c* quaotitates finitasit, et fummis forfnae ySdx + rdx^+^dx' 
4- etc. quantitatea infinite parvas ^dx fubftituas, 6b (BetA). 

£. gr« Si petai difi*erentiate dy funftionis y=:ax'; erit 

y<=:a(x-f dx)3;=rax^+3ax*dx+3axdx^4-tdx': 
igitur y'— y=3ax*dx+3axdx* + adx», 
/ feu. dy = 3ax*dx 

Pro yr= r- aatem crit 

.*+dx X ^ , . 

i-(x+dx;-. — T^i^^y^-y^^y^ 

.... _^ (l + x*)dx + xdx» 

igitttr dy =^— __^^-^^ 

icu ay~ |j_^a)» 

4. Nihil faoc calcolo fimplicioi poterat excogitari, feo inventionem 
differentialium datarum fun^iooum, feo iUarumt qoiif incognitii foa* 
ftionibui competant, inveftigationem confiderei: verom fundi^menta ejoi 
acerrimo inter ipfo/^ illorum patronoi bello occafionem praebuere» ad 
quod geberatim inter analyfias excitandum fovendnmqne notionea iofi* 
nite parvorom aptiflimae efl!e videntun -Sunt, qui duce Eulero omnes 
quantitatei infinite parvai nihilo aeqoari judicant» ita tamen, ut eo noQ 
o^ftante diverfae rarionei 'geometrrcae inter ipfaa pofiSnt intercedere. 
Aliii contra abfurdna efie videtor nibilorum calculus, abfurdumquct ut 
ona duarom quantitatom iofinite parvarum, inter quas, ntpote aeqoalei 
mhilo, nulla intercedat magnitudinia difierentia, ntt^la poflit efle aiterios. 
Qoamobrem propognant ii, omnem quanticatem infinite parvam efi*e qoan* 
tom flii generii^ omni quidem dabiii minus» non tamen aequale nihilo: 
nec metuunt, ne ob negleftum infinite parvomm fefpeftu fioitorom^io^ 
fioiteque parvorom iQferioria ordinia (3) calculua erroneua reddatur^ error 
enimf inquiunt» qui bic committi videtort^ eft ^fioite parvuSf confe» 

V quenter 
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ffanfAtf oonli Aibtli tnkiorf ee )deo notttit. \ Aft» ne niiniopere & fcopo 
bttjot ititradfiJitieDis abdacafDQri; aflimiaiiiiii exploniidiRt vim methodl 
exbaoftionis veteram in nfti dtfferentiarntv finitaram, qao eyidentiut 
pateat» otram et qua ratione calculi differentio -c iotegralis principia ad 
genaina methodi exhauftionis veterom prineipia pcifint revocari, qood 
nnico exemplo illu&raiTe Tufficiet. 

^;. Pro qmkustihk duoHs quauHs P, Q' iaHimr numirus integn( m, 
§uo /umma P — + Q — j fiat minar quatns utcuuque parva quautitatit. 

Semper enim erit tertiom quantnm Z poffibile^ quod m^ns fitqno- 
libet qoaoto P, Q feorfim fumto: ernnt ergo quanta Z, P, Q fiQ com^ 

parata, otproiUi«fitZ~ + Z-V>p4- + Q-x* 

m m m m* ^ 

Cnmvero fit Z-^>Z-i., adeoqaeZ^ +Z — > Z~|-Zjp| 

erit eo ipfo etiam aZ~> p JL+Q -!-.• i - 

j m '^ m m* 

Qaantumcanqne porro magnam fit qoantom sZ» et ntdinqae par- 

Tom e, poffibiiia erit nomeroa integer m, pro quo fit aZ — -< e: pro 

eodem nnmero erit ergo a fortiori e> P ~ + Q — • • 

m m* 

6. Data aequationi y»=Ax + Bx* ad eurvam BPC(i8.Rg.) inter ^i^^^^ 
ejus cobrdiuatas orthogonas y=Pa, x=Ba, eujus revotuiiofis eirca axem 
BIS generetur corpus rotundum CBD; invenire /oUditatem /egmenti BPp 
pJauo PmpnP ad axem BE perpeudtculari dbfciJli. 

Soldtio. L Soliditas qnaefita fitS=BPnpmP, quae variabiti x=:Bi 
erefcente quactfnque differentia dxsab crereet differentia ^$s 
Pmpncierc: erit dS major cylindro bafeoa Pmpn^t altitudinit ab=^x, 
et fimnl minor cyliodro bafeoa resc et altitadinia ab=Ax: eom igitur,pro 
ratione radit ad (emiperipherJam =i:r, fit r.Pa^.Ax roliditas cylindri 
prioris» et «*.rb^dx foliditaj pofterioris; debebit effe femper 

^. ' AS> ar.Pa*.Axj et AS <r,rb*.Axl 



ir. Sed per bypothefifti debetit ordineterani fi^, r|> abl^ttOEU. x^sxBe^ 
jc+A.x=Hb rerpofidentiom qaadrata efTe, Pa^JS^Axjj-BlLVrb* =:A (x 
+Ax) + B(x+Ax)?; igitor trit femper etiam 

AS>rCAx + Bx*)Ax; 
et AS<;r(A(x+A!c) + B<x+Ax)»)Ax. 

IIL Si porro baec omni c^fo debent fubfiftere, qdemconqne valorem 
M>eat differentia Axxrabi DeceflTe eft» ot eadem looqmha^uit, fi» va- 
ria|)tli x=Ba in nomero m partes aeqqales mente divira» differentia 
Ax=ab oni mtae parti ejosdem variabilisaeqoetor» adeoqoe ponatot 

Ax = — • ^ 

m 

IV. Qoodfi antem Ba^in nomerp m, et* pb in m+i partesneqoa- 
les mente dividatur» qo^m qoaevi^ iitci=4x^V ^ P^ fin^la ponfta 
divifionis cogitentur duci feftiones ad axem perpendicularest otPmpnP, 
r-escr per puafta a, b; dividetur eo ipfo ScBPnpmP in numero m 
partes, et Brcser=S + AS in partes numero m+i» quae fic debebont 
effe co*mparataei Qt| fi in AS terminos ftnei Ax.c> Ax^l, Ax.a>i--*-« 
Ax(m**i) loco X fuccefiive fubftitoas, nomero m partea fegmenti 
S=BPnpmP ordine fis obtentunis. *:u) 

V. Hinc ergo (IV) et ex (II) cvidenter eluc^, foliditatem S pro 
quovis poffibili numero integro m in (ill) majorem eSk fomma oqmiom, 
valorum, quos funftio 

«'CAx + j5x*)Ax 

focceffLve induet, fi in illa termini feriei Ax.o, Ax.f, Ax,a, ^ - -«> 
/ix(m — i) loco X facccflive fubftitaaiitar; et fimul minoreai fuaiaia om- 
niam valoram. qaos iu eadem hypotliefi faoftio 

, T(ACx+As)±B(x+Ax)^)dx 

debcbit obtinere. Qnare Iiabeltimas '. 

S^A A(l + 2 + 3+..-+(«-0) Ax») 
C±BCi*+2»+}«+---+(m— i>*)AxO 

c^_( A(i + 2 + 3+ +m)Ax») 

( + B(i»+2*f 3* + +m») AxO 

• ■ •■•• -^ A 

'•Et 
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Et:fumtis i^erterdai fmntiils fiet * 

S <iraA(ai*+m) Ax* + iB(am*+3ai* + m)ilx'). 
Comqaefit: Axs= — ; erit etiain 

S>irAx»i:frBx'— U; 
et S<iTAx»±JirBx» + V; ' 

j,rQU=,Tx'(A±Bx)~+irBx^~-; 

et V=irx'(A±Bx)-^±i»Bx»-^. 

VI^Hine, quia q<iodvts quantoram U, V in (V) poteft fieri mloiu 
qoolibet otcunqoe parvo qoanto e per (s), neceflario feqoitor eile 
SE=lTAx*±irBx» per(3). 

7. Si Qtranqoe expreflioDem in (6. n. IT.) per d x dividamus» 6k>» 

AS 
tloebimus pro quoCiente *t— » feqotDtei coDditioDes, pofita dtffereotiA 



A X 5= — • 



^^]>ir(Ax±BxO; 



tkx 

, -|7<»(Ax±Bx»)+(A±aBx)x;i-i:Bx» ^^^ 
' Ob primtm cooditionem debet necefCirio extare certa differentia 
-jj — ir(Ax±Bx»)=Dp pro qua fit 

^=T(Ax±Bx*) + D: ^ 

igitnr ob fecnndam eonditionem 

D<J(A±2Bx)x^±Bx*-~.- 

Qeamobrem, cnm id femper debeat fubfiftere, ntcnnque ptnra fit 
pars mta Axt=t---- Tarisbilis Xf qnamtumlibet idcirco magnus fit nn« 
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■ , . ' 

meruJ integer m\ comqae (eiDper fit nomeras mpoflibilis» pro qao 

(A + ^B^x)x— j-t B X* --7 valorem minorem qaovis atcacque pirvo 

vtlore e obtineat (5): cvidens eft, difFerentiam D inter -^ et irfAx' 

Ax » ^ 

4:Bx^) minorem qt^ivis utcanqae parva quantitate e pofTe fieri» confe- 
quenter funftionem ir(Ax + Bx^) efle limitem omnium maUtionam , quas 

«xponens -r^ rationfs.AS.-Axfocceflive poteft fubire, fi Ax=4- indeC- 
**x * m 

nenter decrefcat^.namcro m perpetuo crefcente (68- S- Elem,). 

8- Psri rstione, fi opas eflet, liceret afum principiorum methodi 
exbauftionis veterum ad omnes cafus extendere» ad quos fundamentalia cat- 
colidifFerentio.integraiis prsecepta folent adplicari, quid flt neceflarium ad 
notiones infinite parvoram refugere , quorum ne veftigium in ejasmodi dif- 
quifitionibus reperies. Ex hoc autem unico exemplo evidenter coiligimurf, 
|>oflibjIe ^Sej, ut principis calculi differentio . integralis eadem certitudine 
et evidenda georaetnca , quam in Archimedeis difquifitionibus admiramur, 
coQftabiliantar, fl objeAum hnjus calcuU its deterroinetur, at ille perpe- 
too circa folos liroites verfsri debeat, ad quos exponences rationum 
Ay:Ax inter diflerentias Ay fonftionum y etdifferentias. A;c vsrisbiliom 
•bfolutarom x (4. §. Elem.) intercedentium indefinenter adpropinquent, 
difFerentJi^ Ax cbntinuo decrefcentibus; tum ad evolutionem eorundem 
limitum et proprietatum, qnibus ii fint praediti, metbodus exhaufHonis 
veterum rite applicetur. Limites ejusmodi genuinum effei idqoe unicam 
rationi confentaneum, objeftum cakoli difFerentiaiis , commanis eft cele- 
berrimorum Analyftarum fententia. Alii illam diferte profitentur, prio- 
cipiaque calculi differentialis ex ipfis talium iimitum notionibus derivant : 
slii<vero earo tacite amplefluntur, inter quos perfpicacif&mus LaGraH- 
gius eminer. Negat enim La Grangius in fua theoria funftionum 
analyticarum (*), principia calculi difTerentialis certjtudine evidentia- 
que geometrica conftabiliri, fi illa ipfis limitam nottonibus fuperftruan* 
tor; quocirca ali^.is metbodo, iodependente sb liis notionibas, funftip- 

' nes 

(«) Thiorie des foncUons analftiquet, conunanl les principes du ealcul diffe- 
rentiel, dSgagds de touie conjideration dUnfiniinent petits ou d'SvanoulJfans, 
de iimites ou de Jiuxionf, et riduitt d Vanaljfe aigehrique de quantitde 
finiet» 
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. f direrrarim^ordinom >y quavi» ftmftiane primitHr« errfvere dbcet; ; 
qnae mhi^.fiiiit «Hod^ qmm lioiites fnatftttoncim xn exponentes- ■ , > 1 

^^ ■ y. , etc, ob differentiain Ax continao decrefcentem re^on^ 
4antiam: eapropter ipfe La Graugius fttani $alcKium fitn£titM$km eon* 
dem cam ^a/r«i(? diffenuHcUi elTe pFonaoclat, qood 77/. LaGroix in faitf 
inftltotionibua calcali differentio . integralia (■) infigoiter iHnftraVlt, Ld 
-G r augiaumh^ caix^m ad eVolotionem; principiorom catcoli differentia-' 
lii adp^cana. 

9. Verom v^niam dabit Vir celeberrimosj ii ei fo re '^nU mpmenti 
contradicanl, notionesqoe genuinas limitum, dequibas liic fermo eft^ ta* 
les effe judicem, '.ot ex illis principia calcoU differi^otialis omni rigorei 
Gertitodineque et evidentia, cujus dirquifitiones ^nal^dcae capacea , fnoti 
poGint derivari, ita tit calculos bic, iisdem notlonibas fuperftruftus, totu^ 
elementaribus principiia analyfcos finitorum innitatur. Qoicuoqoe enm 
haftenus id praeftare adnifi fuat, to eo mibi peccafte videntor, qood % 
acfinitionibus rationum differentialium immediate ad illarum inveftigatio- 
iiem traDiivefiiit,'et Aepemsmero in hgq inveftigatione notionibOB iint^ri, 
qote coaf figoref qoo principia calcoli differenthlits erant conftabiliendA^ 
aoHo pafto poffant coaeitiari. Clarigimum VHuilierum inter recen- 
tiores excipio, qui ante omnia generales limitum pro quantis rationibus- 
qpe variabilibas proprietates evolvere eft conatos, qao fundamenta iolida 
i?)nftabiliret, quib^s inveftigatio rationom differentialiom poffet imiiti (^). * 
Aft utram haec aliqoid et quaotum pond^ris habeant, ex fequenti com» 
mentatiuncuU elucebit, quae et ipfam metbodum, qua inconftabiliendis 
principiis calculi differentio- integralis at6r« et ejoa vim io evincendia.ve* 
ritatibua illaffrabit. • ' " 

'^ c 3 ^ Io.Bina 

• I * "• - • ■ .' ' ' 

(a) TraiiS dii Calcul dfff^rentiai el iuti^rat, 

j[b) ETpofition Hemtniaire des principes de caicnlefaperietirs, qui a remportm- 
.* lc prix propofi par Vjicademie Royale de Sciences et Belles - Lettres )four 
' i;Annie iyS6. d Beriin. . • ' 

• Princi^orttm caicuii differentiaiis et integraiis expofuio eiementw^ ad 
normam diJfertMoniS' ab academia Sciem. Reg. PrirJJi(fa runna tj^,'pNiemU 
/ionore decoratae clalforata, n^ingae.^.' ^ 
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la Bhm mUist principit naxtmt inoinetiti in imtverft ftmftiohBm 
<beori«| de qaoram rotida demoiiftratioQe parom hafteiiQi erant Analyftae 
Iblliciti: primum eft, >quod omnis fooftio variabiUa & certae feriei formae 
gtneralif .Az*+B»'*+Ca*^+ ^tc. aeqoetor: alterum verot qaod' dtffo- 
rentia Ajr cojuslibet fanftionis y variabilis z alicQi (eriei formae «As 
+/3 A z' + Y A z' +etc. debeaf efio aequalis. Neutnmi priacipiom eftpeir 
le evidena: otrumqae ego idto in mea aoalyfi O demonftrare adoifos fum,- 
qao inftitotionea calcoli dtfferentio-integralia firmis fandameotis poflent 
iaperftnii. Negtexit hoc U HuilieruSt qoamvia is otroque princf(HO ad 
evincendom theorema Taylorianum ufus fit» qood eo minas poffom ad^ 
probare, qoo amplior eft apud illum ofus bujus theorematis (^). 
La GrafigifiX contra, ne a nondum evifto principio fuam fuDftionum 
dieoriam ordiatar, demonftrare conatur , pro qnavis funfUone fx variabi* 
lis X, fi f(x+i) denotet valorem, q':em illa obtineati variabili x in x+i 
abeonte, effe f(x+i)=:fx + pi+qi*+ri*+etc., ita utin hac ferie folae 
potentiae exponentiuin integrorum et pofitivorum incrementi i pofiint 
cqntineri (^); aft multa mihi in bac demonftratione difplicent. 

l^. Tota demonftratio aeqiiatiomim theoriae innititur, qoae ob expo- 
Aentes potentiarum i» i% i% etc. in infinitum crefcentes nequit hic eam 
evidentiam et certitodinem parere, qua fundamentale totias calcali foii» 
ftionam principium erat demonftrandum. 

a^ Porro eft tota demonftratio tantom ad impoflibilitatem potentia» 

mm fraftarom i ^ evincendam concinnata, quin inde ullaratione poC- 
fit elucere» utrum feries exprimens fun6)ionem f(x+i) terminom ali« 
qaem pi primam potentiam incrementi i compleAentem neceffario 
debeat habere» cam tamen» nifi ejusmodi terminas adGt» univerfaa calca- 
laa vaciUet. 

3^ Ponamos demum» Ia Grangium foiidiffime eviciffe non poffe 
fieri» ot f(x+i) aequetor alicui feriet forriiae fx+pi»+qi^+ri*=+etc., 

in 

(a) Uoterricbi in der matheiiiatilcban AmJyiif . ater Btnd, aa(a Jabr 1791 ; ttad Btj^ 

l^ auft Jahr 1798. ' , - 

tl^) PrUcipiomm Cmle. Diff. 0$ Inie^. ExpoJUlo M. 33. 3|. g. 
<c) IhdoiU do9/o»€$ioiu analyUfuo» «fc 10.$. 
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iii'i|ini etpaimites frnfti occorrBot: eftnc; klM eriftiiiii, feiiftieMtt f(x-fi) 
aeqotri feriei fx+pi + qi'+ri'+etc.? mioime: oibil eoim aliad iode 
leqQitur» qoam qood nollcis exponeotiQm »» b, c, etc. poffit efle^ fraftuff 
>f/iwrfArf(x+i) certoi /erki firmae fx + pi«+qi«+ri*^+etc aefnturi 
Qtram eoteQi re ipfa extet ejaamodi (cries» ouliibi demonftratum ioveDio. 

II. Eapropter, ut tyrones a priipis vulgaris algebrae elementis ad 

adaequatam diftinftiifimamque cognitionem priocipiorum calculi differeu- 

tio-iotegralis via breviliima docerem, expofui io primo elemeotorum 

bujus calculi capite paimares fuoftionom proprietates, explicationemque 

funftionum algebraicarum, logaritlunicardm, exponentialium et trigpoo* 

mecricamm per feries methodo fimf^ciflima docui; tum» qua ratione prio- 

cipiorum , de qoibas io (lo^ erat fermo, veritas poteft evinci» io (6}- 66.$*) 

oitendi. Quod ia fpecie ad theorema binomiale sttinet, babes illod pro 

quolibeiexpooente rationaliet irrationali m In (51.$.) metbodo tnventionis 

demonftratum, ita ut adverfus bujas fimpliciffimae demonftrationis rigorem 

nihil poffit obiici. Cardo enim totius demonftrationis in (n. $.) codfiftit, 

ubi generatim fappofui» aritbmeticam aniverialem ita efle excoltam, ut 

inde facil^ eluceat, cur pro omni exponente mf et qoibuslibet qusntis 

• gm ^ n %*** 

%v, debeat efle ''^ = \^—J • q«» *« huj«* F»ociP" veritate du- 

bitatf neque concipere poteft, qoo modo id demonftrare liceat; praecipua 
quaeque principia aritbmeticae UDlverfalis, ut e. gn a^b^^^ab)"»; a" a» 

csa^^-^Mogr^czrmlogr^Iog-^slogr— logs; et flmilia in dobium 

vocet oportet» quae otiqQe oequenot fubfiftere proomoibos expobentibu^ 

Ijin 

quin fit e, -gri log --^slog u^^-^log v"=m logu — mIogvs=:m 
1087-=^» Qrf» ^^^V^ neceflario ~- ^Ql.y. 

id. Hinc jam ad ipfami expofitiooem prindpiorum calcoti diflerentia» 
Bs in fecundo capite progredior. Ante omnia expono adoptatas et me* 
tbodo exhauftionis veterum contentaneas definitiooes tifmtwn pro qoantis 
^ et rationibos varlabilibus (6S« 69. $.), ex quibus evideotiffime principik 
generalta feqiiuotur, qaae afque ad (7S. §.) evolvo. Tum» praemifla de* 
iioitione r«tionis differentialis (79. %)^ aflumtoqoe pro ejus exponentd 
£gno (impliciffimoy totns in eo occopor, utillas rationum differentialiam 
proprietates g^endes paucis explicem et evincam, quibus nniverfus 

c j -'•ffe^ 
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differefetii»«iatfgrilis calculus Itraititnr (go - - «. lod.^S.)' -ex liii i^maf^ 
luroprietatibus :pniec«ptA anivecfi calculi diiFereiitialis per fe. indidein evL« 
dentiilitne flueptiii elido (103 — * 159- ^)- Fecaiiareni vero operaiiK 
«dbibui, ut UDiverfaiem eamque planiiriinam metiioduin quaerendi expo* 
nentea rationnm differentialium fnnftionibud incognitis debitflrum doce* 
rim/iltamque ad ajusmcdi priflcipia revocarem, de quorum certitudine 
evidcntiaque ddbitare fit impofiibile (129 - - - ija.SO Quantam haec 
prlncipla vim in evincendis veritatibus habeant, ii illlk ad geometricaa dif* 
i^intiones rite applicentur» oftendi in poftremis duobus capitibus: pof. 
fnnt autem tlla eadem facilitate perfpicuirateqae ad generaiia totlus me- 
chamcae fandamenta con(tabiiienda,adplicari, quin neceflarium iit, tem- 
piira, fpatiat celeritates» et (imilia in Ihtn evanefcentiae confiderare, illa* 
cgsie ot jnfinite parva vel evaoefcentia itfter fe comparare. » 

19. Uoc modo inveftigatio ntionnm differentialium ad doo genera» 
liiSma priucipia analytica revocatur (82. 131. §•)• Vel enim funftio y re* 
lata ad varjabilem abfolutam x (4*^0 datur, vel penitus ignoratur. 

. Gifu primo ponatur ia iiia ubique x + ^^ ioco x, quo ipfo obtioebitori 
djiTereatia Aye=:y'— y. Hs^ec jam differentia ita transformetur, ot per- 
fpicue conftet « ipfam certae feriei formae P ^ x -]- A A x^ -f B ii x' 

' -f CAx^ + etc. aequari» in qua terminus primus PAx perfedte iit deter- 
minatas, feu eoeiTicientes A,B}G, etc. reliquorqm terminorum nofcan- 
tur feu non> modoii a difTerentia Ax lint independentes. QuodQ enim 
rdpfa fit Ay=:PAx+AAx*+BAx3+etc.; erit eo ipfo «ys=P=Pf x 
exfonens rationis difTereutialis {iin&ionis y (S2. Si* £•)• 

14^ St autem ignoretur fiinftio y variabilia abfointae x; ignorabitur 

quoque expredio iMius difTorentiae Ay. Hoc cafu jnvelligeturt annoB 

cxftcnt bin»e fuiictio<ies U, V differentiae Ax, inter qnas incognita dif- 

ferentia Ay fic jaceat, ut pro quovis tttcunque parvo valore difiEeren« 

tiae ^x fit 

Ay >U et .Cmul Ay< V* . 

Tum dcterminentnr exprelHones earundem fonftionom U, V per x, 

Ax, et qnaiRitates conftantes, a quibus illae dependeant: expertdantur 

.eaedeni expreffiones diligentiflime, ut certo conftet, an non detur deter- * 

minata^^liqua quantitasfX, couftans vol aequaiis certae fundioni variabilis .x, 

' " ^ * ' ■ i '" ■ modo 
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mpio Ubi' 4k Iode|^iideii$ a .4tffeMiiti'a Ak; et M i^dn fiAlr prfteterea 

elite qoantitates e, ft.gi E/f» G, etc. pbffibilte, qiiae a dx 

noD dependeaot. (Ucet eae ignorentnr) ficqoe fint comparatae, at pro 
illls naici dcbereot lctiei X Ax 4- e Ax^+fAx^ + gAX^+ etc, XAx+ 
S^Ax* + F Ax3 + GAx^ + etc. fonftionibQs U» V aeqoalcts, qoiboa io 
praecedentibos expreffio^iboa pro Ay fobftitotis fieret 

Ay>XAx+eAx*+fAx»+gAx*+etc. - ~ 

• ' , ct fimol 

Ay<XAx + EAx»+FAx'+GAx^+ete. 

Utprimom enim ha^asmodi expreiliones foerint 'deteftae» certoqoe 
eonftiteriti ocramqoe fimul pro qoovis qoantomlibet paryo valore difie^ 
rentiae Ax debere fubfiftere; certom' etiamerit» X eSe exponentem ra- 
tionis differentialis incognitae funftionfs y, ntmirom ty:=XsXs]^ 

(131. S). 

Slc e^gt* faperios (6), Itcet ignoretor fonftio SsBPnpmP varia«- 
i^iUs xF=Ba^ certo tamericonftati. illios dififerentiainAS ejosmodi cfiie» 
ot; pro qooyis :vaIore jdifierentiae A X fit AS iniypr cylindro bafi^osPmpo 
et aleitudinis Ax^ et fimol mioor cyjindro bafeos resc ec altitodinis Ax^ onde 
ibidem obtinoimus 

AS>*CAx;fcBx*)Ax5 
et fimol 
AS!<ir(A(x+Ax)+B(x+Axy)Ax, 

Qoamobrem erit etiami 
AS>ir(Ax+Bx*)Ax; 

et fimol ' 
AS<ir<Ax + Bx»)AxJsaBxAx»±BAx'. 

Atqoeexbis expreinonibos evidenter jam per(i3i. §*) feqoitnr, ex* 
pooentem rationis difierentialis incognitae fiinftionis S oeceiTario We ' 

«S=T(Axi:Bx*)=rCAx±Bx*)tx, " 

qood ipfum , ob (79. 70« SO » J*« foperios (7) invenimos. 

15. Quodad princlpia Ok (95 - - r I05I, §.) demqnftrata in fpecie.at- 
ttnet ) ea aec per fe funt evidcAtia, ot demonftiratione non Ibabeant opus; 

neqoe • ^ 
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^eqtie talia, nt ignonri poiKBt, qnia JtfqaifitionM differtntio*{Bteghtol 
eO ipfo dobiae reddtnCpr. 

Sicttt e^ gr. inveftigatlo logarithmomm datis nameris refpondentiam, 
el namerorum datia logarithmis debit^ramt in deterr*nato qr«ovis cafu 
dubia deberet reddi , niGconftaret, uni eiderrque nuttierounicam logarich- 
jnum» et vicifltm cnivis logarithmo unum deterrninatum ntjm^ram, inae- 
qualibus vero lo^ithmis joaeqoaiea numercM^ ;Ustmimeris inaeqnalibua 
inaeqoales logarithmos refpondere: ita etiam i :erta erit qoovis dct^rmi. 
nato cafu invefligatio expooentiumrationamditH .entiallum pro cer^ fis. 
fttpnibos, et harum pro datis exponeotibus, nifi iiniiiiapritK-;?'*! pro funclio- 
iiibus ec iilarum rationibus differentialibus evincantur, ut in(95--98.S.\ 

In (14) invei^n^as sSs=:t(A^±Bx*) pro exponente rationis diiTe- 
rentiaiis ^ftionis $ aequaiis foliditati corppris BPnpmP: fi Jam imncL^ex- 
ponentem ad detegendas certas proprietates ejusdeo^ corporii^ adpiicem; 
certitudo inveftigationis in eo profefto fundxbitur^ quod evidenter conftet', 
iilum expbn^ntem ei duntaxat ftinftiooi polTe ref^ondere, qua% foliditati 
corporis BPhpmP aequatur. Et fi inde ope calculi integralis ipfam fo- 
iiditatem eliciam, ponamque illam effe Ss=:T(lAx*+f Bx»)+C; erit 
baec determinatio ideo certa et evidenir , qnia certo cooftat, dato exponenti 
eS=ir(Ax + Bx*) nuIUm aiiam funftionem poffe refpoodere (97.98.S). 

Deinde fi qaacunque methoda exponeotem sy=:«sz'rationis differen* 
tialis functionis y datae per variabileni z determioes; nifi principia in 

(99 - - I03. §.) evi£bi fii^t» haud licebit s9~^ indederivaret et ^ 
pro exponente rationis differentialis quantitatis z fpeftatae inftar unius 
funftionis variabilis y habere^ quod tamen in quamplurimia difqaifitionl* 
bus theoretico-practicis folet ileri. 

Ea propter ex,pofitippea| iK^runs principiprum (95 102. SO non 

Dtilem.duntaxat, fed etiamneceffariam effe arbitror, incauteque iiiaqn ha- 
' ftenus a plerisque Analyfti^ negleftam effe cenfeo: quodcunque iyftema 
ampleftaris, fimilia princrpia neceffario eront tibi evincenda, nifi univer« 
fum fyftema vacillantibos fundamentis velis fuperftruere. 

l6. Qnamobrem id me in primis duobus capitibus perfpicue oftendiffe 
*" jodicoy principia oniverfi calcdlt differentto-integralls ex ipfis limitum 
. iiotionibus« iodependenter ab omniUofinite parvoruin evattefcentiumque 

notionet 
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■atione» fic poflfe dmvtrif ot tlla firmiirmis fundMBentii tatlyfeof did. 
fonin innitaatur^ tdqoe nncdKHio aeqae finplici tc oniveifali poff» prao. 
ftarL Seo enim geoeraien tbeoriaoi ibidem expofitam (Gg - - loa. J.)^ 
feu illiot adplicttionem jtf Jnveftlgttiooem exponentlsm rationom differe»- 
tbllom dttit qailmacunque fiinftionibos* tlgebraicit, fogtritiimicif , expo. 
tientitlibusv ^ trigbn oi uetr fd t» ttqoe ex fiit quoquo ou>do compofitit de- 
blttrum (103 -* - - 126. $.) mtteote expendat; feii demom methoduoit 
qot exponentet differentttlet fbnftionibus incogottis reTpoodentet inveftigo 
(14}» td extmen voces: oullibi oe veftigium tot iocremeotorom tnfintte 
ptrvorom vel evtnefcenttum , «ot cttioiurai iofcer illt totercedcotiom obfer* 
vabit» nifi notionibus tdteqoate determimititt rttioniqoe et metbodo ex- 
litoftionis veterom geometrarom conrenttoeit« qoibos perpetuoutor, tlitt 
peregrinat fubftitutt « de quibut eo minut OHbi vel foamiare lieuit » qaa ml- 
not ete com rttiocioiity qoibot fiogirft priocipia eviocere coottut fin% 
poffunt concilitrL 

17. Soperiut jtm mnimadverti, /miSUmn ibrhmUtff qote otjeAott 
£0 (rrofliifftiof calcoK fim£fcioaom coaftitoaot» oihil diod effe, qotm 
cxponenretrttionom» quat ego com tiiit Aotlyftisin fait eleipieiitit dffi^ 
rtntiaks vocot nifi ergo de nomine litem velis moverot ftctle td«dtte% 
circt hos ipfot exponentet eoadem ctlcolum verftri» eo donttxat difcrimi*, 
ne» qood Lm Grmmgiuj neque naturtm ilkMiim ex limitom notionibot 
fteterminett neqne regolas, per quas ii pro dttis quiboscuaque fonftio- 
Oibttt primitivis ioveniri poffoat, ex itsdem ootionibus derivet. VeroiOt 
Hcet ego pleoe fim conviftus, id tiim metbodo Lm Gramgimmat quam 
tlit qooque multo fimpliciori» cufus fpecimen tlit occtfione dedi (*)« pbfle 
prteibri, tnodo etilb et haec uberiot excoittur; oon video, cor id fit 
neceffarium» eo minus ftne, cum certo conftet, utrobique td limitooi 
priocipit effe refugiendam» atprimum ctlcalut td fliaftionet iocognitas t4« 
pUcttor. Lm Gramgims enim coOttur demonftrtre, vtlorem f Cx:-f)V 

quem 

(a) Arcbt? dar mii«B mid aBgswaodten Matbapuuiks beraaifiybaa veo C* F. Him* 
denkmrg. Acbles Hsft, aa%,Jabr 1798. 

/. i 
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qBem qaa^ciinqae fiyil^ip fx varuibilis x debet iDdaere, fi }pfsi..vari«U- 
lis X ctpiat incrementum i, ejusmodi feriei f x 4- i p -]- i^q + i^ r + etcw 
aequari, in qaa incrementum i fic poterit omoi cafu determinari» at quivis 
terjninas major evadat quam fumma omnium feqoentium terminorum: at> 
qae iftad principium vpcat is theorema fttnd^mentale tocius fuae theoriat 
fanftionum» quod, ex ejusmente» tacite tam ivL^Liibniziano calculo 
differentiaK» quam in Niutoniano calculo flaxioi;iam praefupponir 
tar C). Utrtin^que certum eft, et ego ipfe ejusmodi tb^orema in (75. 
77* SO ex genuinis principiis (independenter ab omni curvarum, theoria, 
cnjus princip.ia in difquifitionibus hujus generis aeque ac principia mecha- 
oiicae peregrina eiTe cenfeo) evinco, tum bina inde principijt generalia eii- 
cio. (§2. 131. SO» eorumque uni inveftigationem e^cpooent^um Tationuoi 
differentialium pro datis quibuscunque. fuo^onibus;, alteri vero ioventio- 
oem eorundem pro fandiodibus incognitis fuperftruo, ut fuperius (13) (14) 
expofui: aft an non ex his evidenter elucet» La Grangium jnveftiga- 
titinem fuarum funAionum derivatarum, tum praecipue, dum' fun^liones 
immi/fva^ ignoraotar (quod plerumque Gt in adplicationiboa ad geonietriam 
et 4i)Qchamcam)> genuinia principiis doftrinae limitam fuperftraerei^ ^& 
Boo ergo confoitius eft totum fyftema a- limitum notionibus ordhl; ii8deni« 
que itniverfum calculum fuperftruere? 

i8- Sed ne mihiln hac prtncipiorum calculi difterentialis expofitione 
aliquid.adtribuere videar, quod aliis acceptum debeo referre; dicam paucift 
qaod de hoc meo quaiicunque.labore fentio. Superius jam animadverti, 
me in determipando genuino objeilo calculi difTerentialis aiiorum fenten» 
tiam ample^li: nihii ergo novi propono adferena, univer/um calpulum 
differentialera circa inveftigationem limitum rationum inter (imaltanea in« 
crementa funflionum variabiliumque abfolutarum , ad quas ii}ae relatae co* 
gitantar, intercedentium verfari: id enim Neut onus ]tLm dqcnitf docent* 
que fcriptores reccntiflimi, Eulerus (9, Kdjinirus (^), Karfte- 

nius 

(b) Hiiorie des Fonctlons j^nafyii^ues, 14 J. 

(c) Injiitutiones Ca/cuii' differentiulis. ' *• 

(d) Anf4D£«gruAda der Analy& det Unendliditft^ 



«M» (<]^ 4^|itih^.«rl4MiHnii> Caia «ntetn foU ^enoini objfftt d^ftp^ 
' |M|dQ ad coojM>iU«Bdii p.rinc;lpia calciili diiff^enliftlU tnioime fufilciati ' j^ovc 
dteai inde reqottur^ eoid^m ViTOt ceieberrimos ha^c quoque principia it9 
M^nftablliviiTe» ute^certia.et evidentibus fundarapntis, ;io(|ooibas%ue, ni^- 
9P«flA peregrteis, fed g^uinia dunt^s^t ^t .obje^ patucae coafeDtan^is 
iMiti. debeant. \^\ pailint cqpn^i* /,£go quMens; coQtrarion Qbf^rvAyi|. 
et^praeciftuft inadpli^ttone eorapd^-pc|ncipiocum ad jK^^^^O^Pf^ .^' 
«lecbanioam; quamobcfm non tantum. utiilef. . /ed .et nece£jiriooi eiTq 
arbitrabiir» rigidiori ^x^mini pmoia fubiicere; ^doftrinam de lia\itibu$ 
guantorum ratiopamqQe variabilium. ma^ia excolerej^ generaliaque illius 
(rio,dpM4ii|^ytiSlf. qRpi^^m^J^^ftj^^ hiXaftngri etiiCar/?#iiJi.iniignibaf . 
joperibua continoo fe offer«bant> ita conilabUire» et nMStttodo qug^4 ^% 
poteft plana in unum fyftema redigere, ut oniverfus calcnlas diffcsren* 
tio- integralis nomen catculi exaBiJfimi poi&tmereriy qui non tantum 
facili ampliilimoqae ufu, fed etiam geometrica .fuprnm principiorum 
certitudine evidentiaque iic fe commendet, ot non Gt 'car notiones^ 
quibus ia innititur, contemfll tt dMreitoqiif Mresot 

19. De reliquo finis principalis, cujos gratia haec elementa con- 
fcripfi» erat^ ut tyrones «d disquifitiones ftatico - mecbanicas praepara- 
rem, . quas fine fublimiori analyfi nec exeolere licet, neque excultas 
intelligere. Paucis multa exponere conatus fum» quin ideo obfcuroi 
fierem: omnia tamen, quae notari merebantur, explicare non poteramy 
ne arftos limiter, intra quos me continere debebam, transgrederer. 
Cum autem maximam In difquifitionibua omnis generis pondus baBeant: 
elementa calculi difierentialis, et calculi integralis reftrifti ad fuDftio- 
nea unius variabilis; illa et haec peculiari induftria ev61vere, et fic eno« 
dare ftuduit ut adpiicatio iproram facilis eifet et commodiflTima: qom- 
propter iptegralia maxime memorabilium exponenjtium difrerentiajium 
oon tantom ad generalia praepepta revocavi, l%d fingola plene deter- 
ttinavi, qoo io adplicatione «d cafus fpeciaies foia fubftitutione elTet 

d a opus. 

ifi) AnfaBgagruikde der mathematilcben Analyfik 
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«iimt. Retlqwi, ut a. JKr. '»dplictticioe«i cfldili^'<ffereatiarb fti thM- 
riam tequationQm; iiitef(nidoDem expoMfldym diffefeocirilum ftd plurei 
^rariabiles relatorom, «tc. breviAme attigi« ct geometriae fQblimiorii 
^lmu taotom notiooei iiloftraTl Noo difiteor itaqu plurlma In hfe 
elementta defiderarit feo fola priocipiorom Analyfeoe et <3eometriae 
fliUimioris cogoitiot feo iHcrom «fitf in difquifitionibaa ftatico - meoba- 
otdi cxpendatnr: fpero tamen forrt ot qoiconqoe hacCp qodte ezpofov 
meditate perlegerintt fibiqoc famlitaria rcddideriot, AciYc prolijLioro 
aliorom Scrlptorom opera ' intelligant» in qoiboi hujtt«ceaiodl do^binac 
te ioftitoto pertraftantor: in tllorom aotem gntiamt qoiopoacotis meii 
ftatico-mcchanicii oti voluerintg 4e iiat ^Mi Vi» cmittera 4ibebanit 
^UIkomt obi )iM cpoi haboero. 
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C A P U T L 

D E 

DISCRIMINE ET DIFFERENTIIS FUNCTIONUM, 
EARUMQUE EXPLICATIONE PER SERIES, 



1. Definitiq* 

QaantitateSi circa qaai QBiverfa analyfis mathematica verratur» divi« 
dantur in eonjlantes et variabiles: illae eosdem perpetoo valores 
retinere cenfentor; hae vero indeterminati funt valoris, poiTuntqae qoos- 
vis valQres recipere» quin etiam nihilo aequari: priores pierumque initia^ 
libus, pofteriores aotem finalibos alpbabeti literis defii^nantur. 

a. Defin itio. 
Qaaelibet exprellio aoalytica alicujus quanti per quantitates conftan* 
te» eC variabilesy qoomodocunque ioter fe connexas, -.vocatur FunSUo 
earundem variafoiiium: Formam funlftionis determinat ipfe nexus inter 
quantitates conftantes et variabiles» quas, funftio compleftitor» ioter* 
cedena. 

3. Corbllarium f. 
Omnis funftio innomeros valores poteft recipere, pendentes a totidem 
poilibilibus valoribus quantitatum variabilium» qaas illa continet (i.2.§0* 
quaevis funftio eft ergo quantitas variabilis (i. §.). 

4. CoroIIarium 2» 
Quamobremi dum certae qaantitates variabiles aliarum 'variabiiiiim 
funfUones fuerint (3* §.), debebunt aliquae in fe efle variabiLes, inde- 
pendentes a novis variabilibus : quantitates hujuscemodi intelligemus de- 
inceps nomine variabiUum ab/otniarum$ ad qoasi imam aot pIoreS| quae- 
libet funftio refcrri cenfeKtar. - . - - • • ' • • «' ^ 

' . ' Scbq* 
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SchoHon* 
Fg L^ SiCf fiytrPQ denotet perpendiculutn ex indet-erminato pnnfto 'P 
peripheriae circult radio rsAC dercripti ad diametrum AB demiiTuro^ 
X =CQ vero partem diametri inter illud perpendiculua;i centrumque cir« 
culi C interceptam de&gnet^ erunt y, x duae reftae ita inter fe con« 
nexae» ut, alterutra illarum crefcent^ yel decreCcente, altera eo ipfo 
mutari debeat Si jam illae mutattones, quae ex omnibua mutationibus 
poflTibilibus difliantiae x in perpendiculum y poiTunt redundare, in confi- 
derationem vocentur; fpeftabitur x infliar unius variabilis abfolotae, quae, 
independenter ab omni alia variabilii quosvis poflfibiles valores poflit 
' recipere^ y autem erit ejus funftto :=ry<(r* — x*): fi vero illarum mu- 
tationum ratio habeatur, quas diftantia x debet fubire, fi perpendiculnm y 
fucceflfive mutari cogitetur; referetur x ad y ut funffio t=:^(r* — y*) 
ad variabiiem abfolutam. 

5* DBFiNrTro: ^ * 

OperatiOHes atgebraicas vocant ordinarias operationes arithmeticas, 
vtfunt, Ad<Utto, Sobtraftio, Multiplicatio, Diviflo» Elevatio ad poten- 
tias, et Cxtraftio radieum: omnes aliae operationes, quae non funt 
algebraicae ^ appellantur trmicendentes. Hinc funSli6net aigehraicae dicun* 
tur, quae ex quantitatibus eonfl:antibu8 et variabilibus aut per folas opera« 
tiones algebmicas» vei etiam per intermixtat transcendentes» quin tamen 
bae ipfas variabites afficiant, inter fe connexis componuntur: fecus enim^ 
fi aliqua transcendeDS operatio afficiat quantitates variabiles, funftiones 
quoque enmt transcemUmtes ^ inter quas fun6tiones trigonomitricae ^ kh 
. garithmicae, et cxponentiaies peculiarem merentur attentionem. 

' E. gr. Funftiones ax/ xSina» xLbga» x* funt algebraicae; et 

aSin x» a Log Xy a^ funt funftiones transcendentes. 

Scholion x, 
Palmaria principia trigonometrica ^ quorum amplifllmus eft ufus per 
imiverfam analyfin mathematicam , quibusve etiam nos in fequentibus fre- 
qoentiflSme* utemnr, funt fequentia. 

Aflumto circnli radio:=:iy pofitaqoe ejos femlperipheria nrr; erit 

I. -r^ 3. 141592653589793 etc. 

a. SinOT;=:SinT~o; SiniT^=r. 

3. Cof 
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J. CofoTt=;r; Cof iT:=:o; CofTrii:— r. 
4« S.in vOTt=:o; Sinv-|T=i; Sin VTt=:2. ^ 

5. Cof voT=CpfvT— r; Cof viT=:o. 

6. Tang OT~TangTz=:o; TaDgiTn=oo. 

7. CotOT = oo; Cot ^T:=Of Cot t;=: — 00» 
8- SecOT:=:i; Seci^T=oo; Sec Tr= — !♦ : 
9^ Cofec o T= Cofec t= 00 ; Cofcc J t = i. 

Ceterum.patebit ex feqoentibas formulis^ varorem cnjuslibet funftio* 
nis trigonometricae certi arcus per hujus linum aut bofmum perfefte de- 
terminari: quodfi vero k denotet quemcunque terminuin progrefltonis 
numericae o, i, 2» 3, 4, 5, etc; erit femper 

10. Sin 2kT=::Sin (^k + i)'»'^©* 

11. Cofin2kT=i; Cof (2k + i)Trr— r. 

Si retento radio=l^ dentur duo quicunque arcus^ aut anguli 
a,^b; erit 

12. Sin a* + Cofa*=r. 

15. Sinvar=i — Cofin a* 

16. Cofin V ac=r — Sin ». 

' •* Coiina V'v»— Sina»)— Cofin a 

Ig. Cot a = -rr =T— 



Sin a Tatig a 

20. Cofec atr-j: = -pr rr-r. — rr- 

Siii a VI. I — Colju a*; 

31. Sin (a+b)=Sin a Cbfb+Cof i Sin b. 

33. Cof (a + b)=;Cof a Cof b — Sin a Sin b. 

23.TangCa+b)=; 7-'"^''+I''"\^ 
1—1 aii^a Tang b 

^4. Sin (a— b>=Sin a Cof b--Cofa Sin b. 

25. Cof (a— b^i^Cof a Cof b+ Sin a Sin b. 

A 3 26. Taog. 
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'^'^. .■ I+fangaTangb 

27, Sin 2 a=2 SinaCof a=2Sina /(1— Sin a»). 

28. CoQn2 a=Cofa*— Siaa*=2Cofa^— i:=;i — sSina*. 



r^ 2 Tanc a 

29. TffDg 2 arr: ^ '^ , ^ 

' c- » Z'' — Cofin a 

30. Sin5a= J 

31. Go(ia = J^ 



i+Cofin a 



.. Totiwio— /^' — Cofin a S!n a 

32.TaDgiac=:^ — 



[ + Colin a i + Cofin a 



Sit h hyothenufa trianguU reaangoli; «, y v^ro. fint ^jus catheti, 
et a, c anfuli oppofiti^ erit 

33. h--g^=^Cofeca. 

34. «=h Sin a=:y Tang a^ 

•Cofin a ^ 

35. y:=zx —05 Cot a. 

^ 5>in a 

Porro fint a, b^c ixia latera trianguli obliqnanguli, ct A, B, C, 
angoli iis oppofiti: erit 

36. a =/(b* + c*— 2 b c Cofin A). ;> 
^. rp o . b Sin A 

38. Cofin A=: ^'+f-'^ 
2bc 

Scholion 2. 
Eunarones hae (Schol. i.) ad radium=i relatae vocantur natura* 
teSy nimirum finus naturales^ cofinus naturales , et fic porro: relatae vero 
ad quemcunque alium radium r appellantur artificiaUs. . Funftiones natu- 
rales, quibus deinceps conftanter utemur, convcrtentur, ubi opus fuerit, 
in artificiales, iisdem angulis, arcubusque fimilibus debitas, atque ad 
qnendcunque datum radium r relatas, fi illac multiplicentur per radium r. 
Sic etiam quivis arcus radio=i defcriptus convertetur in arcum fimilem 
defcriptum radio r, fi is ducatur ia raidium u 

E. gr. 
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E. gr. Sint a,B duo angali, ct funftio xrrrxSInj-T— V^Ci— xCofb> 
eoRiplfedUtur finum naturalem anguli a , et eofiimm aatoralem 
luiguli b: q,i3odfi jam fuoftio y determinari debeat per finum 
artificialem anguli a, et cofinum artificialem dnguli b, utramque 
relatum ad datum radium r; poni debebit ^in art a=r Sinnaia, et 

Cofart b~rCofnatb, hinc SinBata=^^ — ,et Cofnatb=-— — -• 

His enimvaloribQS inyfbbftitutis obttnebiausy:= — ^— — /Ci— — —)y 

Tibi Sin a et Cofin b non amplfus naturaretn, fed artificialem, ad radiumr 
rekitumi fihuar aDguIi a^ et eofindm anguli b denotabit; 

' Scbolion }• 

Saepe fit, ut areubus aiYguli, et viaiflim angulis arcus in calcnlis an»* 
fyticis fubfticnantur, quod dupJici modo poteflr praeftari. 

f . Si tfigulo reftb t=: 90^. pro unitate aiTumto , (p denotet arcum e 
eentro alicojus anguli » radio :=:i inter ejus crurfr delcriptum ;. eril 

« =;— ^, et (p=:iatT (1. ScboL i. n.) 

2. Quodfi autem angufus y , pro quo afcus inter eju8 crura radTj» 
s=ri defcriptus aequetur eidemradfo, pro unitate tanquam comniuni om- 
mumangulorum menfura fmnatur; poterit ponia=(P, denotante a quem- 
cunque angulum, et (p arcum inter ipfius crura radlo =;r deicriptum; 

fecns erit ot;=;y^, et ^=: — ♦ 

tf. DEFi^riTioi; 

Alla omnfum funftionum divifio eft in integrafet/raffas. tJt aKqua 
fonftlo fit integra, requiritur^ ut ea nulli fraftioni aequetur, in cujus de- 
Dominatore occurrant quantitates variabiles etevatae ad potentias expo>» 
nentimn pofitivorum. 

E. gr. Funftiones bx*; - ^ { — ^:=ex* funt integrae: contr« 

m X ^ • 

fraftae funftiones funt — =ra x "^ ' ; -— — ^ • 

7. Di- 
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7. Definitio. 

Funftiones dividantor porro in rationalts «t irrationales^ pront ill«e 
nullam aut/ aliqaam irrationalitatem , afficientcm ^quantitates variabiles, 
compIe£tuntur. 

E-gr. Funaionesax*=ax^; -]i-^. funt rationales: funftiones 

y e — X* 

yeto '~ a ; x^;^/'^ funt irrttionales. 
c— X ' » 

8. Definitio. 

Furftio integrt ct rationalis (6.7. §.) erit priiwi, velfecundiy aut 
tertii, vel generatim mti Ordinis, feu uniuSy duarum, trium, m dimeu- 
fionum^ prout maximafumma expoi^ntinm quaotitatum variabilium in ali* 
quotermino fuerit 1, vel 2, aot 3, vel generitim nomerus integer m.- 

E. gr. Fnnftio a + x — y ^luarom variabilium x, y eft imi ordinis feo 
iinius dimenfionis: funftiones autem a-fbxy, c + dx^ — ey^ funt ^ 
ordinis feu duarum dimenGonom: «t funfUo a+bx— cx^ + ^^y^ ^ft 3ttj 
ordinis feu trium dimeqfionum. 

9. Corollarium. 

Funftio integra et rationalis tinius variabilis x eft imf, 2ii, 'itiii 4ti, 
mti ordinis , fi exponens maximae poteftatis variabilis x eft i , vel 2, aut 3, 
vel 4, aut geoeratim numerus integer m (8- §). 

io^Definitio»^ 

Funftio frafta rationalis (6. 7. §.) «ft fraftio propria fea genuinaf aut 
impropria: prioris numerator eft .inferioris ordinis quam denominator: 
numerator vero pofterioris ejusdem eft aut altioris ordinis, quam deno- 
minator (8. 9. §0- 

II. Corollarium. 

Fraftio impropria, fi ejus numerator dividatur per denominatorem, 

refolvetur in duas partes, qoarum una erit fraftio propria, altera vero ant 

quantitas conftans, aut funftio integra, nifi fors numerator fit per denomi- 

I natorem divifibilis, quo cafu data funftio frafta aut conftanti cuipiam quaa* 

titati, aut integrae funftioni aequabitur. 

E. gr. 
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X5 + 2X^ — X+I ^, ^ , I4X+'l 



^X + I. 



X— I 

12. DfiPINlTIO. 

Numirus dsmiu/kmum In quovis tennino ^atae fbnftiotiis eft fammt 
exponentiam^ qoibas quantitates Yariabiles in eodem termino funt prae* 
ditae. Hinc repetenda eft divifio fun^ionam in homogiueatet hiierogiuiai. 
Funftio integra vocatur homogiUiOf fi idem eft dimenfionum namenis in 
qoovls ejus termino: fun£tio aatem frafta erit homogimat fi namentor 
et denominator fuerint funftiones homogeneae, ejusdemaatdiverfi ordi-* 

Dis(8.9S-)- 

13. Definitio. 

Deniqae notetar adbac divifio fnnftionum In um/ormes et multi/or" ', 
fMs. Funftio uni/ormis appellatar, quae pro quovls determinato valore 
quantitatis variabilis unum tantom valorem obtinet: multiformis vero 
funftio vocatar» quae pro qaolibet vaiore variabilis plures obtinet va» 
lores. * 

14. D^FINITIO. 

Si variabilis abrolota x, ad (juam funftio y relata fit, crefcere cogite- 
tar, debebit ipfa funftio y mutari (nimirum crefcere vei decrefcere): 
omneincrementum, quod variabilis x fupponitur capere, vocator Diffe^ 
riutia variabilis x» cujus fignum eft Ax: qoantitas vero, qua fun6tio y 
mutatur (crefcit nimilrum vel decrefcit}, dom variabilis x augetur incre- 
mento Ax, dicitor Differentia funftioaisyt qaae fimili figno t^y dein« 
ceps exprimetur. 

15. Corollarium i. 

Dtfferentia A x variabilis abfolutae x poteft denotare qoamvis partem ' 
variabilis x, ita e. gr. ut4nter omnes pofllbiles partes aliquotas ix, j-x, 
j^x, l^, etc, aoUa fit, cui Ax non poifit aequari (14. §.)• . . 

16. Corollarium 2. 

Qoantitas conftans C (i. §•) oollam recipit dxfferentiam; qi^ocirca 
debebit poni AC;=:o (14. §•> 

VolHmtn L " , I?- Co* 
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17, CoroHarium g» 
Si y* deno^et valorem, quem fufiftk) y relata a^variabifem abToti^ 
tam X, haein x+Ax abeunte, obtineat; differentia ejusdem funftionis 
erit Ayt=y» — y, vel Ayt=:y — y\ prout nimirum fonftio y» crefcente 
variabili» pariter crefctc veldecrefcit (14. $)• 

ig. Corollarium 4. 
Cum tamen fit y — y's=: — (y*— y)> femper licebit differentiam Ay 
funAioais y relatae ad variabilem abfoiutam x coafiderare inftar incre-'^ 
menti» quod ipfa capife, dum variabiUs x aogetur incremento dx, itaut^ 
fi, x abiunte iu x + ^x, y abeat in y'^ fit Ay:=y^ — y, modo difTeren^ 
tia hac ratione determinata fumatur cum fignis contrariis, utprimum fun- 
ftio y ejuscemodi eiTe deprehenditur , ut iUay crefceote variabili x> debeat 
decrefcere (jij. § }. 

19. Corollarfum y, 

Quaelibet funftio (f data per. variabtlem quamcunqne ceniebftur yi^ 
lorem $^=(p+A(p obtiiierey iiyariabilrs abfolutax» ad <iuaia.iila refer» 
^^ (4- §*)jt aogeatur incremento Ax (1$. §•)- 
20. Coroliarrum 6. 
Ex YM' elucefe metbodoiS' generaKa qoaerendi e^preffionem differentiae: 
Ay datae cnju8cunq.ue ranitionia y variabiiis x: fi enim ubique in y fup^: 
ponatur x abire in x + Ax, noteturque valor y', quem funfUo y hoc caiu 
hiduatr et ab eo <ubtri^ur ipfar funftiay.; erit refiduum aequaie diffe- 
rentiat Ay (ig; g.) 

ExJempra-^ 
ys=:ax; y»:=:a(x + ^x); 
A y=y*— y ^i^i^a X + a A X*— ax=:ailx- 
ys=»x*; y'=a(x+Ax.*^; 
Ayrzry* — y = 2axAx + aAx*. 
yr=:ax'; y^^a^x + Ax,* 
Ay=y»— y=3ax*Ax+3axAx*+aAx*. 

'21. CoroHarium^ 7» 

Qoi^ofd flt ftmftfo Z variabilis ^bfolutae x, qmntitafqne conftana C, 

i!x abeat iti x+Ax; abibit funftio y=Z+C iny«=Z + AZ + C, et 

o=rC2 abftit kt GCZ+AZ^^u^ig. %)i erit ergo Ay=AZ, et 

Au=rCAZ (ig.S.) 

22. Co- 
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22. Corollarium g. 

Et fi P, Q, R, - - - Z fint qa^ecunque funftionef vaHtbilfai aK<^ 

tte X, debebi> funftio v=i: '+Q + R+ " r * "1"^ obtinere Aiiquem valo- 

rem y^=:P+AP + Q+AQ+R+4R+-"+Z+AZ, fi x angeatur in- 

cremento dX (19, %,)i con&quenter crit AyU=iAP+AQ+AR+ - - - r 

:+iXZ 08. S)- 

J21. Cx)roila.rium 9. 

Duae ibnftionea Z, X reiatae ad unam .variflfcrlefn abfelutam x ne« 
queuntdici aequaIe8,.Bi(i aequatio Zn=X pro quolibet valore variabilis x 
foppbnatur fubfiftere : quodfi ergo x abeat in x + Ax, quo cafu fun^io* 
oes Z« X certos valores Z+AZ, X + A X induent (19- S)i debebit eil« 
^am Z+AZ=X+AX, hincAZ=AX. 

34« Theorenia. 

Si Cirto^cofiftH, quanta Z et Xifi intUpindfnlia ayarialili Zy fffeqwi 

Zi= X + a 2* + /3 z*» + y 2^ + dz** + etc^ pro Mtis quantitatibus , «, /8, r» - • -^ 

a, b, c, etc. paritir indipendmtibns a z^ et quovis valon ipfius variabilis z; 

erunt quanta Z^ X intir fi aiquaUa, it az" + )3z^ + yzc + dz^+etc.u=o. 

Demonftratio. 
Claruin eft^ funftionem S =a z* +j3 z^ + y z^ + Jz^ + ctc fi ea nos 
eft aequalis nihilo, diyerros valores pofle induere, pendentes a diverfui 
valoribus quantitatis variabilis z^ et quantitatibus a, ^. y» - - - a, b, c, etcc 
curn igitur quantum X, utpote independens a variabili z, eundem perpetuo 
valbrem retinere cenferi debeat, quomodocunque mutetur variabilis z ^ pot- 
erit quantum Z=X+S, fi non eft Sr=:o, diverPos vaiores obdnere a 
certis valoribns varlabilis z pendentes , quod pugnat cam riTumta liy po« 
tbefi. Eapropterdebetefle Sso, et Zr=X. 

3$. Corollarium u 
ImpoIIibiie eft, utpro quantis Z,X, P,Q> Rf - - Lf M,N, etc. 
independentibus avariabiliz, et quovis valore hujus variabiiis fit Z + Pz 
+ Qz*+Rz5+etc. =X + Lz+Mz* + Nz' + etc., quin fit Z=:X; nimi. 
rnm Zs=X+<L— P)z + (M— Q)z»+(N— R)zH etc (24. §•). 
26. CoroUarium^. 
Funftio yt=A+Bz*+Cz^+Dz<=+etc., in qua coefficientea et ex- 
ponentea iint quantiutea indiepi^ndentes a vaaabiU z^ non . pQterit efi^e 

B 2 aequa- 
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aeqaalis nihtlo pro qaovli valore variabilis z» qain iit eo ipfo A=o et 
Bz^+Cz^^+Da^^ + ete: =0 (24. §.)• 

,37. Corollarium j. 
Sr exponentea ayb^Cyd»-- •• p*'q»rtS» etc. orcKne crercant'» cer- 
tumqae (it, pro qoovis valore variabilis z tam fonAionem y^A + Bz* 
+ Cz^ + - - - +PzP+Qz<i+Rz'+Sz*+etc. quam aliquot primos coef5- . 
cientcs A, B, C, - — :.P^ feorfim fam^os aequari nihfio; erit eo ipfo 
etiam Qz<!+Rz«^+Sz«+ etc.^o, hinc Q+Rz^^^a+Sz»""^! +etc.=o, 
. et ideo etiam proxime fequens coefficiens Q:=:o (26. §.)• 

28. Corollarium 4. 

Qaoties ergo conftiterit, certam funftionem yj=A + Bz"+Cz'' 

+ D z*+Ez**+ etc. pro quantitatibus A, B, C, D, E, a, b, c, d, etc. 

independentibus a variabili z» et quovis valore ejusdem variabilis debere 
aequari nihilo; certum eric» fingaloa coefficientea A» B, C» D, etc« aeqaa* 
les effe nihilo (26. 27. §.). t 

29. CoroIIarium 5* 

Et fi binae funftiones P + Qz» + Rz^ + Sz^+etc., p + qz* + rz«» 
+s'z^+etc. pro quovis vatore variabilis z inter fe aequales fint; erunt 
etiam coefficientes poteftatum aequaliom variabilis z inter fe aequales: 
nimirum erit P — p+(Q — q) z"+(R — r)z^+(S — s)z<^ +etc.:=o; hinc 
. P — ps=x), Q — q=:o, R — r=:o, S— s=:o, etc* (38. SO» proindt 
P:=:p, Q=rq, Ri=r, S=s, etc. 

30» CoroIIarium 6. 

His principiiK inBititor methodas quaerendi feriem formae' A z*+Bzi» 

+Cz^+etc. aequalem datae fanftioni y variabilis z formam ab illa diftin;* 

ftam habenti. Si enioa interes indeterminati coefficientes A , B , C, etc. 

et determinati exponentes a, b, c» etc, quales nimirum funftio transfor* 

' manda poftulare vifa fuerit , fumantur» affumtaque aeqaatioy=Az* + Bz^ 

+Cz*^+etc. in aliam Us=V ita transformetur, ut atramque membrum 

^ compleftator aliqaam feriem illias formae, tam aot coaeqaentar coefficien* 

tes poteftatom aeqaalium variabilis z contentarum in funftionibus U» V, 

- (^9* $)t V^^p tranalatis omnibos terminis ad onicom membrqm, qao e. gr. 

fiat U — V=0, fingbli coefficientes in U — V ponantor .aeqoales nihilo 

(^9* %t}i <>b^bQiitqtf( 1mi« utione divedCae acqoatiooes ioter coefficientes 

iods^ 
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indeferminatoft A, B» C, etc et quantitateg conftantes, a quibus pendet 
fuD^iio y » unde quaeri poternnt vaiores corundem coefiicientium. 

51. Lemma. 
Pfopriiias, quae tribuia quaniis A» B, C, D, - «- • P nwnero indeOr* *, 

minato n fumtis io ipfo iiiam uno pluribus quantis A, B^ C» D, — *- P» Q» 
dibet convinirij convtniit quantis A, B, C, D, --•-?, Q, R, S, T, etc# 
quovis numiro fumiis » uiprimum ia aliquotp i. gr. iuobus tribusvi, quantis 
convinerii. 

Demonflratio* 

Si enim certum eft. proprietatem » duobus tribuave qoantis A, B» C» 
reipfa competentem» ejusmodi efle» ut, G ea generatim numero n quantis 
A» B, - - • P tribuacur , eo ipfo etiam uno plaribus quantis A, B,- - • ^^» Q 
tribui debeat; debebit ntique illa competere etiam quatuor quanfis A» B, C^ 
^ D, et ideo etiam quinque quantis A ^ B> C, D» E» . binc etiam' fex quantis 
A, B, C, D, E, Vi atque hac ratione iicebit ex quovis qasntorum numero 
ad numerum ipforum unitatemajorem conciudere» quin fit podibite ad ta- * 

lem quantorum numerum n pervenire» ulcra quem illam proprietaCem boq 
liceat extendere. 

32. Theorema» 

^S a» hf^y d, etc. Jini coiffcUntis imUpnulintii a variabili z, fiiqui r 
quiscunqui numcrus iniiger pojitivus; poJfibUes debebunt ffff alti co^fficientis 
«f /3, y, d, etc. indipendentes a variabiii 2, pro quibusfieret (^a+bz + cz* ' 

+ da' + etc.)'t=:af+ra— 'bz+«z^ + ^z'+yz*+etc. 

Demonnratio. 

I. Si M, N, O, p, q^r, etc. fint quanta independentia a variabili z; , 

poiTibiles erunt, pfout id evidenter ex na^ura multipliciitionis eluc et, coef- 
ficientes «>i3>y>etc.9 pariter independentes* a variabiii z^ pro quibus 
fieret - . ' 

(M+N2 + 02»+etcO(p+qz + rz«+etcO=: 
it:Mp+(Mq+li^p)2+«z*+^z»+rz*+etc. 
a. Qoare, fumta funftiooe Z:=a + bz+cz'+d2*+etc.f extabuot 
cprti coefficientes «,j9,y,etc. independentes a z, pro qoibos fieret 
Z*=ZZ=a*+3abz+«2^+/3z'+yz^+etc ob (i). - 

B 3 3- Et 
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3. Et fi pro qaocnnqne indeterintnato namero n, Itterit k,- 1, nt,etc. 
qnantitates tndependentes a \««riabiJi z tienetantibas, ponaf ur .Z"'C= tf» 
+ ^^"•"'^2+11 2*+ Iz' + m2* + etc.'; poffibiles debebont effe alii coeffi- 
cienrea m, )3, Yt etc. . Independentes a Tariabrii e, ^pro x}Qibua £eret 
2n+*~Z'».Zt=:a«-*^'+Cn+l)a«bz+«z* + /3z» + 'yz*+etc., ob(i.). 

Hinc yero (a) (3) et ^i- §0 evideoter fequicur, quod demoQfixan 
4ebebat. 

33. Coroliarium !♦ 

Differentia cnjaslibet fimftionia u;=A + Bv+C v»+ D v» + Ev* + otc. 
wiabilis v erit ily=A + BCy+^v)+C(v+Av)^+D(v+AvJ5 + K(v+ilv)» 
+ etc— a(2b.S.)=(B + 3Cv + 3Df»+4Ev' + etc.)Av+«Av^+/SAv» 
+ YAv^+etc.9 pro quibuadam coefficientihus »,/3, 7, ecc iadepeadeQtibutf 
a differentia A v (32. §.)• 

34»^ Cor^ Ilariain a* 
Datfs qaoqac binls fanftionibus lip =K + ';» + M(Ai^+-N0^+ efe. 
-i»t=:pe+qe*+re'+8e*+ etc, poffibiiea -erunt coefficiences «, ^, y, etc. 
independenfees4i qsantiuce e« pro quibaa £eret .(p^K+Lpe+ «e^+/3^ 
+ ye^+etc (32. §•)• 

35. Protleina* 
Iwvimrt feriim MepuUtm hgorUbmo fimSioms nts: i+j^ fgrtitmtii ai 
Jfftima iuditirminatum. 

fiorutre. 

1. Sint A, B, C, D, etc. coefficienies^ pro quibuB et qnovla valore va- 
fiabilis z debeat fieri. 

log a=Az + Bz^ + Cz'+Dz*+ - ,- - + Pz'+Q:Z'^\ 

2. Extare dehebunt coefficieotes «, fi^ y, i, etc independentes a dtffe- 
Mntia Az variabilis z, pro quiboa fieret (33. §.) 

Alogu=(A + 2Bz + 3Cz» + 4D2' + --. + rPz^"*+(r+i)QzOAz 
+ aAz*+/3.Az' + yA^*+<rAz*+etc 

3. Eft autem A log ui=:log u'— log u (20.^S.).S=: Jog(i + z + Az) 

C" Az "V ' **'• '" 
ii+-^3;^J.i. ob. (1.) debwet-«rgo effe 

ettam . 

^'*'8'^lT^+(7+^»+(7+^ + (T+z'?+ ^*'^- 

* - 4. Qoam^ 
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4; Qaatnobrem habsbimns asqaales feries jn (2) (3), quae, etiatn di- 
vifae pec Az. debebuot «flle inter fe aeqiules» .pto qaovis poilibili valorc 
diilerentiae Az, quod eft impoffibile , quin per (25. §.) fit 

A4.2Bz + 3Cz» + 4D2'+---+rP4'-*+(r+0Qz'=^. 

Wnc * '^'^z+^nz» +4r>^zr + - - + (' + '>„Q^ z'~I' 
■*°'' +A^^+2B^^ +3C^^ +-- + +rP^''— °' 

ijptur per (28. §.) 



3B+ A=o 
jC+2B=o 
4D+3C=:o - 



B=— lA. 
C= + fA, 
D=— iA. 



II I - I 
(t + OQ+fP=« Q:?=— P. 
Adeoqne feries io (i) qoaefita erir 
la»i»l(L+z)=AOs— iz»+fz'— iz*+ 



r 
r+i 



211 



+ 



2n+T> 



3.6b Corollarium i*. 
Seriea in (35. §.) inventa femper fobfifiet» qaemcanque valocem h$y 
beat z» pofitivom aut oegativum; pro — z locaa^erit ergo 

■l(i-z)=-A(z+iz»+i.i»+fx* + ^- + ^ + g^J.. 

« 

J7. Corollarium a.. 

Etqoia effi l(r+z)— l(i— z)=lQ;^^, ebtincbiffliu. cx CS^ 
36. §.) fequentem fcriemr 

\,-=^>»A Qz + -+-+-+..- +^J. 

38* CoroUarroni 3«^ 
^Si b denotet bafin^ lySematia logaritbmici^ ponatarqoe — ^- — :=:bf 

etit z = ^^- et I ^iXfj— ib=i.: pro bis Taloribuf obtinebitne e& 
(37> S) 'eqQ^nsaequatioc 
A=- 



^b+i + aXo+t/^^^S^b+i/ ^7(.t>+0'' "*" > 



39. Prow 
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39. Probleina^ 
InvenirB fmemf qwn numerum z dato iogariAmo y m quoeunqiu fy- 
ftemate re/pondenfem ^xprimat. 

- Solutio. 
1« Pro quovif logarlthioo y et .certif coefiicientibaf a, b, c, d, etc. 
indepeDdentibus ab y fit 

z = i + ay+by^ + cy'+dy*+--- + Py'+qy'+^ 
!2. Eric diSerentia nameri x confiderati ioftar.uniof funfUonif logarith- 
tni variabilis y per*<33.S.)« 

Az=Ca+2by + 3cy*+4dy' + + TPy^-'+(r+i)qyO Ay 

+«Ay'+^Ay'+yAy*+(rAy^+ etc. 
3. Cum autem fit in (2) Ay—y^ — ^y=lz* — lz:=l(z+Az) — Iz 

:=:!? i+^); «ritper (35. S) 



Ay- 



AAz 



AAz« AAz? 



AAz* 



+ 'CtCt 



a 3z' 3z' 4z* 

4« Quamobrem debebunt dari certi coefEcientef k» 1« m» «tc. inde- 
pendentef « differentia Az, pro quibof «t quovif valore cjufdem diffe- 
rentiac per (34- SO i» (») (3) fieret 

Az— (a+aby + 3cy*+4dj' + --- + (r+i)qy0— Az 

+kAz» + IAz'+niiAz*+nAz>+etc. . . 
et ideo ctiam 
z=Aa + 2Aby+3Acy^ + 4Ady^+ — +(r + i;Aqy' 
+kziiz+lzAz*+m^Az'+ etc; 

quod cft impoflTiblle^ quin fit (24. §.) 
z=Aa + 3Aby + 3Acy^+4Ady^+... + (r+i)Aqy'. 
Ob (i) per (29. §.)' fiet erg9 • . . 

I 



Aa=i 
2Ab!=a 
3Ac=b 

4Ad = c 

I 
I 
I 

(r+l)Aq — p 



b= 



i.A 
I 






1.2A' 

1.2.3^-A» 
I ■ 



1.2.3.4.'^'* 



q=P-(r + iM 



£t 
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Et pro iftU vtloribos ia (i) fubffitatis dbtinebimiu feqMntem fe- 
riem pro namerQ z: .• 

Dimirom 

„ .12 , (Izy Qzy , (Iz)^ , , - (IzV 

*— '+A"*"2A» +3.3A» ■*"3.3.4A^+""+a.3.4...rA' ' 

40. Corollariqm. 
Si z=b iit baiis fyftematif » td quod iogarithmns yslz pertineat; 
^t^==}z=lb — i: igitor iii (39 S) 



aA* 2.3A» ^ ^2-3. ...rA^* 

41. Definitio. 
tvL qoolibet iyftemate logaritbmico dator, praeter ejas bafim b» 
alter per ipfaoii determinatos oomeros A (38- $•)» per qoem feries 
S=z-— iz^+|z' — i'z^+ etc. moltipiicata generat prodoftom aeqoale 
logarithmo fbnftionis i + z (35. §•): nomerom bonc Tocant JUodulmm 
fyftematis, qoo dato dabitor eo ipfo etiam ejos bafis (40.$.). LogMritk* 
m matmralis appellantor, qooram fyftema habet modolom ooitati aeqaa. 
km: omnesaiii iogaritfami ad qoemcanqae alioni modolomt onitate ma- 
jorem vel minorem, rebiti vocantor artificMis^ iQter qoos praedpni 
foot logarithaii vutgans, relatiadbalim=:ia 

42. Corollarium i. 
Denotante bs=:e bafin logarithmorom natomliom, erit^ ob modolom 
A=i (4i-§)» P^"^ (40- SO 

e=2 +4+ r^ + r4-l + T-TT^ + •^- =5 
2. 3 . 2.3. 4 2.3.4.5 

:=:2,7i828i82 etc. 

43. Corollarium 2. 
Pro bafi bsio^logarithmorom volgariom (41. S«) reperietor illorom 
modolos A per (38. §•)> et fra6tio -^ 9 quae feorfim nouri meretor; erit 
enim; 

FWsNca I C 
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Vu.^3. u»^5 .11* 7. irT / 
:=:o, 434294481903 etc; 

i := a, 302585092994 etc. 

44. Corollariuo) 3» 
Si logarithoii l(i+z), L.(i + ^) nmns nameri x + z ad duo diverfii 
fyftematt pertioeant, qoofnm modoU fiot m^^KI; erit l(x+z)x:mSa 
L(i+z)s=:MS(4i.S.); hinc l(i + z) t L(x + z)c=:m: M: logarithml 
cojosvis nutneri pertioentei ad doo diveffa fyftemata font ergo inter fe ifl^ 
ratione direCbi modolordm eonmdem lyftematam* 

4S* Corollariuxn 4. 
Adeoqoe, fi A denotet modolom logarithmorom vnlgariom 9 okmo« 
dolom = I Ibgarithmorom natoraliom (4X. §.), erit i : A K log nat o: 
log volg XX pro qoovis nomero o (44. §.): igitor fiet lvoIgo:= Alnat u^' 

et lnato:=:lvalgo.~* • Qnare, cognitia logarithmii natoralibos certo* 
rom nomerorom» reperientor logarithmi volgarea eorondem nomerorumf 
fi priorei moltiplicentar per.modulom A logaritboiprom Voigariom (43'SO» 
logaritbmi aotem volgarei qooromlibet nomerorom. dufti in fraftionea 

rfr (43\$*) dabontlogfaritbmoa natorales eorondemnnmerorom. 

46. Corollariuxn 5« 
cs /: *. '+2 m* * m* .. 1 

»(-^)=<(5rf^^ = 2l«--0(m+i)+l(«-«)): qaodfi 

jam hi valorea ibbftitoaotor in (37. $.)* obdnebitor feqoens admodum con« 
vergens feriei, pro logarithmii, quorum modolua eftA (41« SO 

lm=i(l(m + x)+i(m— X)) 

■^■^Caai»--! I 3(2m»— x/ ' 5(am^i)* ) 7(2 m*— i/^"***^' >• 

47. Co. 



47^ CoroiUri-aai . 6. 
QaaaobrMB; pofito nodal» tyftMiitis A:=i i^i. $.)» conmfisqae 
liriaioiiilMM f, i, f, A/:A> «tc iii d^audM deriTtbitar ex (46.$.^ 
ftqoens fonnala pro logarithtnir lUtaraltbas. 

log mt m c=f (In»t(m+»)+lB»t(m— 1)> 
I I. oeeooooooeoo 
t" zmj— i. . .•„ 

i o- 33333333333? ' 
^ (ra«^— 1)« 

I Q. aooooooooooo 

T (am»— I)» 

, <x I4a8$7i43857 
T (am*— !>' 



+ 



a nnnunti 

• (2II1*— I)" 

j o. 076923076913 

• ■■■ ■ g ' = . . • "-.■.;■ 

• T ^ «*©• . . 

48« Corollarium 7. 
Similem formQlam pro logarlthmo viilgaH nomeri m ex (46. %.) ell- 

cies, *fi, famtb modulo A ptr (43, §.), frtaioDea ^ , ~ . J*./ A;. 
A A 3579' 

*7T% v>r> ^^« 1° pure decimalea convertaa: erit eniln . . - 

lvalgm = iCIvhlgCm + ili+ivnIg(m— i» 

I o> 4342944819P3 
~ 2m^*~i ' 

,. o, 144764827301 
•T, (2mV— !)• 

I o. 086858896380 
*•" (2m» — O* 



I ©. 06204 2068843 
T"*(2II?— 1)^ 



Ca 



. 0.033407267838 ^ 

*r , (201^— 0'V 

-{- eti; etci- 

Soholi^iw "^ 

Infignifl eft afas faaram fbmiohniiit 10 coiidendis tabalis logarithmi* 

cii t et corrigendia ampliandisqae jam oooditis. * Si enim pro qaoconqae 

fyftemate qaaerendi forent logarithmi tnimeromm nataraiium 2, 394,5» 6^7» 

et fic porrof ante omnia deberet determiaari niodulus A fy ftematis» aut 

indepeodenter ab ejus bafi, aut per hano dMam (38* SO* Cognito autem 

I + « * 

modulo A» invenietor^ pofito = 2, hinc x=:f, logarithmui binarii 

J — 16 

3 per (37. $.): inveoto hoQ logarithmOf logarithmi omniam ah'orom nu- 
merorom per (46. §.) commodiftime deteroiinabantar : fofficiet autem 
omni cafo foloa logarithmoa ouoierQram primonim m = 3,m={yin=7t 
m=ii» m=i3» et itaporro» per (46. §.) qoaerere» . com logarithmi 
oomeroram compofitorom 4» 6» 8» 9> 10» 12, etc; fola additiooe logaricb- 
morom illorom faftoribua debitorum poflint determinari. 

• . 4^. Froblema. ^ 

ImjtmrB /Mi^ Ofguatim datoi cuicunfui juantitaH ixpaumtiali n\' 

' Solutib. 

Sitzsro^; eritlzsifla: fomdeergo logarithmis natoraliboi obti^ 
oebimos per (39. §.) ob A:=:i (41. S) feqoeotem feriem 

o^:=:i+vIo-4- ^ ^ - + \ / + \ o A -r «^<^- 

50. CoroilariuitU' 
Pro bafi o=e logarithmoram natttraliom erit lodesi; adeo- 
qae in (49. §.)• 

V* v' V* - v^ - 

ev=:i + v + -5!^ \-^4 1—4 — ^ J-etc. 

^ ^ 2 » 2,3~a.3.4~«.-3.4.5~ 

51. Pro. 



tiznf ratumaU itirraUimali. • ! ^ 

Solutio. 

1. Si in eflet 'niiinenig infeger pofitivns» feries aeqnalif fanftioni y 
faaberetfoTmftm i+in3C+arx^+/Sx'-f etc. (32. §.): pontmus idcirto dari 
coefficienVes. A, B, C, eta pro qoiboi etj qaovis Valore variabilia z, quo- 
libej; quoque alio exponejite m fieri ^ebii^t 

y;=i+mx+/lLx*+Bx5+^;.. + Qx'+R^'+»- 

2. DifFerentia Jiujus funftiooia debebit effejuxta (33. SO pro qoibai- 
dam coefficientibua K» L, W, ete. iodependentibos a differentia Ax. 

Ay=(m+2Ax+3Bx*+— +rQx'-»+(r+x)RxOAx 
+KAx* + LAx' + MAx*+etc. 

3. In (2) bb (0 erat Aysy^— y pro ys=(i+x)«, y*c=:(i+i^ 
+ Ax)"*. Eft autem pro quovis poffibili exponente m 

'■ r ^ (i+x+Ax )»_/^^ _L ^»^ Y- 

y __' (i + x)« '~V. • i+xy 

oH j^i) debet ergo elle etiam 
y — ^ ■ «^» I AA«^ , BAx^ 1,^, 

7"— TTiT+crf^+(r^^ 

et eo ipfo 

4...Quare debebunt eflia ftriei pfo Ay fti C^) (3).pro qaovia valore 
differentiae Ax inter feaequalea, etiamfi illae per Ax dividanturi quod 
eft impoffibile, quin per (25. §•) fit 

m+2Ax + 3Bx*+ — +rQx'-«+(r+i)Rx'=-^. 

Hinc demum et ex (i) obtinebimqf 
2A \ + 3B>\ + 4Xr\ +VVi +\r+,)R\ 

+ m <x + 2 A<x» + 3 B<x» + - + r Q<x* = 08 

, — mV — niA^ — mB>^ + • -t mQ^ 

C 3 ^ ' Unde 
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UiMte p^ (38 S) fiet 
aA+.m'— m*s=o • 

3B+»A— mA~o h j^ 

fC+jB— mBsso 



I I 
i I 
I I 



(r+Oi + r^-^mC^o 



. ; , m(m — iXm— -a) 



__ m(m— (m— 2) (m— 3) 

• f .. ..- .... 

• ■« ' ■■ ■• ■'■■ ■ .• 

r+i 



5. Valoret hl In (i) fobftitiiti dabont feqoentem feriem, !n qat ter< 
Biinos aitimos eft indeterminatns, ita at ex illo fingoE terminl poft prl* 
mam =:i' ordfne^ feqaentea poffidt derinri* fi fitccefllTe fiat rTsi, r£=:2y 
t;=3, etfic porro. • • ' "' -••.-■' •'*- 

•' '■ ^ • A«— .. j ** I m( m — i ) , I m(i9->t)(m — a) - 

4.. . , ,-i,m(m-i)(n.~a)-.-(m-r+i) 

5d. GjorolUriiil9 i* 
Coa fit (a+bJ"spXi+x)«.aP pro xl=— i prodibit pro iiis yrio- 

ribus ex (51. §.) feqoens formoU exhibeBf potentiim iodeten&inttam co* 
jttslibet binoiiiii a-f h. 

(a+b)"^^»:^^^^'^^''^^- '"!"^'^ ^»--^^- 

,-* ^' 1.2 

, tn(n)--0<B>-^2>^,^,-^ . ^ ^ ^ 

T. « • f • 3 , 

m(«~OCm— 2)-.>> (m— r + i) ^^, ^, 
*l.2.3 ......r 

53. Corollariliin 2. 

Bat x:=Qsr- et m s= — in (51. $•); re^erietor Jnde feqaens 

formolaY •cojos ope nonoihiL-commodipfl |>oterit determinari potentia ex« 

poneotia fra6ti ~ dad binomfi a+b» literis; At B» C; D^ etc, ofc per Te 

clarom 
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clardm eft, fin|^lQ8 termlnos finki'» primom, .fecundam^ tertiiuiiy qoar- 
tiUD» etc.9 defigotntibQfl. 



V ^ V 

54. CorollaTitnn j; 
Unom ezemplom aotato dignom fuppeditat ftwftio /(ax» -f bx'') 

s=:(t x»+bx«) : fi poots Q =^= ^\ ;" » ossi, vsaa in (53-S0> 

iATeniet feqoentem^ feriem: 

tn*— m 411— ^m 

at* a.4a' 

' ^ti>-*5tt 8n«— 7« ^ 

' I t ^fc^3C ^ 1.3.5 b^X ^ 

T IT X ~' " 5~ +••-•••-• 

a.4.o.t'. a.4.6.8-t 

arn— (ar— Qn! 

t i'3'$ > 1 ^ - (af^3)V.x • ^^ ..: 

a.4.6 -•••-•--•-- 2rt » 
55» Corolltrioixi 4. 
Aliod.t4qoe memortbile exemplom prtebet fao^ -jn — g [, , » 

fc(iMx»4;^Ji»), ,.,. Si pontt Q=r — , 0=— It vS=2} obtinebit 

«X (53* S») fcqoentem feriem. 

♦ • % . . I. I.b V , 1. 3 t>^ 

/(tX«+bx»)Tr i m*^ Jt jm>-an T J 5m---4fl - 

t. Xt dt .X A 2.4t • X A 

. .'. '3'5l>> 4...,,. -, 

2.4.6t.x a 
4. I..3-5 -^ - r- -. - -.- - r (2r->'0V ■* 

2.4.6 - - - - 2rt a .X a 

« 56. Pro. 



»4 - c^^vvYi:^ 

f 56. Problema. '■ ^ , 

j9fumia/m$ Sin ^=^ + b(p*+c(P'+d(p*+-— +p(p*tt + qtp*n+% 
hviuire feriem pro Cofin ^f 

T - Soluiio. *' 
I. Si arcos varhViIis (p ^fcftT differtntkl il^i erit per (5. $• 
I. Schol.) 

Sin (^+^ (p)ss Sin Cof A (p + Cof|^5in A^. 
CpfC^r+A^^ts^rCofipCbfA^^—Siv^Jgw^^t , , ^.., -, 

. 2. Can jam . p^r bypoehelm pro ^iu^vis arca debeat effe Sin (p^9 
+b(p» + c(p'+d(p'* + *--- + p(P»°+q^^°'^»: ^^ '"■ ' ' ' •"' • ^ - 

3. Erit etiam Sin il(p=::A(p+b ^(^^ + 0^9^+ dZlf^ + - • • • 

' —- - - 4 ' ' — '■• •' '"■■*• ■ • 

4. Porro eft Cof A^s=:(i — Si|iA(p*)^, tinde* evidenter elucet, 

CofA(p aeqatri certa# feriei, ciijas terminc^ prio^is eft onitasy reliqui 
vero ternnini poft prinaam ordine feqo^ntes^aeqaalea funt produftis ex 
Sin A(P*'« Sin A(p^, Sin A^^ etc, in quosplanaedefficieotes ind«^endentes 
a Sin A^* (52. SO^ ob (3) per (34. §.) debebant ergo daH aliqoi coef- 
ficiences k, 1, m» etc. independentea » A (P, prp qoilma fier^t 

Cof A*=:i+kA(p* + lA(p' + mA4>*+Vtc. J:. 

5. Differentia ASin(p:=:::Sin((p+A^) — Sin^ debibit elTe ob (2) pcr 

(33. so, ' ^ ■ •■ 

ASin^=(l+2b^+3c^*+4d*'+ — +3np ♦*»-«+ (30+04^») A^ 
+«A^^+/3A^'+7Aip*+>A(p»+ etc. 

6. Si autem fin (^+A^) determmetir per b) (4)'C3>»^tiim fobtrai- 
hatar Sin <P; obtinebitor pro differentia ' '-• ** ^'■'•'^- l.;. » 

aSin(p=Cof^ . A(p+ (kSin^bCof^) AV+(lSifr^+cCof(p) A(p5 
+ X«5 Sijn ^ + d Cof (P) A (p^ + etc; 

, 7. .Qpaj^.» «^P*? S^P^^ 55) (6) tater f« aeqoari debeant, divifaeque 
etiam per A(p femper fint fataraeJieqoalQS, quidqdid fit differentia A(p; 
dabunt illae per (25. ^.). • ; . ; . 

Cof(p=l+2b(p+3cr^+4d4^*^^^^^ 
' • *; • 57. Cor- 
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^ ^ 57. Corollariiiin i. 
Ex htc pdrro Terie aliam pro Sio (p riniili modo licebit elicere. & 
etiim (p crefcat difFeirn^a A(p, crefcetCof^p differeotia ACor(p=:Cor(^ 
+ Aip)— Cof(p (18. 20. S*)f qa*e ob (56. §. 7. n) per (33. §.) erit 

i. ACof^=(2b + 3.3c^.+3«4<*^*+ + (2n— i)2np^»n-« 

+ 2 n (a B + O q ^* "^ '+etc.) A(p+aA^^+/3A^'+yA4>H etc. • 
Et fi Cof (^+ A(pj per (56. £• n. x. 4. 3.) deterniinetar; erit, fab« 
trafto indidcm Cof ^. 

a. ACof(p=— Sin ^.A^ + (k Cof ^ — bSin(P)A^^+ OCof<^— cSin^)A^J 
+ (mCof^— dSin^;A^*+ etc. 
> Adeoqae, qnia fcries (i) (2), etiam per A(p divifae, pro qaavis pof* 
fibili differentia A(P inter fe aeqaaridebent, erit per (25. §.) faftor dif- 
ferentiaeA^ in (i) aequalia faftori — Sin(P. ejasdem differentiae in (2), 
proinde Sin ^=— 2b— 2.3c^— 3.4d(p*— -7 — -(2n— O^np^**»-* 
^an(2n+i)q(p*'*-''-- €tc. 

58. Corollarium 2. 
In feriebas aeqaalibas finam ejusdem arcus (p exprimentibas (56. 57. §.) 
deberet ergo effe -r2b=o, eC — (2n + i)(2n + 2)r=:p, deiiotante r 
' coef&cientem potentiae (p*»+* in feriepro Sin^ (56.'§.) pcr(29 §.): igi- 
ttir effet b=o, et r= — p;(2 n+i)(2n + 2), nnde neceffarip feqaitar, 
Coefficientem b potentiae (p^ in ferie pro Sin (p (56. §.) aeqaari nihilo, et 
coefficientem r cajuslibet potentiae (p^Q+^ exponentis paris in eadem ferie 
aequari debere nibilo, fi coefficiens'p p6tentiae (p^" proxime inftrioris 
exponentisque paris eft aeqaalia nihilo. Series ergo in (56. §.) affumta 
oon poteft fubfiftere» nifi coefficientea omnium potentiarom (p*, (p^^ (p^, 
(p^, et fic porro aequentur nihilo. 

59. Problema. 
Invmnferiis oiqnaUs finui et cofinui dati cujuseunque areus (p. 

Solutio. 
SCimtis interea indeterminatis . coefficientibas C, E, - - - Qi S, etc. 
ponatur per (56. 58. 57- § )• 

1. Sin(p=(p+C^' + E(P^+----+Q^*"+' + S(P*«+^ 

2. Cof(p==i + 3C(p*+5E<p*+— +(2n+i)Q(p»° + (2n+3)S^*n+^ 
5. Sin(p=:-^ 2.3C(p 2u(2n+i)Q(p*"""'— (2n+2) (2n+3) S(p*n+'. 

VlHitttn L D In 
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In feifebi» (l)(3) inter fe aequalibas erifc per (29. $.) —a.jC^^X». 
xetgcncmtim— C2n + 2)(3n+3)S=Q? igitur 



a.j .C3n + 2)(2q + 3) 

Htoe factle determintintur valores fiDgaloram coefficientiDtn 'pro ferie 
(X)t et eo ipfo etiam pro altera ferie (a): pro ils idcirco debebit elTe 

^ ^ 1.2.3 «^1.2.34.5 1.2...7 «. IILi.2.3...(2n + i) 

Cof^sri ^ — t-— L — .— i_!L_4. f 2: .' 

_ ' 1.2^1.2.3.4 I.2...6 * IH i.2.3...2n 

60. Problema. 

Datofiuw arcm <P iwtninferim a$qualem ipft arcui (f^ 

Solatia. 

1. Sit Sin (^=2; erit Cof^s=:( !—«*)*: pcr (52. §.) reperietnr ergo 
feqoens feries* 

•^ 1 S^""" 3.4 I * "* * """2.4.6 2r' 

2. Ponamusjam, deberefieri ^s=z+Az*+Bz'+Ca^+I>2'4-Ea* 
+ +Pz*'-*+Qz*'+Rz*'+* + Sz*'+*+etc. 

3. Hinc, fi Sin ip:=:z crefctt difierentlt ^z, debebit arcoi (|>^ crefce. 
re differentia (33. §.) ssr 

ci:A^=(i+aAz+3Bz»+4Cz'+5Dz*+6Ez*+ — +(25— i)P«*'-^* 
+ 2rQz*'-'«+(2r+i)Rz»'+(2r+2)S2i*'+'+c>tcOAz+«Az*+i8Az^ 
4^yAz*+ etc. 

4. Sed eil, ob 2S=:Sin(p^ i&zr=:Sin(^+Af)— Sin^:=:Sin^CofA^ 
+ Cof(pSin A^— Sin^ (5- §• «• Scbol.); qnodfi ergo Cof A(p, Sin A (p 
exprimaa per feries jaxta (59. $.), invtnies, pro certia coefficientibaa 
ky Iji m, etc. debere efie 

A2:ii:Cofip.A(p+kA^*+lA(p*+mA(p^+etc 

5. Qoamdb*em Jn (3) (4) faabebimaa pra qoiboadam coefficientibot 
K> L, M,ete« independentibus t A^) (34. §.) 
A(pc=f (1+ 2A2 +— .-+ (2r + 2)Sz* '+').Cof (p . A(p +KA(p»+LA(p3+ etc. 

Hinc 
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Hiac, qoia aeqaatio haec, etiam diviTa per A^» pro qnayig differeti* 
iia A <p debet Aibfiftere» neceflario fequitar, anitatem aequalem Aftori 
^fiusA^ in primo membro aeqaari faftori ejusdem difierentiae in altero 
^embro (24. §.), confequenter debexe etiam eiTe 

— i— =: I + 2 Az + 3Bz* + 4CzH 5Dz^ + 6Ez^ 4:- -^^^ 

+ 2rQz*'-« + (3r+i)Rz*^ + (2r + 2)S;s^'^+'. 

6. Hoc modo naibuntur binae inter fe aequales Ceriea (i ) ($), qoarum 
idcirco coefficieotes per (29. §.) coaequati dabunt 

A=o; B = ^; Ct=b; P=^; E=o, 

2.4.6 2r(2r+i) 

et pro his valoribus debebit efle in (2) 

(P:=:^4.L^'4. LIillj , i.3.:.C2r-Oz>r4.c' 

^ 7« 2.3 "2. 4. 5 • ' 2.4---2r(2r+i) 

6i, Tlieorema^ 
^udelibet potentia polynomii A z» + B z^ + C z^ + D z^ + etc. = Z, iji 

quo A, R, C, D, a, b, c, d, etc. ftnt quauunque quantitatei indepeudin^ 

tes a variabili z , aequatur alicui poli/nomio fimilis formae. 

DemonAratiou 

1. Si binomiam Az^+Bz^ elevetor ad potentiam exponentis m, qais« 
quis iit is, rationalis aut irrattonalis» debebit haec potentia aequaricerto 
polynomio formae in theoremate determinatae (52« §•)• 

2. Sopponamus porro, quamvis potentiam polynomii X^Az^ + Bz^ 

+ Cz<:H +PzP habentis terminos numero n aequari alicoi polyno* 

mio fimilis formae. * 

3. Somto adhuc ano termino Qz^, habebimus per (52. %.) pro certis 
coefiicientibus »9 ptfy etc. independentibus a z. 

(X+Qzq)«=X™+«X"-'.Qzq+i3X°^-*.QV<i + yX«-'.jQVq+4»tc; 
Cumigitur fingulaepotentiae X™, X""*', X™"%etc. aequentar poly. 
liomiis fermae Az'' + Bz^ + Cz<^+ etc, ob (2); neceife eft, ut eo ipfo 
edkm potentia (X + Qz^i)™ aequalis fit alicui polynomio fimilis formae. 

Hinc jam(i) 2) 3) per (31. §.) evidenter fequitur, quod erat demon- . 
firandom. 

D a 62. Co- 
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63.^CorolIariam« 
^acile ex nittiini operationam algebrakarum colligitar, qaotcanqae 
fiinftiones-formae Az*'-f Bz^+Cz^+Dz<^4- ctc. feo illae in anam (bm« 
mam addantpr, feo fubtrahantar ab inyibem, feo inter fe mortipltcentar, 
aut dividantur, femper generare aliqaam fimftionem fimilia formae : quare^ 
com praeterea omnis potentia taiia fonftionis, quisqois fit ejos exponens, 
rationalia vel irrationalis, aeqaetor alicat fbnftioni formae fimilis (6i. §.)f 
t^aod difficolter deihonftrator, onmem fon6b'onem algebraicam onios varia- 
bilis z, fraAailla fit, vel integra, rationalis ve! irrationalis^ aut ex illis 
et bis qoomodoconqoe compofita, aeqnalem tSSst alicoi feriei formae Az^ 
r +Bz^ + Cz<^+etc* 

63, Theorema. , 

Omnis fmnSio, algebraicaj logarithmica , trigonamitricaf it ex Ids 
. fuacunqui rattom compojitaf mnius variabilis v aequalis ift artai feriei for- 
«ra# Av«+Bv<»+Cv<^+Dv**+ctc. 

DemoDftratio. 

1. Demonftravimos , finum et cofinum cojuslibet arcas variabilis v 
aeqoalem efle certae funftioni algebraicae ejusdem arcos , determinatae per 
feriem variamm potentiarom bujos arcos (59^ 5. §.): com igitor omnes re- 
liquaefunftiones, ot Sinus verfoSi Cofinoa verfos , Tangens, Cotangens, 
Secans, CofecanSf certi arcos per Sinom ct Cofinum ejusdem arcus per- 
fefte pofiint determioari (5. §. i. Schol.); Certom eft, omnes hasfunftio- 
iies todidem fonftionibos algebraicis variabilis v aeqoari. 

£x iisdem principiisy ob (60.$.), patet eadem ratione» qoemvis ar* 
com variabilem v aeqoari pofle certae fonftioni algebraicae foifinos» vel 
cofinos, finos verfi, cofinos verfi, tangentis^ cotangentis, fecantis, vel 
cofecantis. * • 

2. Porro demonftratom eft, logarithmom cojnsvis variabilis v=:i+z 
aeqoaricertae funftioni algebraicae ejusdem variabilis (35. §.), et v aequari 
certae funftloni algebraicae ipfius logarithmi Iv fpeftati inftar quantitatis 
variabilis (39. §.)» quod deinde ad quantitates exponentiales extendimus 

(49. §•)• 

. 3. Ex his vero manifeftdm fit, omnem fonftionem logaritbmicam» tri- 
gpnometricam» et qaoconqoe modo ex fonftionibos his et atgebraicis com* 
pofitam, aeqoari certae fuoftioni algebraicae: confequenter debet quaevis 

funftio 
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fbnftiD variabilis V, algebndca, <trigonometric«» logarithmica» ct qnoqno 
iDodb ex bis cooipofita» aeqoart aUcoi .fcriet fonnae Av* + Bv'> + Cv<^, 
+D.v<'+.«tc. qaidqoid fint coeffidentes A>B> (^D, - - - et cxponentM , 
a, b, c, d, etc. iDdependentes a ▼, et qoiaqiuit fit tMiaeras terminoram eJM 
feriei (6^. S>> 

64. CoroIIarium t. 
Si y* denotet valotvm , qoem fonftio yssAV+Bvi^/f Cv*+Dv'+etc. v 
variabilis v indaeret» fi; Iiaee angeretDr qaandtate «; edt y^ssACv + w)* 
+BCv+»)*+C(v+w)«+etc.: igitor per (53. §•) 

r Av'-f^Av»-^«4----4.<'7'J7-_<''7;|'^^^'"''^ 



V+Dv-+-^Dva-.«+- - , ,«^(d-0— (''-r + ODv'-»"- 

(^ 'i • '1.2 r 

+ 



ctc. etc. - - - • ctc. 



Haec igitar formahi exhibet expreilioneiii generalem valoris, qaem 
data qoaevis funftio y variabiiis v eo cafa deberet obtJner»» fi baec qaan- 
titate o; aageretor» ficot feries Av'^+Bv^+Cv<^+Dv'>+ etc. generatim 
datae coivia fanftieni y variabilis \ poceft aeqoari (63. $.)• 

65. Corollarium 2. 
Cum aotem prlma feries verticalis in (64. SO» ^^o* terminia in onam 
fummam colleftia, exaeqoet ipfam fan6Uonem y» feconda vero feriea ver- 

tlcalis aeqoalis fit prodofto ata pro « —^Jt^J^ bBv^ +-^Y^' 
-| — Y etc; comqoe tertia feriea verticalia fit indeterminata, ita 

nt cxilla omnea ferics verticalca^ poft primam ; ordine feqoentca pofllnt 
determinari, fifocceflivc fiat r=i, r=2, r=3, r=4, etc: evidens 
eft, cjQre y'=y+«»+)3ftf* + ya»+<r(»^+etc. litcris ^,^, J, etc ejoa- 
modi quantitates, ab » independentea denotantibas , ot qoaevis illaram ex 
proxime praecedente eadem prorfatf lege poflit determinari ^ qua lege qoan* 
titas « detcrn^pator ex ipfa fonftione y (64. §.). 

D 3 66.Co- 
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' 66* CoroUarium 3. 
Qmdqatd fit variabilis v, abfolata, aut aliqaa fanftio CDJaspiatn varia« 
biHs abfo(utae x» neceiTe eft^ ut, dam variabilis abfotota, ad qaatn fun- 
fiio y variabilis V relata fit, certa dlifer^tja aagetory v valorem aliqaetn 
v + Av, et y certum valorem y* obtineat (19. §0^ ficut ergo quaevis 
data funfkio y vari^bilis v alicui feriei formae Av*+Bv*' + Cv*^ + Dv<»+ etc. 
ftequat^r (63. §); Oc quoque debet differentia dy ciijitsvis datae funftionis 
y variabilis y aeqaalis eiTe certae feriei formae «Av +j3Av^.+ yA v' 
+ (fAv*+ etc, litcris /«, ^, y, J, etc. qoanrirates independentes 
aAvy et per ipfam funftionemy ita determinatas defignantibus, ut iit 

a^-1 V 1 » i ' 1 i" «^^M qaaevis vero 

qaantitatum «^ i^^ y, ^,.etc. ex proxime praecedente^ nimirum /? ex a^ 
y ex /3, ^ ex <y , et fic porro,. eadem prorfus lege poflit derivari^ qaa qoan* 
titas « derivatur ex fanOione y (64. 65. §.). 

67. Corollarium 4. ^ 

Teterum per fe liquet, feries, quarum nni funftio y variabilis v, alteri 
vero ejusdifferentia Ay aequatur (66. ^O» fea iliae conflLent cerminis nu- 
mero finttis^ feo in Jnfinitum excurrant, valoris ^S,^ finitii quamdiu ipfii 
foDdio y t et differentia A v variabilis v finita eft. 
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C AP UT n. 

DE 

NATURA ET INVENTIONE RATIONUM 
DIFFERENTIALIUM. 



68« Definitio. 

V^antDm variabile Z crefcens continuo aiit decrefcens io propiut aeudet 
ad determinatum aliquem valarem V» quo minor fuerit difierentia inter 
illud et hunc valorem : et fi haec differentia poiTit evadere minor data qua* 
vit quantitate.lbomofpenea; erit V Limes feu TirmUms quanti variabilis Z . 
crefcentia continuo vei decrefcentis. 

6g. Definitio. 
Ratio variabilis Z; X continuo crefcena vel decrefcens eo propius aceedit 
ad aliquam determitiatam rationem u:v» quo minor fuerit diSerentia fnter 
illam et hanc rationem : erit autem ratio determinata o:v lAmiS feu Ter* 
iriims rationii variabilis Z:X crefcentis continuo vel decrefcentis , fi dif- 
ferentia inter has radones poflit evadere minor data quavis ratione» 

70. Corollarium. 
Ez (68. 69. $.) et natnra rationum geometricarum fiicile colligitur 
diSerentiam inter rationem variabilem Z:X et rationem determinatam o:v 

pofTe fleri minorem data j^uavis ratioq^^ fi difTerentia inter exponenteA 

Z ^u 
-—-9 "^ hamm rationum fieri poteft minor dato quovis exponente, ad« 

coque rationem u:v exhibituram limttem rationis vaiiabilis Z:X crefcen^ 
tis continuo vel decrefcentis^ fi exponens prioris rationis fnerit limes ^ 
ponentis rationis pojSerioris. 

.7i. Tteorema; 

Dato qmmta P magnitudinis determinaioi 9 ii atio V, quod aequetur 

Bfniti quanti variabUis Z continuo crefcentis vel dicrefcintis i srunt fraSiones 

U JL r V / «; • u'r Z ^ 

-p- > -fj- lumtisframonum vartabihum -p- $ -tjt • 

i » pemon» 
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DemonftratiO. 

Neceffe eft, ntextet differentia D, quae miaor pofBt fieri dato qoo- 
vi» quanto, et pro qua femper fit Zt=U + D (68. § )• confequenter 
^^— iL4.iL P _ P -r PP 

Cafu primo eft -y differentia intcr ^ «t ns" > ^*V® poteft fieri 
minor data quavis quanfitate u : cnm enim per hypothefin pofiit fieri D < Pa ; 

ppterit quoque fieri -p- < u. Cafu altero eft ija 4. rj n ^'^^^^^^ inter- 

p p 

•— et *Yj-f eaque poteft minor evadere data quacunque quantitate a: 

T73a 

nam per faypothefin poterit fieri D <^^— q; faincetiam PD+uUD^U^o^ , 

eoque ipfo etiam — -— <u. * ' 

72* Corollarium« 
Si quantom U fuerit limes quanti variabilis Z crefcentia contipuo vel 
decrefcentif , deturque quodcunque aiiud quantum bomogeneum P deter-* 
mlnatae magnitudinis; erunt rationea determinatae U:P» P:U limites nu 
tionum variabilium Z:?, P:Z (71*70. $.)• 

7^. Theorema. 

iSi' quantu U, V ixhibeani limiUs quantwrum variabilium Z, X, erif^ 

ctntium cantinuOf vil, dicri/antium, Jiu ambo cn/cant fimul , vil dicn/canty 

V Z 

aut cn/cints attcrutro decrefcat att&um; irit quotuss-^ UmiS quoti — * 

Demonnratio. 
Dari debent differentiae D, d, pro quibus feroperfit Z=U + D, et 
X = V + ^» *f* *it difierentiae D, d poffint minores evadere datis quibu>- 
libec quantitatibus homogeneis (68- §.): habebimus igitur 
Z _U+D_ U , ±VDTtJ<' 
X ~W±^'^ V L V*±Vd 

7 U ^'' 

flinc autem elucct, differcntiam inter "y-®^ -iF *^o fi^ prior quotua 

+vn4n;Td 

major, feu minor pofteriorei generatim effe ^ ^2 ^lTw a ^ V^^^ porerit 
^ • ' ~ fieri 
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fini 'inliMr drtt qaavlt qtMHtittt» o. Cnm «1101 poS&i ertdere D < ^a V/ 
#<f^*, a^fV. ideoque DV<f oV, dU<f uV», daV^f uV*; 
iwterit etiani fieri DV+dU+daV<nV*: igitnr • forttmi geoenttte 
j^DVTdUTdoV^oVMiinc ^P+ J^y^ ^g* 

74« CorolUrioin. 
Oogiddi liinitlbas U', V daorom qaantoram variabiliam Z, X; erit 
nU^ U:V limea rationiii variabilis Z:X (73. 70* $.}. 

75« Tlieoreina. 

JDtflJr qmbusewmfme qnantis fimUs P, Q, R, S^ T, etc. mdepmdtntUnu 
'm qmmtiiati variabili w, poffibilis erU valor htyns variabilis, pro qmo fierit 
P»>Qo»*+R«'+S»^+Ta^+ etc.i ixifteats P qmmto pofiHvo^ quidqmd 
fiUnKqaa fmmia. 

Demonftratio. 

X. Conftat, qoantltatem variabilem w in determinatlone prodoftorom 
Pwf Quf\ Ru\ etc. inftarcerti nameri confiderari pofley qai nimiram aeqae- 
tor exponend rationia ejoadem qaantitatis ad qaantitatem pro ipfioa men* 
fora affiimtam. 

3. Porro certom eft, qoovis qoanto finitb majaa elTe poflSbile; et» 
datia doobaa qaibosconqae qoantis M > v , poflibiiem efle namerom inte- 
gram n aeqoalem denominatori partis aliqaotae M£ qoanti majoria Mf 
qoae minor fit qoanto v. 

3. lam vero pro pofitivo qoanto P fapponi poflant reliqoa omnia qoan- 
ta Q, Ry S, T, etc. effe pofitiva: fi enim in bac bypothefi fieri poteft 
Ptf >Qc9^+R«'+S«*+etc; poterit id a fortiori eo cafa fieri, qao ali- 
qoa quantorom Q» R, S, T, etc. fiierint negativa. Qoomodocanqae aotem 
dicantor crefcerCi vel decrefcere, aut alterne crefcere et decrefcere qaantt 
finita P, Qf R, S, T| etc; femper erit poflibile qoantam Z majoa finguUs 
liii qoantis (2)9 pro quo idcirco fieret 

ZC»*+»'+fl^+etc.)>Qi»* + R»'+S«*+ etc. 

4. Pro qoovis porro nomero n (1) eft Zm'^>Z(»^ + m^+m*+ etc.) 
(i— a^), hinc -2«1- >Qft>» + Ra;' + Sa^+fetc., ob (3). 

Ttismm L E 5* Cum 



5: Cnm igltar poi&bilii idebeat eflr Qomenis «»S:^> ^t^ i(a(i' fimti 

F >i?+Z)»' ob (3)t l^nc Pii^>.---^j; ilebeort;: eflir .pr<» eodeo» &QiMr4 

cUiuaP>>0«*+R#*^+S***+etc.rob(4)^ „;...;': 

76.. Corollariuin i^ - ... >; 

Fra qnibiislibet qaantis finitia /t, M^ N, 0«etc; iDdependentibaa ar 

variabili ou poiribilia ed valorbnjw varTabiliar pr6^ qaa fQmma M» + N»^ 

+0«u'+ etc-minoi^fieret dato^ qQDmodocanqae parva.qaanto fii BHfilrani; 

pro illa namero r pro? qaa eflet ^ » >M •*+ N «' + O «if + efce^ (75^ €•)" *^ 

7T. Corailarruit) 2V 
Aflamta quoqae ind&terminato numero integra pofitiva r fien poterit 

P«'>Q«' + ' + R»'+*+S»^t'+etc.pracertayaIorevariabiligw(75.SX ^* 
Hinc aatem facile perrpicitorr curfit imppflibiier utpro qaantis Kr hs Ms| 
Ny^etc. fihitis independentibas a variabili' Wr etpro qaovia poflibali valora 
Buju» variabilia r fiimma K »' + L ox^ + ' + M »';+ * +Nft>' + ' + etc. fit valoria ' 
profitiviaut neg^tivi» quiff primu» terminua K»^ habeatvaldrem;pofitiv.OBi» 
vel neg^vum. 

7jr..Coroirari!nn j.. 

Funafa Maj+N^w^ + Oa^r+ctcv =F eft difTerentiainter ITetU+F:^ 

quodfl erga Ur M, N^ O, etc. fint quaecunque quanta finita independentia a 

variabiliwr quae coiJtinua decrefcere cogitetur ; erunc quantum U et ratio 

#U: t limitesr adf quos^ funftia U+F et ratia (U+F^ : t eo propiua acce- 

dent, q]aa mag^ decceverit or (7& 7X %.)v 

Scliollon r. 
QaodliicfiiaQmeffr in fequentihu» conflianter oblervabitnry quanta 
fifmuiim^ quae nonnnnquam lieterogenea; efle videnturt inter fe compara^ 
bnntur: fic generatim differentlae omnium funftipnami variabiliumque abfo- 
Ititarum inter fe^ erunt comparabilea , licet eae quanta heterogenea, puta 
lineasr foperfictes;, ioiidar temporar celeritatesy etc. exprimere videantur. 
Quaelibet nfmirum fonftiay , ejus differ^ntia Ay, et djfferentia Ax variar 
bilis abforutaer a^fquamillarefertur, cenferi poteft exhibere exponentem 
rationiff geometrfcae qoanti^ cui: ea deberet aequari, lid quantom' pro ipfios 
meniura aflumtum, quo ipfa omnes: expr&flronea pro y> dy^ Ax, iit domeri 
abftraftir reddantur inter fecomparabiles^ 
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- ^ :■ .Scholion .2; , 

Pari frerTas raHofie potefft demonftracr, pdfltbilem efle valorem varia- 
bilis M, pro quo-et date^iaotianbmero integro pofttivom, qaibaslibet qao- 
que quantis pofitivis K, L,.Mt --- - U, V, fiat «»">K««""» + Lw™-** 
,;|s: M 09™ '"'+--'- UA;-fiV« Pofifibile eft enim qaantam Z majos fingulia 
aoantia K, L, M, - - r \i% V, feprfim fomtis, pro qao idcirco, pofita fum- 
ina'K»™-» + Li»"'^* + U«+V=S, fieret -Z(ib«-^« + »«-• 

+i^m-i4. + »' + i»«)>S: igitar etiam ^^''""7 ^>S, et a for- 

tiori ^ >S. Qdare, cam pofiQlt fieri a;>Z+i, hinc ai"*> : 

|ipteri t etiam fieri u^>S. 

.79. De^initio, 

Sit y qaaecnnque funftio variabllis abfolutac x, et Ay ejas difFerentia 
(febita differentiae Ai (1+ S-p. Pofilibile eft, ut, differentia Ax continuo 
decrefcente C15. §•)» ^^^^^ Ay:Ax eundem perpetno valorem retinea^ 
(e.gn fi fit yt=ax, binc dy=aAx,et Ay:Ax=::a: i): veram plerumqae 
fietf ut eo cafu ratio Ay:Ax continuo mutetur, crefcat nimirnm » vel de* 
crefcat. Ratio conftans, cui ratio Ay :Ax differentiae funftionis y ad dif- 
ferentiam variabUis abfolotae x» ad quam ea funftio refertur (4. §.), per- 
petuo manet aequaiis» vel^ fi. haecratio fit variabiiis» iimes, ad quem ratio 
Ay:Ax, differentia Ax continuo. decrefcente, propius femper et propius 
accefferit, vocabitur Ratio diffgrentiatis funftionis y, cujus exponentem 
figno «y exprimemus. Methodus inveniendi rationes differentiales fuB- 
jftionum eft CaUulus differentialis. 

80. Corollarium i. 

Quantitas conftans C pulliuf ratiocis differeutialis eft capax, quocirca 
ponetar bujus exponens £C=o (16. 79. S0« 

8i« Cprollarium 2. 
Cum yt=:x det Ay;=:Ax, hinc Ay:Ax=i:i; patet, i:i efle 
' rationem differentialem . vaijabiiis . abfolatae x , ejusdemque exponentem 
«x?=i (79. §•)• 

83* CprQllarium 3. 
Si differentia alicnjas fanftionis u relatae ad variabilem abfolatam x 
ita dependeat a diScreotia As, ut prp qertis quaBtitatibas finitis P, A, B^ C, etc. 

£ a inde- 
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indepetidetitibas ft Ax fit /i.o^ PAx+AAx^+BAx^-fCAx* + ete. 
(fiiS. 67.S0t Wnc Att;Ax=(P+MK+BAx»+rAx»+tlr.): i; erltP:! 
ratia di£GmDdaUt fiuiftionif a, et eJQS expqneos ett»=P (79. 78» $>. 

83. Theoremt.- ^ 

Cuim fimftumi y relaiat ad variabikfk abfolutam % Miimt aHqnm rm^ 
ilo differentiaUM t cttfut expauens §y oifaaMt ifl qmmtiiaH fluHai ptr ipfm 
fimSwium y certa Ifgi ditermiuaiai. 

Demonftratia^ - • 

(^aidqaid (it fanftio finita y variabilb abfolotae x, neceflCe eft, iit:exteiit 
qoaepiam qaantitatea «, /3, y, i, etc pariter finitae per ipHim funftionem j 
certa legedeterminatae, pro qaibos fieret (66. 67. $.)'Ay=^Ax+/Sdi{f 
+7Ax' + *Ax*+ ctc: igitnr tyts^u^i^ %). 

84- Corollarfbm !♦ ' 

Qoaefihet fanftio z valoris finiti relata ad Variabilem abrolatam x iti 

debet efle comparata, at ejas difFetentla Az pro qaibusdam qaantitatibas 

fittitia k, I, m, etc. independentibas a Ax atqoe per ipfam fanftionem z 

perfefte determinatis aeqaetar feriel azAx+kAx^+lAx'+m Ax^+etc. 

(83. $.)• 

85. Coroilarium 3. 

Qaamobrem, fi az fuerit valoris pofitivi vernegativl, indicio id erit; 
etiam Az:=azAx+kAx'+lAx^ + mAx^+etc* ppfitivi eife vel negativi 
valoria (84. 77. §•)• ^^^ \^\x,sxt fit Azsz^ — z, adeoqae z*>z vcl z*<5x 
pro pofitivo vel negativo valore exponentls az; nedeflTe eft, at funfUo z, 
crefcente variabili x, crefcat vel decrefcat, prout «z cft pofitivi vel nega- 
tivi valoris (20. §•)• 

^f^. Corollariuin %. 

Pro yt=:Ax« + Bx«» +Cx<^ + etc. effet « t=a Ax**-' + bBx^-« 
+cCx«^»+etc. et ideo etiam «yt=:aAx«^'+bBx^-«+cCx«-'+ etc 
(8366.^) 

87« Corolla^riuni 4« '- 

Sed etiam denotante v quaincunque fun6tionem finitam variabilis abfo^ 
lutae X extabunt certae quantifatea finitae P. Q, R»etc. independentes a 
A V, pro qiiibaa difierentia cojuslibet funftionii u datae per variabilem v fie- 
ret Aus=PAv+QAv'+)tAv'+SAv^+ etCt (66. 67. $•)• cam igitar 

At 
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Ar MfMltir rilrti ferie! tv Ax+k Ax*+I^xS+etc (84. SO; P*t<^t ^^ 
bcre dari aliot finitos coeiBcientes M^ N, O» etc. in4epend<*nte8 e AXf pro 
qnibof ob (34$.) fieret ^osPev^x + MAjL^+Nilx^ + Oilx^ + ete.. 
ittideo eu=Pev (83.$.). 

88« CorolIariDin 5, 
ProosAv^+Bv^^+Cv^+etc. et qiiavifl funftione v vtriabilis abfiv 
ItfCae X cffet Ps=aAv«-« + bBv«»-" + cCv«-« + etc., et«U5=P«v 
(87.66.$.)- ^ 

89* Coroilarium 6. 
' Hioc Kenenidm poffumoi ftatuere, exponeotem rationii differentlalis 
Cflyosvii funftionia ^ datae per variabtlemz, fi ejoa differentia pro certit 
q[oantitatibua p» q, r, 8. etc iodependentiboa aAz fit A(p:=:pAz+qAz* 
- +r Az'+8Az^+ etc», debere effe a^spjz» ita ut exponena sz aot 
«nitatit aot «licni qoantitati finitae aeqoetor» proot eft z aut variabilis 
oUblttta (+ S^), aut certa fotiftio alicojos varlabilis abfolotae (83- 87* §•)• . 

90. Thcorema. 

Expanens raihms differentialis produffi CZ ix qnacunqm fnnSkmi Z 
. 'variabm^ abfUntOi x im qnantHatim cauftantem C aequatnr prodnSo ex e»- 
ponenti rationis differentialis fimSionis Z im sandem conjlantem C^ /en eft 
.#*CZ:=:CsZ. 

DemonAratio. 
Eft enim A.CZ=CAZ (21. §•) =CsZAx +CkAx^ + ClAx' 
+CmAx« + etc. ^84" §•): >g«tur e.CZ=CsZ (8a. §•)• 

91. Tlieorema. 

Expomns rationis dffffrentiaiis /nmmae Z +C quantitatis conftantis C ei 
setfnscnnqni /un&ionis Z relatas ad variaUlim ah/olntam x aequatnr expo; 
mati ratianis differentiaiis ejusdem /unffionis Z , /en eft « (Z + C) = s Z. 

Demonftratio. 
Cum fit A(Z+C)£=:AZ(3i,S.) =sZAx+ltAx*+lAx^ + mAx* 

+ «te. (84-S-); ^^^^ «ff^ «(Z+C)=sZ(8xS-). 

92. Tfaeoremi. 

E^omns rationisdtfferentialis /ummaeplnrium/unShetnm PtQ,Ri— *Z 
flWJKf variabilis ab/obOm x mqnatnrfummae e^omniinm ratiannm differem- 

E 3 tiatinm 
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Hiathm finguUs tus fkngiambus dsbUarmm, fiu ifi «CP^Q*!-R-|-^ W^^-Z) 
t=«P+jQ+«R + -— fiZi .; 

Dtmonflratio. 

Per (32. %) ficret J^CP + Q+R+ +«)=i:aP+AQ + aR 

+ - - « + AZ: jgitor pro<eit!is qaantitctibiu K» L, M, etc. independen- 

tibM t-Ax debcret fieri.ACP + Q+R+ +Z)=C«P+tQ+f R + 

+ iZ)Ax+K A.x»+l.Ax»+M Ax*+«tc. (84- 5')f «wque Jpfo «C^+Q 

+ ...+ Z>=fiP+«Q + hfiZCSa.S-)- 

. 93* DcpiNXTix).: 

Qaamln (79* SO '^cfioivimaSf mcetnr. j»rMui ratibdiffimntiafif fan- 
^onis y relatae ad onam variabilem abrdiutam jc : tum fiamda ratio HS^ 
rentialii fanfiionit y fit. aeqoalis primae rationi differeotiali exponentia 
primae ratioiiis JtiFereDtialia funftionis y : «t iic j^ecadm ;quaevia mim 
Tatio^differentialia funftioni^ y ^eqoetiir primae cationidiffcrentiali expo- 
jientia proxime inferioris, nimirum (m — i^ifimoip rationia diffmn- 

tialiafun&ioniay, Hita ut, figoif ay, my, ay, sy^ ay dcnotantiboa , 

Jaxpooentss Tationum difFcfentialium , primae, fccundae, tertiae, .et fic 
forroj iiinftioniay^ fit «y^a.ay; ^jr=t.«y; --. My^s^sy» 

94» Coroliarium. 
iConccflTainefhodoinvenicndt exponentem primae rationla differentlaltii 
cujuavis aflignabilia funftionis > 'liabebicur eo ipfo metliodus .determinandi 
ex^onentea xationnm differentialitim omnium ofdinnm C93* §•)• 

Scliolion. 

■n 

Attendat ?tyro, aie .exprelfioncs .«y, sy", t.y« inter fe confundati 
n 
Expreffio enim ty denotat exponenfcem utai rationis diffcrentialis fun- 

ftionis y : 'ty" :autem tantundem ac C^y)'' fignificat, nimirum ntam po. 

tcntiam^xpontntis ty primae Tationis differcntialis funAionis y : et t • y" 

idem, <qood »Cy")« indigicat, intmitum exponentem primae rationis diffc- 

^otialia mtdb .pptentiae f unftionit y. /Qood autem ad fignum t generatim 

«dtinet., fcenfe^bitur idillamdantaxat totam qnantitattm afficeret cui imme^ 

<diate fucrit pcaefixom, .nullo interjefto fgno, aut punfto interpofito: fic 

e. gr. «xpreflio /t.zty dcnotabit exponentem primae rationis differcntialis 

fundionis pcrzay expreffae; contra tz «y dcnotabit produftum ex ex« 

ponentibus sZf «y rationum differenttalinm debitarum fundkionibus z, y. 

Sic 
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Sie qaoqae t . as/^Ci— z^)' expriniit exponentetD. ntionTt differentialfe (aii» 
^onis k/^Cr^s^)^ et«z/(B-^z^) denottt prodQftam ex expooeotes 
c B ntionJs difFerendaliA fiitfftibniB- z in fiinfltidnenk /"(i— ^z^)« 

gjl Thcorenia, 
ExpomniiM ejj ez r&ii<mum diffinntialmm /uuBlionibur OiquaUbui^ 
y s=:Y -f A r z«=:Z+B ««jw vuriabUis abfoiuioi: x iibUanm Miui i£k iuiir 
fruiqwaki*. 

DenTonflFratia. 
* Qaidqaldfifnt cohflEiiitesArBI ttitiyrrzBYf fZsrrjZ (gr. $•)> «^ 
^y=Zliz^?.'ir e(t y^z(23'.§.)r pro certia coefficientibas k» I, my -— 
K»L^Mt'etc. independentibas ft ^x; erxt erga 0y2lx+ kAx^ + i^^^ 
+ mAx^+etc. r=fizAx+KAx*+LAx3r+MAx*+etc- (84r SOr quod 
eftimppi&bUe^ ^aio.fit £/:==« z (29^ §.).. 

^i 96;. Tbeorenia;. 

StvmroffariismriabiUMY>ZduanimfmaHm^ 
' umut variabilis abfobtioi x /iui iuaiqmlifr quidquid fiui pariis couftauiis 
A, B ;: ifit ixpouius r^iiouis diffirimtimtis fimSnmis y kabiuOs mafonm par» 
iim variabilim, major ixpoutuii raikmis diffiriuiiaUs aUirim funSUoms zr 
nimirum6y> 6Z^^ 

£re^man(Trarrov 

Sappona partenr varmbilem in quavia fanftione y et za parteconffanti 
perfefte ciTe (eparatam^ it» at e.gr. in funftrone y re(bluta in feriem (63. §•> 
A denotet (ummam iilorom duntaxat terminoramv qui carent variabili 3^ 
et Y expriaiat fummam relfquorum terminorunr compFeftentium variabU 
lem X. Sic fi eflety = y+A=(a+x)'+2br cum fit(a+x)»=a*+2ax 
+ x*; deberet effe para» variabili» Y=2:ax+x*^ et par» conftans 
A=a* + 2bw 

Hoc praemiffo manifeftunv fit» non- pofie efl!e Y> Zr nifi detur tertift 
aliqua fnnftiaX variabiiisxr pro qua fit Y=Z+Xr igicur &Y=«Z+€X 
(92. §.), hinc « Y>«Zr et fiy>«z: (91. §.). 

jlj, Coroliariurm r^ 
Qaotiea^ exponentes cy» sz rationum differentiaimm debitarasnr duaba» 
fuoftionibus y, z onius yariabilia abfolutae x interfeaequalet fuerint; to- 
tie9 debebiint efla etiam aut integrae funftiogies^ y^ z^ aot fidtem illarum 

parte» 
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pirtei rtrlaUlei bter fe aeqodes (96. $.)< eapropter eft aUblate impoC- 
fibiie» ut determuiatiis qaUpitm exponene r»tionif di/FereDtialii pluribiie 
fanfttoDibas rerpondeet» qotrom pertes veriaUifl9y 0011 fbcmn dootexit^ 
fed etiim oiagnitodioe a fe inyiceni differeat 

98« Coroilarioin )• 
Si vero exponentea ez>ey doarom rgtionom differeBtialiom dei^ita- 
rom fan6tionibo8 z^, y onios variabilis abfolotae x foeriot inaeqoalea; erife 
quoque psrs variabiiis fbnftionts K 9 coi miy'or^xponens refpondet, major 
ptrte variabiii alterios fonftionis y (95. 96. $.)• et ideo eft pibfoloteim- 
poflibile» ot certa fonftio plures rationea differentiales recipiat* qoarom ex^ 
poneotes 1 non tantom formay fed et magoitodine a (e invicem difc^penL 

99. Dbpinitxo. 
Si yt=:Z fit aliqoa fimftio variabilis z (e. gr. yt=i— ^), p6terit 
qooque z fpeftari inihr cerbie fooftioiiU zs Y variabilis y, q ose per 
aeqaation<im y£=:Z eft determinata (in aflomtd teemplo erit eafU^o 
zr=/*(i— y)): determinatio fqnftjionia k s=: Y. variabilis y per fimftto- 
qem y7=:Z variabilis % ¥ocari poUft imverfio fimSlkmls y* 

100. Corollarxum. 

Si data qoaecnnqne fan6tio y=:Z varisbiiis z inveria generet fonftio^ 
nem z:=:Y variabilis y; erit y refpefto fonftionis zs:Y eot variabilis 
abfoluta, aot aliqua £bn(tio cujaspiam variabilis abfolotae z, proot foerit z 
refpefto fonftionis yr=Z vel variabilis abfoluta, vel certa fooftio variabilis 
abfolotae x (99. 4. §.): orit qooqoe fonftio y:=Z ita connexa com fon- 
Q:ione z=:Y» ot, dom pro qoopiam. valore v variabilis z ejos foaftio. 
y=:Z certom valorem V induerity valore V triboto ipli y, tanqoam qoanr 
titati variibili» ejus fonftiozrrY valoremv debeat obdnere (99. SO* 

lox. Problecna. 

Si data qnaecunqui funBRo y:=:Z variabilis z invirtahnr^ %t z^Y fiai 
cirta fimBlio variabiiis y (99. %.) ; detirminars riiatianem • iaiir ixptH 
nintis rationum differentialium 9 datai fuuSioui ^yzr: Z variabitis Zp 
H - altm per Hlius iuver/touim obtiutae /uuffioni z :=: Y variabiUs 
j^ debitarum. 

Solutio. 
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Solutio. 
* 1. Sit yt=!A2*+Bz^+C«c+ etc,, nnde per Inverfionem (99. J,) 

•afcatorz=:PyP + Qy^ + Ry' + etc. (63. §)• 

a. Erit ey =(aA2*-"'+ bBx'»-* + cC2«-*+ etc.) ez, et $z 
csCpPyP^^^ + qQy^^^+rRy^-^+etcOfiy, ubi erit <z=i in prima, et 
•ysi in Ocunda exprelQone» G z in fxindtioney (f)» adeoqae y in fua- 
ftione z (i) fuerit variabiiis abfoluta (ico. 86 88 $•)• 

3. i'onamu8 autem, aiTumta utcunque parva quantitate e« variabilem 7 
in Funftiotte Z (i) abire in y + e, ipfab idcirco fun&ionem z in(j) capere 
incrementum E=(p PyP""» + qCiy**""' + rRy'""* + etc.)e + ke^ + le» 
+ me^+etc. (65. §•). 

4. -Quodfijam z + E fumatnr loco z in funftionc y (1); debebit fun- 
ftio y in (i) ob (100. %.) capere incrementum e, tiimirum abire iny + Ci 
iicutzin (3) fupponitur abire in z + E: incrementum hoc e funftionis y 
in (I) erit ergo per (65. $.) e^^aA^^^^^ + bBz^-^+cCz^^-^+ctc.) E 
+)8E»+YE' + etc, 

5. Ex (3) per (32. %.) elucet, quamvia niam potentiam incrementi E 
aequari alicui polynomio formae generalis <P»e" + Ke"+' + Le" + *+etc., 
pro i^iz^pPyP^^^+qCJy^i-^ + rRyf^^ + etc. : fi igitar potentiae E, E*, E', 
E^ etc. per ejusmodi polynomia determinaUe in (4) fubftitni cogitentur; 
debfkbit inde pro certis coefficientibus f, g, h, etc. independentibus ab e 
nafci aequatio e^^aAz^^^^ + bBz^^^^ + cCz^^^^^ + etc.^^pPyP^^+qQyq-^ 
+ rRy''"' + etc.) e + fe*+ge^+he^+ etc, quae per e divifa dabit ob 
(34.5.) i=(aAza-«+bBz^-' + cCz<^-* + etc.) (pPyP""' + qQyq-« 
+ rRyf'"'+ etc), vnde et ex (2) elucet quaefita relatio, 

102. Corollarium. 

Quotiea Fuerit jByr=:«sz exponens rationis dilTerentiaUs fun6tionis y 

6 y 
datae per variabilem z; totiea exprimet £z=— exponentem rationis dif. 

ferentialis funftionis z yariabilis y, quae per inverGonem ex data funftione 

ylmiabilis z poteft obtineri, ita ut, fi fuerit £z = i in eyzzictsz ob fiia- 

ftionem y relatam ad variabilem abfolutam z, debeat etidm efle £y=i ia 

s y * 

sz = — ob funftionem z relatam ad variabilem abfolutam y (100. 

- 101. §•}• . 

; FWmm* 7. P P«»», 
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101?. Defii^itio. 
Piffifiniiaiio datte fqDfiionis y efl: detenninttlo sUiot rttioDia diffe- 
rentialis dependens ab inventione exponentii ey (79. §.)^ quem deincept 
oomiiie ixponeiUu difftmUialis inteiligemug. 

104. Problema^ 
' Diferentiart funSlionm formai y^Az^ + Bz*» + Cz"" + etc. jpro qni- 
buslibet coffficientibus A, B^ C, etc et exponentibus n, b, c, etc. rationalibus 
it irf^ationalibus f quavis item variabili z» ab/otuia Jit, aut aliqua/unSio 
iirtoi variabilis ab/otutai x. (+ $.)• 

Solutio. 

Moltiplicentar finguli termini per exponeptea potentiarum variabilia z 
in iisdem contentarumy ipfieautem potentiie fubftituantur potentiae uno 
gradu inferiorea, tum totum ducatur adj^uc in exponentem sz rationia dif- 
ffrentialis variabiliaz; erit quaefitua eyponena differentialis (103.^*.) ey 
t^CaAz^^^^+bBz^^^^^+cCz^^^ + etcO^z, pro €Z=:i, fizeft varift- 
bUiaabfoluta(86.88.$*> 

10$. Problema* 

Diffinntimri /unSimum y=ZX aequMtem proebtSh ix ehudms fimSSo* 
mbns Z, X ttnini variabilis ah/ohUoi x. 

Solutio, 
Holtipiicetnr exponens differentialia cnjaevis faftorli feorfim famti per 
faftorem alterum; erit fumma produftorum aequalia qnaefito exponenti 
differentiaU ay (103. §.), nimirum ZaX+XcZ=«y. 

Peaionftratio. 
Si variabilia abfolnta x» ad quam funftiones Z» X fuot relatae» augev 
tar differentia Ax; abibit funftioy=ZX iny'=(Z+AZ)(X + AX), erit- 
^ue Ay=ZAX+ XAZ + AXAZ (19 20. $•)• Si ergo fumantnr 
feriea differentiis AX, AZ aequales per (84 S-)» debebit pro certis coeffi* 
cientibus «1 )3, y, etc. independentibua a Ax fieri Ay = (ZsX+XaZ)A;| 
+aAx»+^^x3+7Ax*+ etc,, binc ey=ZeX+X«Z (83. %,). 

io6. Corollarium x. 
Si fooftio o=PQR - • - U aequetur produfto ex funftionibns P» 
Q» Si - - - U OQoiero n, et y=PQR - r r U V fit prodnftom ex ftin- 

ftionibus 
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ftioniboi fnmim n+i; eril:«y=*.PQR-- - UV=PQR*--U«V 
+V« PQR- * - U (I05.S.)- qoaref fi •.P,Q# R, - - • U ruppooatiir 
aeqa»ri ruaimae proda6torum ex exponeDtibiis diSerendalibua finguioroai 

faftoruin P» Q, R» U in omnea reiiquos faftoret, debebit «y aeqaart 

fummae proiaftorum, quae nafcef^entor, fi exponena differentialis cojosvb 

fonfttenia P, Q, R» U^ V feorfim doceretor io omoes reiiqoiie 

fiinftiondf. 

X07. Coroltariom a. 
HineCio6. %.) et ex (105. §.) per (31. §.) feqoitor generatim, ek« 
ponentem differentialem produ&i ex quotconque funfUoniboA aeqoalem eile 
fumnue prodoftorom, qoae otitiDierentor 9 fi ezponens dijSerendalia co- 
josKbet fbnftionii feorfim fumtae multiplicaretor per omaei rtfliqoai 
fooftionei* . 

108* ProBlema. 

DiffiTi^Httri fmUumimfraSam y=-^ nlaUm ad mmwi variabUim 
abjolmiam x. 

Solotio. 

Sobtraliator prodoftam ex numeratore in exponentem differentialea 

denbrainatorir H prbdofto ex denpininatore' in exponentem differentialem 

nameratoris, et refiduum dividatur per qnadratum denominatoris ; erit 

quotoa aequalis qoaefito exponenti differentidi (103« §.) ^ niinirom 

VfiU— UVV 

•y= — vi: — "• 

Demooftratio. 
Ob y V=U erit yaV + Viy;=«U (95. 105.$.), oodelacUe elocel^ 
qood erat demonftrandum. 

Tog, Problema. 
DfB^enniian togarUkmum yznXn fpeSCatam inftar umui fmSHoms vih 
riabiUi o, abfoluta ia Jit, aat aiqualH cuicuuquifm^Sioui aliciifus vari^lnlio 
i^folutai X. 

Sdlaeio. 
Capto expotjente diffei^eAdal» variabilis «, dividitor ta per ipfiim Ta« 
ffiabilem o, et quotoa ducatur in moddum M fyftematis, ad quod logaritb;. 
oios y;=lofpeftat; erit pro4a&im aeqaaie exponend difierendali ioga- 

t2 riduoi 
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tithmi y=IUf qui pctehitar (103. §0 mininiin «ysr — M, vel ey 

'=:-—» ii ueft vftri«biKft abfolatab 
u 

Demonffratio^ 

In (15. S^ 3.n.) per (41* SO > tamta nmodoio M pro A» et pofita variabili 
ut=ri+z, iiinc Aur=:Az (21. SOi ^rit pro numeris ibidem determinatis 

iio. Corollartum r^ 
Pro laKarithmta naturaiibas, quibua deineept eonffanter utemqr, eft 

aaodutus M=i(4i.§.): igitur ays=:elut=: — ^ vel «lu= — , fi a ell 
variabilis ab£bluta (109. §.)• 

'iii. Gororirarium 2. * • ' 
Si dati quicunque logarithmi fpeftentur inftar quantffatum^variabifiutff; 
potcrunt per (iio. §.) etiam logarithmi logarithmorum facile differentiari^ 

Sic e. gr, y=Iia dabit sy= i-H-=-ip- Ciio.iSO». ^^ y:=:llla dahit 

•y==T; — = -n — rr — > «t ita porro» 
Uu ulu.Ua , . . 

112. Corollarium 3» 
Quantitatea vero exponentiales differentiabuntur per eadem praeceptt^ 
ii capiantur illarum logarithmi naturafcs. Sit'ftinftio ys=:a* dat ly=zli^ 

Binc -^c=ezla (Qy.^^iiVgd. gOf •dedqae «yt=:a*«zl a* Et fi in y:==v» 

fint V, z duae quaecHnque.fBnftiobea ^clataQ ad onam variabiiem abfola- 

tam x; efik ly=?zlv, et ^=z ^-{-ezlv (105. lia §.), fiinc sy 
fc2rv«^-^av+.v»«rv^ ^ ^ 

113. CoToHa^ium 4* 
r- .'P^ bafirelogarftbniiarom MtQaliiipD^ieft U^i&i^ Uoc t.e^^ee^cz 
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114* CorollariuQl J« 
Cogfiito.,foUm exponente differen^iali logarithaii .fiafcnra]U claUe cq. 
jfiscunque variabilis u^ fi. is ^ucatur in oiodoluQi aut logaritbmorum vulg^- 
rium (43. $.), sutaliorom logaritbmQrum artificialium , obtinetltur expo- 
Bens dif&rentialis logarit:hmi vulg^is^ aot alterius logpirithDU attificialils 
ejusdem variabiiis o (109. iio^ $.)• 

115. Problema» 
. ' Confideratisjmmit€ofimtarcm9 variaUlis^ inJUtrduarum /unlticmm eju%- 
dm arcus, inviniri ixponeniis raiiounnfdijffirintiaUnm iisjwnSHMibnsd$bftat^W- 

Solutio. 
Funfiiones ejusmbdi Babentur in (59. §.) , et illarum differentiae in 
(56. §• 6.'D. 57. §. ?j n.): nimifum pro certis coefficientibus M, N; O, -> - 
p; q, r, etc independentibus a'A(p debet effe ASin^=A(pCof(P+MA(p* 
NA(p'+OA(P+eta, efc AC«jf(p=— A(pS}ii<p+pA(p*+5Aa^'+rA(p* 
+ etc. Quidquid-fit ergoilp, variabilis abfoluta, ailt fuaftib quaecunque 
alicujosvariabilis abfolutae; erk per C89*S')v 

«Sin(p~fi(pCof(p. fiCof=: — 6(pSIn(p. 

116. Corollariuin 1. 

V ' i Ciim flt Shi ▼ 4)2=:i —Cof (P et Gofr ^=1— Sin f ; oitthebinras per 

.<9I. 115« S.) firquentes expbnentes dFfferJentiales^ 

(,^ : .. , *Sinv^5=»^Siii(p. eCofv^;i=:— s^Cof^. 

117. Coroliarium a. 

Eft po^ro TanR<p=i^; et Cot^=^: per (108.' ii5- §.') 
debebk Jgitor effe» . 'i ::\ u 1 1 .j • ' . '-• . : v ■ 
L-- .rr. : -.•^«^«(per-^li^^-A^ 

118- CoroJIarium 3, ' " * 

inVefiiemni^ei^go 

. . !ftCofce^=;:;^^C£-r^„pc»fc?coffcip. 
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.tif» Corollarijmi 4* , 

Ht6Miii ()pcftiirifliiiis fiDus» cofina<(» finoi et cofiiiM vetfoi» ttogw 
teSy cotangentes» fectotei» et coTeoantes trcmini variaUIiom (p infttr to* 
tidem fiioftiomim borom aivoom^ qao cafa erft abiqoe hi prtecedenribtto 
t^?r:f i^ fi ^ floUi fiuiftiont tiicajaa Ftritbilit tbfolotte teqaetar, fed flit 
ipfa vtriabiliaabfolata; fi ergo iltae fanftionei cogltentar inverti, at^ex 
iis nafcantor fiinftiones exprimontea trcas p per iprorom fino8« cofinusi, ete. 
(99. %.y, obtioebimaa pro hia novia fanftioDibaoper(iPO.S.) ot (iif, i j[6. 
1 1.7«' 1 18. S-) CiquoDtea exponootea differeotitlei ; 

. e Sin V (^ \ ^ « fof v (0 

g Sec ^ ^ ^^ <Cofec (p 

?• «V — TtngipSer?"* '^' '^— "CotipCof^* 

120. CoroUariuna 5. 
Si (p=Arc Sin Zf vei (pr=;Arc Cof z denotet trcofh circolif cnjoo 
finps vel cofinns fit z; erijk Sinips^; et Cof(ps/^(i«-*a^) cafu prikoo^ 
vel Cof(p:=2^ot Sio^:s3^/Ci-r^z^) cafo fecondo: 0^.(119. $. 1« 2. n^ 
erit igitar 

sArcSinz=: -77 r-« sAreCofz= 7? — • 

121« Corollarium 6. ' 

Si vero (p=: Arc Stnvj( vei^#s=iAr«^Cp£irt figitlficet arcnm» cojaa 
finos, vel cofinos verfos eft z; erit Siif v4>=:z et Sin ^:= /(2 z — z^) 
cafu primo, vel Cofv^sz et Gof (pcr:/'^^^»— z») cafu altero: per 
(119. §. 3. 4. n.) obtinebimoa igitor 

/(iz— z^) .V\(*.*— z*) 

i22..Corlii)tiiam 7« . 
Si "porro'(ps=ArcTangz vel (PsrArcCotz exprimat arcom, cnjoa 
tangens vd; cotaogoot jift %y eritT tng ^gaa ot 5te4p»a=: 1 + z^ cafo pri. 
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ino, Tel Cot(pt=:z et Cpftc.^si-fc* cidb Mdbdo: debet itiqae eiTe 
pMT (119. S» 5:*^D.) 
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^ArcTtngz^j-qp^i «ArcCotz=jpqj^. 

133« CorblUrium 8* iQ- 

Si deniqoe (pKArcSe^z vel (p=:=:ArcCVij(ecz denotet arcDin» cnjnf 
fecans vei cofejcaDs eft z; erit Sec(P=z et TangipSec^psz/^Cx — z^) 
cifttptimo, velCofec^=:z et Cot^Cofec (p :=«/(!— z*); igltur per 
(119- S'7-8.n0 fi«t. 

sArcSec.z=j^^=^J^. ^ArcCofecz= ^ ~/_f_^^ > 

X24. Prpblema. 

Bato exponmti primoi ratifinU difftntUialis^cirtat funSHoidsyi Mtf^- 
mri ixpotun^if fmmmms akiamm rntiannm d^innHalimm ifuidim fnn^ 
Sionis. 

Solutio^ 

Qito ly = P« quaeratur «.sy = « P expenena priniae rationii differentialia 

ftm^opiidatgf^P; erit «y=:«PexponenalecundaenitioniidiffereDtiaii8 fun*- 

'ftioniay: invento syz^R^Q, quaerature.ey:;=:aQ exponens primae ra- 

tiotiia differentialia fbnftionia Q; erit «y:=:6Q expoiiena tertiae rationii 

n 
dlfferentiaUifbD^Aiiy: etgeoefatinicognitoexponente iy:=Znto#ratio- 

n 
niadifferentitliifuDfUoniiytquaeratur 4i.<7=:iZ exponena primae ratio- 

iiia differentitlia liinftionia Z; erit «y^aZ exponena proximae altioria 
(n+i)ijimai rationia differentialit fnnftioDia y (93*S>)- 

X25« Coroliarinm i. 
Cum nulfa fit funAio tfligntbilii uniui variabilia abfolotae; pro qum 
exponena primae rttlonii differentitlii ope prtecedentium principiorum ne» 
quett determintri ; ftt£BicieQt etdem principit td inveniendot exponentea 
omnium tltiornm rttionum differentialiom qutrosivia funftiontim uniui va- 
riahiiia abfolotae (124. 94 $.}* 

jKae.C^i 
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\^6. Corollariums^ • - •. 

Dam fanftio y datar per ipfam variabilem abfolotam x, pro qaa fit* 

sx=i; determinabuDtar omnes estponentea^differentiilea ay, «y, ty, etc. 

per certas fbnftiones ejusdem variabilis abfolutae x, carentes exponenttt 

differentiali e x. Generatim vero recipiet funftio y omnium ordinum ra- 

tiones differentiales, fi ad nallam rationem difierentialem ^evenlre licoerit^ 

fi 
cjajas exponens confisiaa fit: utprimom autem exponenaey alicojas tdoi ra- 

tionis differentiaiis conftanti cuipiam qaantitati fberit aequalis; frantexpo-' 

n+i n+a . , 

nentes ey» ^y« et lic porro altiorom ratiooam differentialiam aeqaalea 
nibilo C124. 80. §•)• Sic e. gr. funftio 7= — dabit ey = — ~; l y 

— 2-j gy— -— _• «t fic porro: fanftio y=2x' vero dabit ey 

2, ^ J ^ ' ^ 

— 3^*9 4yt=:6x; sy^o; ay==^o, ayt=o, et ita porra. 

137« Corollarium 3. 

Si pro funftione y=Az«+fi^ + Cz<=+ - - - + PzP+etc. deter- 
»■■"•. 
mines sy^ «y pef (12+ 104. S-)» eadem dern iege, qoam coefiiclentes 

z . , n* 

et exponentef in £y » sy feqaunturi exprimas exponentem ay mfa# ratio- 

nis differentialis funftionls y, et Mnc per (124. 10+ §.) dicias s y ; 
invenlea hanc qaoque exponentem ii4i legi fubjacefe^ onde idcirco per: 

r 

(31.SO concladea» exponentem ay cujusvia rtae ratiooia differentialifi 
debere efle 

a(a— OCa— 2) -,- ^ (a — r+i)Az*-' 

+ bCb— i)(b — 2) (b— r+0B2»>-*^ 

^+c(c— i)(c— 2) (c— r+i>Cz«-' 

PXP— 0(P— a) •- - (p_r+i)PzP-' 
etc. etc 

X2g. Corollarium 4. 
Ubi vero funftlo y differentianda data faerit aot per onam variabi* 
lei|ij^^^ai»t per piures variabiies z> u, v» quae totidem fuuftiones anius 
" ' • ^ - * varia- 
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Tiriabitis abfolataex exprinHmt, debebaQt exponentes diilerentiales varia- 
bilium Zy u, v infliar totidem funftionum variabilia abfoiutae x tra6tari> qao 
fiet^ «t non modo priml exponentes differentiales sz, ea, ev, fed etiam 

altJorcs, ut*z, £Z,etc. in expremones pro sy, «y, sy, etc. mgre- 

diantur, Sic funftio y=z* dabit «y;=2z£z (104. §.); «yp^azez 

3 3 2 

+2fiz*(i24. 105. §.); «y = 2Z6z+6e2fiz (124. 92. 105, 104. §.)» 

a 2 

ctitaporro; fanftioyc=:ov dabit fiy:=a€V + V£a (105.5.); cy=afiv 

2 3 3 3 2 2 

+ V6U+2fiU«v (124. 92. 105.S.); f y:i=:ufiV + V€U+3€U€V +3ev€U 
(124- 92. 105. 104.5.); et ita porro: funftio autem y=:ux^, in qua efl: 
« variabilis abfoluta, hinc fix = i, dabit £y=fiux^+2xu (105. 104.$); 

2 £ 3 2 3 

sy:=2u+4XfiU+x^fiu(i24. 92. 105. 104.S.); cy = 6fiu+6xfiu+x*fia 
(124. 92. 105. 104. %.)9 et iic porro* 

129. Theorema. 
Si , daiis quantis Z, X determinatae magnitudinis , et duobus atiis U, V 
wriabilibuSf quorum quodvis pojjitfieri minus quovis dato quanto^ pro qui^ 
buslibet uatonbus quantorum U, V fuerit Z>X + U et fimul Z< X + V; 
i%%nt quanta Z, X inter /e aequalia. 

Demondratio. 
Irtpoffibile eft, ot Ct Z>X+U etfimul Z<X— V velZ<X+V: 
ficnim eft Z<X— V; debet effe a fortiori Z<X, ct Z<X + U: Si 
porro eft Z>X+U; erit a fortiori Z>X; hinc, quia quanta Z, X funt 
determinataemagnttadinifi, extabit quantum tertium D magnitudinis pari' 
ter determinatae , pro quo fiatZ = X+D; cum autem, per hypothefin 
poffit fieri V<D, poterit etiam ficri X + V<Z, eoque ipfo eft impoffi- 
bile, ut, exiftente Z>X+U, fit fimul Z<X + V pro quibuslibet va- 
loribus quantorum variabih'um U, V. 

Vi theorematis habebimus igitur biiias fequentes conditiones poffibi- 
lea, atqne ex his evidenter poteft demonftrari abfoluta neceffitas aequalitt* 
tis quantorum Z, X. 

I. Z>X— U etfimul Z<X + V. 
U. Z >X— U et fimul Z< X— V. 

r^lmen 7, G Si 
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Si eniin qaanka Z^^X non effent aeqptlia; deberet efle Z >X, vd 
Z< X, qaorum utromqne pognat cam.aframtia condidonibu& Nam pro 
Z >X abfardaVlTet conditio fecanda in (ll), extaretque difTerentia Z — X 
r=D determinatae magnitadinia, pro qua fieret ZsX+D, hinc D< V 
ob fecandam conditionem in (f): igitar, com per hypothefin poflit fierl 
y<JD, polTet eSt D< V et fimol D >V. Porro pro Z<3 X eflet 
X = Z + D pro certo qaanto D determinatae magnitadinii» binc ^=X — ^D» 
et ideo D<U ob primam conditionem^ in (I) et (II): qoare, cum per 
hypothefin poflit fieri U<D, pofletefle U<D efc fimal U>D. 

130. Corollarium i. 
Ex hoc principio generali methodi exbanftionia antiquoram fequitor 
alidd priiicipiom analyticam , quod infignem habet ufam in plurimis difqui- 
iitionibus maximi momenti: fi nimiram Z» X» Pf Q» R* - - • p» q, r» etc. 
fint quanta independentia a variabili u , fitque pro quovis valore hujot 
variabilis Z> X + p»+q»^ + ra)) + etc, et fimul Z<X+P»+Qil» 
+ R «3+ etc; debebit efle Z=X (76. 129. §.> 

131. Corollarium 2» 

Quamobrem, fi dilFerentia Ay certae funftionis y relatae ad variabl- 
lem abfolutfim x ita dependeat a differentia dx ejusdem variabilia, ot pro 
certis qaantitatibua E, F, 6« - - - e, f, gt etc. independentibus a Ax et 
quovis poflibili valore differentiae Ax (15. $•) debeat efle Ay>X^x 
+ eAx* + fAx» +gAx* + etc, et firoul Ay<XAx + EAx*+FAx» 
+ GAx*+etc., quia eo ipfo debet etiam fieri «y>X + (e — k)Ax 
+ (f— l)Ax» + (g— m;Ax>+etc., et sy<X+(E— k)Ax+(F— I)Ax* 
+ (G — m) A x' + etc. (84. §•) > erit « y := X exponens differentialia fun- 
ftionis y (130. §.)> cai sy:=Xsx poterit fubftitai (81. SO* 

132. Corollarium 3. 

Huic principio (131. SO innititur methodus quaerendi exponentes dif- 
ferentiales funftionum incognitarumy qua in fequentibus frequenter utemuri 
quacunque vero methodo , hac aut alia fimili, determinatus fuerit exponena 
differentialis eyv.debebit is fumi cum fignis contrariiSi fi confteti fonftio- 
nem y decrefcere, crefcente variabili (18* 790* 

I33» D^- 
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133. Definitio. 
Qaantitate« Tariabiles ti, v dipindeMt afi invicm ,fi quotiea altera- 
tra ipfaruni mutator, ex hac matatione certa matatio in alteram redoneiatt 
qaodfi autem quantitates u» v tales fint, ut quaevis ipfarom poffit matari» 
qoin ideo etiam altera motari debeat, erunt eae imdipenitutn afi invicem. 

134. Corollarium r. x 
Quaevii doardm a fe invicem dependentiom variabilinm Uy^V poteft 

fpeftari inftar certae AinflJoDia alterius variabilif ; qaocirca erit alterutra 
ipfarum variabilia abfoluta; vel ambae aeqoabantur . duabus funftionibas 
ODiua yariabUis abfoiotee x (133. 4. $.)• 

135. Corollariuin 2. . 

Omnis fbnftio y plurium a fe invicem dependentiunt variabilium cen* 
fenda eft referriad onicam variabilem abfolutam (134. §.)» ^^jus diiferen* 
tiatio idcirco praecedentibas praeceptis fubjacet. 

136. Corollariuin 3. 

Si v6ro quantitates variabiles u, v fint independentes a fe invicem, non 
poterit ona ipfarum aequari certae funftioni alterius (133. §.): quamobrem 
debebit efi!equaevis ipGirara variabilis abfoluta (4- SO» "ut alterutra erit 
Variabilis abfoluta, et altera aequalis certae funftioni alicujus variabiiis ab- 
felutaex; velambae aequabantur quibusdam funftionibus duarum.variabi- 
lium abfoiotarum x , z. 

137* Coroliarium 4. 

Omnis fonftio y plurlum a fe invicem independentium'variabilii>f*: 
n» V, z, etc. cenfenda eft referri ad plures variabiles abfolutas, ita ot pro- 
prie nnnquam liceat ejusmodi funftionem y ad unicam' aliquam variabilem 
abfolutam p relatam fpeftare, a cujus mutationibus pendeant mutationes 
funftionis y , fingularumque variabilium u, v^ z, etc 

138* CoroIIarium 5. 
Quoties tamen variabiles u, v, z, etc. in data funftione y a fe invicem 
independentes fuerint; licebit iilas mutationes feorfim confiderare, quae ex 
oertis mutationibos variabilium u, v» z, etc. feorfim fomtarum in funftio- 
nem y debent redundare, ita e. gr., ut jam U| v, jam u, z, jam vero v, z 
pro conftantibus quantitatibas poifiot fumi, adeoqoe y inftar certae funftio- 

G s nis 
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nis unius vftriabiUd, z ctru primO| v cafu fecanda, et n caftt tertio queat 

fpeftari(i33.§0- 

139. Definit 10. 

Notnine primae raiionis differentialis funftionis y plariQtn a fe invicem 

independentium variabilium' Ut V, z, etc. intelHgemus rationem» cujus ex* 

ponens syaequatur fummae exponentfum primarum rationum differentia* 

lium , quas fun6tio y pro fingulis feorlim fumtis varitbilibus^ u^ v» Zj etc. 

recipit (138- §.)• 

140. CoroIIarium i. 

Exponens ntae rationia difierentialis fimftionis y plariam ▼ariabiliam 

n 
u, Vy z commodiilime exprimetar, vel fimpliciter figno sy» vel, quo ipfae 

n n n 

variabiles in y contentae exlribeanturr figno "^^ey; figna vero"#y, ^'«y , 

'sy expriment exponentes ntarum rationum difFerentialium fonftioni y 
pro variabilibus xXyV^ z feorfim fumtis (138- §0 debittnun: erit igitor 

141. Carollariuin 2. 

Data funftione y plurium a fe invicem independentiam ▼ariabillam u^ 
V, Zy invenletur exponens sy:=::^v'sy .illias prknae rationis difierentialiSy 
fi per praecedentia praecepta qaaerantur exponentes primarum rationom 
diiferentialium, quas funftio y pro fingolis feorfim famtif variabiiibDS o, 
V. z reciperet^ iidem deia exponentes in anam faaunam addantor (i^a 
139- SO- 

142. Corollarium 3. 

Sicut autem ex data funftione y plurium a fe invicem independeti- 
tium variabilrum u , v, z per praecedentia praecepta elicitur exponens b y 
illius primae rationis difTerentialis (141. §.) '7 fic poterit ex hoc ipfo expo. 

nente elici exponens «y fecundae, ex iflo vero exponens c y tertiae, ex 

hoc porro exponens sy quartae, etc. rationis (Mfrercntialis ejusdem fun- 
ftionis y (139. 124. §.) 

143. Corollarium 4. 

Omnis funftio plurium variabilium a fe invicem dependentium nj v, 
z, etc. exprimi poteft formula generali y != Au*v*»z<= etc. + Bu^ v® z^ etc. 
+Cu8v^z* etc. +etc. (63, gOi eritque (135. §.) 

«y 
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«ys=CcAn*v*z«="'»+fBu'«vezf-' + iCuKv»^z''*«+ etc.) «z 
+ (bAu*z<^v^-'» + eBu'^zfve'"*+hCu^zU-*»'"'+etcOfiv 
+ (aAv^z<=u*^"-'+dBv«zfud-^+gCv»'ziuS-* + etcOeu 
'+ etc. etc. etc. 

Ob (i J9- SO eft ergo « y = 'ay + Uy + "£y. 
144. Corollariuin 5. 
Qnamobrem methodua difFerentlandi funftionea plnrium a fe invicem 
independentium variabilium in (141. 142. %.) praefcripta, extendi poteft 
generatTm ad omnes funftionea plurium .variabiiium , feu hae dependeanfc 
a fe invicem» feu non (143. §.). 

145. Theorema. 
Exponens primai rationis differentialis cujusvis fnnSionis y duarum va- 
riabilium u, v debei htfbere/ormam/unSionis Mau + Nav,fti qna fempei' fit 

«V «u ' 

Demonnratio. 

Generatim pjoJteft poni y:=An»v^ + Bu<^v^ + Cu«v^+ etc. (63. §0» 
nndepro M^aAv^u^-^+cBv^u^^^^^+eCv^^u^-^ + etc, etN^bAa^v^""» 
+ dBu<=v^"'*+fCu«v^^'+etc., obtinetur ^cyr^fMeu, ^gy^Nfiv: igi- 

tur (140.- 144. §.) ^^«y=:Mau+Nfiv, et — - = 

146. Corollarium i. 
Ex "«ys=:M«u, ^sy^Ncv, obtinetur ^«."«y^^fiMfiU, ^fi.^sy 
;zr"«N:itv; cum igitur dcbeat efle "« Nfiv=:Vff Msu (145. §>), quaelibet 
funftio y duarum variabilium u, v ita eft comparata , ut pro ea debeat fieri 

*«."6y = "fi.vgy. 

Z47. Corollarium 2. 
Si funftio qnaecunque y duarum variabilium u, v bis contlnuo diffe- 
rentietur, ita utprimum capiatiir exponens diiTerentialis funflionis y pro 
fola variabih' 0, tnm exponens difFerentialis exponentis ^sy pro fota varia- 
bili v. vel primum differentietur y profola variabili v, tum ipfe exponens 
^ey differentietur pro fola variabili u; eadem utroque cafu obtinebitnr furi- 
ftio formae generalis XfiUfiv, denotante X funftionem independentem 
ab exponentibus differentialibus «u, ev (146. §0- 

G 3 148. Co- 
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148. tforoilarium 3« 
Exbisfacilis eft tfitnAtas ad ioventionetn legaoii 4&ibiia tam expo- 
nentes altiorum rationum difTerentialiani funftioDiboa du#ram variabiliuin 
debitarum, quam exponentes rationum difTereotialium debitarum funftioni* 
bus trium» quatuor, etc. variabilium fubjacent. Sic, quia exponens pri- 
mae rationis diiFerentialia funftiooia y duaram variabiliam u, v debet ha- 
bere formam funftionis ay=Mso + N6v; habebit expMens difftrniUo» 
diffinntiatisy feu exponens fecundae ratioois differeotialis ejusdem funftio* 

nis y fonnam fnoftionis « y ="£ (M e u + N « v) + ^s (M s u + N« v)£=: «« Msa 

+M8U+"«N«v+^6Mfiu+^fiNfiV + Nsv (141. 14X $.)> eonfequentetp 
pofito "fiMs=rQau, ^fiN=Rfiv, et "sN=p«u, ^«M=q«v, eritleBiper* 

«y=M«*u+N«v + Pfia«v + Q«u*+R«v% 

proQ = "-iJ?. ^=17' ^ ""^ ('45. SO 

P=p+q=:i^4.^iN^,/^:«M^ ^ r^y 

*^ * ^ «V ' «u v «V y Vffuy 

149, Corollariuni 4. 

Exponens vero primae rationis difTerentialis cujasvis funftionis y 

trium variabilium p» q, r continebitur formula generali «y=Pfty + ^«y+'«y 

(140. 141. $.) =P«p + Q«q+R£r, ita ut, qoia quaevis variabilium p, q, r 

feorfim fumta in ejusmodi differentiatione inftar conftantis quantitatis poteft 

fpeftan, debeat effe = — ^» = 9 — == (145. §•>• 

^ «q «p «r «p cr «q ^ ^*' ^^ 

150. Corollariam 5« 
Deinde fi funftio y trium variabilium Pi qt r continuo ter differentie- 
tOTy quocunque ordine iiaec differentiatio perficiatur, puta primum diffe- 
rentiando ipfam funftionem y pro fola variabilip^ tum differentiando ex. 
ponentem ^sy pro foia variabiii q, ac demum differentiando exponen- 
tem ^s.Pfiy pro variabiii r, vei alio quovis ordine; eadem femper pro- 
dibit funftio formae generalis Zspsqsry exprimente Z funftionem inde- 
pendentem ab exponentibus differentiaiibus «p, «q, «r: id enim ex(i49. §.), 
nt (147. §•) « (145» §•) poteft colligu 

151» Thco. 
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151. Theoremt. 
Si capiatmr mius ixpomns differmUMi ^y^ tt nAm expamns tKffereih 
tialis Uy /uMSioms y duarMm variabiUwm u, y, priorprofola variabiU Uf 

n m 

itpojleriorprojblav, tmm quaeratmrntus exponens dtfferentialis "'B.^syeX" 
ponentis ^sy pro/ola vmriabUi y, et mtns "«.^«y exponsntis'' ey pro fola 

n m m 11 

paridbiU oj deiebiteffe^M . »«ys=^f . ^«y» 

Demonflratio. 

1. Ponttntis pro certo indice r cffe ^fi."«yt=:««.^ty; erit etitm 

'^«.▼«."«^^"«.'^«.^«y: efttutem »«.▼«. "Jy=vg.;"fi »6y (146. §) 5= 

U '. «*«y, et "t .««.▼«y^ «/.v^y: igitordebeteffe U . "tly t= "«. ^«y. 
I£nc et ex (146. §.) per (31.SO ieqaitor, pro qoovis polfibili indice k debere 

k k 

effe ^«. »«y="«.^«y. 

2. Porrofit pro indeterminatif jndicibai r, m, ^e.^My^^e.^syient 

r-fi m m r ni rfx 

etiam ' ^«. **« y = ^«# "« . ^tyK"* . ^«y ob (1): quare» com pro 

m m 

t!;=:i re ipfa fit ^a.^ «y=s "a.^ey ob (1)1 debet pro qaovii poHibili indice 

n ob (31. S.) cfife ""^ • "«y5= "«". ''"y- 

IS2. Corollarium i. 
Hinc (151. S*) per (140. 141. §.) obtinebimus fequentef expreffiones 

pro exponentibas differentialibns «yj«y> ay> sy fan6tionia. indeter- 
minatae y duarum variabilium u» v. 

«yE=:»fiy+a"fi.^fiy+v«y. 
ly=:"«y+3»«. ▼«y+3"«.v*y+vjy; 

«yrz:»«y +4»« . Vy + 6»« . v^y+ 4»e.v«y+^«y. 

153. Corollarium a.' 
Lex^ quam fequuntur termini fingularum expreifionum in (152. §.)» 

manifefta eft; H fumaa expreftlonemexpoBentii.differentialia ay pro in« 

deter- 
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determinato indice r eidem lege conformem, tumex illaelicias ey £=: s. I y 
per C140. 142. S), inveniea, ftfta per (i5i. §0 redaftione, etiain ex- 

rt-x 

jjonentem differentialem ey ei legi.fubjacere: hinc igitar per (31. §.) 
fequetur, quemvis utum exponentem differentialetn cujualibet fondtionisy 
duarum variabilium u, v fequenti formula contineri: 

. n(n-OCn^), J;' ,; 

»1-2.3 

154. CoroUarium 3« 

n B n m 

Ex bac generalifllma formula, ob "6(uv):=vau, ^^(av^socvy et 

n-r T n • r r 

generatim ^h (v««uv) = « usvt fequitur formula pro nto exponente 
differentiali prodafti y=uv ex duabus variabilibus u, v, nimirum. 



6.av:=rv£u-) . cucv + -i- ^. 6U6V + 

I 1.2 



, nCn — i) (n— r+i> «-r r n 

+ -^ — — ^ i -J— <r. « U6V+ + UfiV. 

I»2*----r 

15$. ProbIema« 
Inveniri generalem txprejftomm valoris^ quem funHio y variabiUs z 
cbtineat, fi haec variabilis augeatur data quantitate m. 

Solutio. 
Variabilis z vel e(b abfoluta, vel aequalis certae funftionialicujus va- 
riabilis abfolutae x (4. §.)• quidquid *ea' fit, fpeftetur ut abfoluta, quo 
fiat £K = i, tam in hac hypothefi quaerantur exponentes differentiales 

fiy? ey> fiy> ey etc: fi enim Y valorem denotet, quem funftio y, 
variabili z abeunte in z + o», debet obtinere, eritper (64. 127. §.) 

Y=:y+iZi- + l^*. + _il_.*+ . . .+— iX ^r. 

•^ I 1.2 ^1.2. 3 1.2.3 . . . r 

Seu, qubdin idemrecidit, ob £zn=:i 

Ysy+iL.iz+^, jy» ^' .■iz,+:,„+^ — .Iz.. 

1 ez ^ 1.2 fiz*" 1.2.3 6Z^ i.2.J,..r £Z* 

156.C0- 



156. Coroirarium f. 
Si — « I0C6. » fiiniatar 111(155. S0> prodlhit inde (^qaenst generalis 
exprefUo valoris, quem funflio y data per variabilem z obtineret, fi haec 
variabilis minueretnir quantitate (V. 

^ 1^:1.2 J.2.3 — 1.2.3... r 

Vel bb azsr:i. 



^ J «26 1.2 6z* I 2.3 .fiz^ • — I . a • . . r «Z' 



-»* « y »' 
3 

J57. Corollarium a. 
'Qaamobrem, pofitis coefficientibus numericis —.=:«, zz: ^ 

=:«• erit gencr!(tkni 'prout vjriabilis 



1.2.3 I . 2 . . . r 

^■augetor, vel minuitor quantltate » (155.^56. §0 

1 2233 rr 

Y=:y+ «eya+«fiy»^Ht^«gy »5+ i ^^Y^' 

Vel 
Y:t=y+JlI«+^iL.^^ + ^il-«i+:5i^ 

fiZ 6Z* €Z' 6 2^ . « Z' 

.«58. CoroilaTium 3^ 
Siy data funftione Z duarum variabilium u, v, variabilis ti maneat con« 
ftans, et v theat iu v + Av; obtinebit Z fequentem valorem X per 
(155* §•)* Qbi» V ^onfiderando infliar i^ariabllis abfolutae, ^fl: fiv = i: fi 
porro in X maneat v conftans, et u abeat in u+Au; induet X fequen- 
tem valorem Z' (155. %.), fumta variabili u pro abfoluta, quo fi^at 

Z 3 

fiU=i : fi igitur ex prima ferie eliciantur feries pro sX, e X, eA,etc. 
eae dein fubft:ituantur in fecuoda ferie, tum reduftio fiat per(i5i. §.); 
obtinebitur tertia feries, valorem Z'^ generatim exprimens, quem quaevis 
fun6tio Z variabilium u, v eo cafu induet, fi hae ambae fimul in u + du, 
v + Av abeant. 



X=Z + 



'1.2.3 



' 1.2 ' 1.2.3 i.2..,.r 

Vilmm L H Z'= 
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. v^ A«ZAn . "«ZAii* .. »«ZAo« ., , "«Zfltf' ^" ^ 

"• *v I. ' i.a "f" T.a. 3 **"""" i..a....ry i.a...t*^ 

159. CoTollarinm 4. ,. r^u .t:^.-, 

Pari' prorTafl ntione qoieri poteft expreffio genenlit vdbris^- qoem' 
ftio(lio Z trioDi aot ploriooi variaUiloai o,- v, z> etc;, bia fimol io/o+A o, 
▼ 4-A-v, z-f Az, etc. abeootibos, obtioeret, pro tribos ▼ariabilibos detcv- 
laiaabitur ea ex jam iaventae.xpreffione Z' pro doabos variabilllNM-(i58$')> 
fi io Z"- cogitetor z-f.Az loco s pooi, expteffiO' dein es Z^per (tiS» Sy),. 
derivata fier (151. $.) coogroe icdacatoc. 



CAPCT 
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.l!i i' . ' ' -^" • , . . ' ^. ' ^' ' -' — ■"■'^^ — 
' "^^ ' 160. DbVikitio. 

f^inb&(Mq«ti3ci» tfiiBdatt8.€^^ terteli^ ad.imQni.meti^ .indoot 

ibralteW4tiatioidi.!Z=o. Si Z faerit %m£tio «Diiis V^t ploridm varitU. 
linm;. «rit .2s;v aeqnatio Aimmmaia cafo primo, ^ iMblmiiiMfi^ cafa 
Acpodo. .I7troqoe>porro cafa appelbbitnr aeqoatio Z = o Mlgebraka 
nl IrmilcMfmf > pfoot foerit. Z fopaio pare algtbraica« vel (3^em ex 
(orte tcaDsceodeBa (5. §.). 

i6i. Frobleaia. 
AMmi «ijiNitfJMMMi VX'' — U =0 cmmmmUm fimahmm kra' 

Hoaalim X^ €am;trtire in aliam, quoi cmai irratioaatUaU ajfidioU 
/amKomm X canaL 

^;\ '"'- '/'■' Solutio. 

. €umfitX~=-V-^ «rft differeatiando X = — -J^-pl.; Ijji. 

••'■„- ixvr") 

tor erit -f^= \ ■ a^uatio qutefita, 

V m«X 

162. Coroilariuni r. 

Hac rationepoterit data^qoaevis aequatio Z=o ab. omni irrationa« 

litate afiicieDte quantitatea variabiles liberari: quare, cum praeterea 

omois aeqaatio (acile a fraftionibus , fi quas cootiDcat t liberetar. ISmM^ 

omnem aequationem algebraicam Z=o ita confidlmuro^ 

fonftio integra et rationalis anius aat pluriam vaiiafcl 

Ha 
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lB§; CoTolUriUrh a;. 

'Expreilio genemlis othm» ittlqdAUMis' al^braicae detertninatae poterit 

cffe haec; Z=x«" + Ax"»-' + Bx°»-^-^Cx?"-5 + +Px+Q=o^ 

aut aliabnjus fortoae (162. §.): dicetar ea vero' effe imir 2di, Slii, veL 
generfttim mti orcSnis 9 ptoutfm&io Z faerlt imij^di, 3ffY, ete». ordinia. 

(9. §.).'''»' - - . .-.: '^ . 

164.. Coroilarium 3.. 

Aequatia. autem- algebraica* indeteraiinata Z^o ihter plures variabi- 
les 0, v^ z poterit induere formani. fioulem' praecedenti (163. %.) ,• ita ut 
qu^ibet tertnihus veL aliquam potentiam unius tantum variabilis, vel pro- 
duftnm ex certis potenciis plurium variabiiiani. compleftator (f6o. 162. §.} : 
pi^rtinebit idcirco- aequatio Z:=:o. tidardiutm imumy vel Ttiumy aat 'jtiump 
vel generatim: mtum^ prout fuerit fonftia Z. 1«»». vel adir,. aot 3M,/Vel 
mti ordinis (g. §.)• Eapropter ». fi aequatio indeCermiiitt»Z=o ftierit ttiti 
. ordioisy in nullo termino poterit fumma exponentiom- quantftatuni. variabi*^ 
liurn U| v, z in eodem termina contentamm. indicem. ordidis m eieedere; 
(8, SO- 

iff^. Definitio;. 
Radix aequationis determinatae (163. §.) ' vocatur is- dJetermihatus. 
vslor variabilis x, quo loco x affumto fundtio. Z^x^+Ax^^^ + Bx"™"* 
+ etc. re ipfa fit aequalh. nihilo.. Sic e. gr. fanftio. Z=x*+x'— 5x* 
+ x — 6 fiet pro quovls quatuor valorum xs=2,. x*= — 3, xnr/' — i,. 
x= — ^ — I aequalis nihiio: quivis horumValornm dat igituc unam radi- 
cem aequationis Z = x^+x' — 5x^ + x — 6=0.. 

l66. Cocoilarium x*. 

Cum funftio Z nequeat aeqiiari nihilo,. rifi variabiUs x deterroinatum» 
aliquem valorem habeat, neceffe eft, ut omnis aequatio Z=o faltem unam 
habeat radicem, quidquid ea fit, realis, vel imaginaria (165. §.)•• 

167.. Coro.ilarium 2. 

Omnis aequatio- quadratlca- x* + Ax + B=o habet duas radices, 
x=— 4 A + i/(A*— 4B), et x=— 4A — 4/(A* — 4B), quarum ntra- 
que erit realis, pro? A*?^^^, et A*>4B, vel utraque imaginaria pro 
A*<4B Ci65§). 

168. De- 



168^ Deplnitio. 

Fa&oTis dttae funftionis integfteet rttionalia Z:=x" + Ax""'»' 

+ Bx"-"* + h Px + Q voctntur fundkiones pariter integrae et ra- 

tionalesi quae inter fe multiplicatae producunt fun6Uonem Z: ivn&iones 
ejusmodi mii, vel 2di, aut 3/ir, etc. ordinis^ (9, §.) appellantur faftores 
Jimplicis, vel d^plias. (exi quadratici 9, ^%t tripUas feu cuhici, et ita 
porro.. 

i59« Corollarium i. . 

Fbnftio integra: et rationalis Z tUviJibi&s eft per aliam funftionem in- 
tegram et rationalem F, ii ea per hanc divifa generet quotum aequalem 
funftioni integrae et rationali X; omnis igitur funftio integra et rationa- 
]is Z erit per quemvis fuum faftorem F divinbilis ; et quaevia funftio in- 
tegra et rationalis F, per quam> alter» Z fit divifibllis, erit unos faftor ha- 
ius funftionis (16&. §.).. 

170.. Corollarium a. 
Pro F:=x— At in (169. §.) erit Z=X(x— ^4), hinc Z=o pro 
xc=;a: quilibet crgo faftor fimplex x — fi funftionis integrae et rationa- 

lis Z^x^n + Ax"'"'»^ + Px + (i dat onam. radicenL aequationis 

determinatae- Z :;;= 0. (i 65. §.)- 

r^r. CorollariuTTi 3*. 
Omnis funftio quadratica yx^+^x+ft. habet duos faftores fimplices 

Btrumqne realem, fi fit )3* =4«y vel j8* > 4«y,. aut utromque imagina- 
rium pro p^ <4«r (16& SO- 

17?. Corollarium 4.. 
Arcus circuli ^^ cujus finus vel cofinus excedat radium» eft impoflli. 
bills: quaelibet ergo funftio quadratica yx* + )3x + « conftans ex imagi- 
nariis faftortbus fimplicibus poferit exprimi formula q*x* — apqxCoftp 
+ p*t ipti vero ejus faftores imagtnarii erunt p(Cof(P + Sin(P/— l)-"qx 
et pCCof^— Sin(p/— i)— qx (171. §.)• 

I7.q. Theorema.- 
Funftio intigra it rationalis Zt=x™ + Ax»"*' + Bx™'"* + Cx'"^^ 

+Dx"^"'* + + Kx+L nrdinis mti tot fimpirf mc: ptures, 

u^. H 3 nequi. 



miquepmuiiaris, luAiM/iamifikl^^ fsol mitalis fu«t 

U'r4^luM ^ oMs; ai qMn ia pirtlaaU ^ -^^ r-..6Lv^-. ;..•" 

Oemonitritie. 
[, I. Si fumtntiv jiniaero m ^^uintitatefl in^telttinttae a, li, c,^dj-«*Jlc,ii 

+Qx"»-a4.Rx»*-3 +.« - - + Uae+V ccrtt fanftlo ordinlfl m«, in qat 
qotntitttes a, b, c, - - - k, I, lege per iittartai maltipitcttionis detema- 
Dfltt iiifier/e qoenexte eooftitaeat eodficientea P » Q , R> ^ - • U» V t .^oodfi 
e^ ibp^ontmt litiic fiinfUjonem iieqntff dtttiB (anftiM} Z; ^to fiat 
Kis:At <2=B, R:=C, - - - UtslC, Vc=L (jfg. $.); ^Qiiflfentar aome^ 
ro 1» :teqattione8 iater tottdem indettfnifiQttai qatntitttet K^ 'k, c^ «— ^l 
et dttot.ooefficientet A^ B, C, « -• ^ K^L» <ex qttiirat ponro poternfc ^ 
rivari aequaltones deternunttae, quaram qaaevii anictai 'Atahmtl^^aiMi. 
tttem incognittm a, b, c»» - <• kf 1 compleftatap «qoare^ cam per qaam* 
\i8 btrom atqottionam determintttram aooa faltem valoirincogpitte^tf l^ 
c,^ - r ky ii qutmjllatontinet, p^rfefte fit determbatnt CiGl6b S^; oSi? 
tiibant; eo ipfo pro -fingaiis iocognitis t, b, c» - «• <- k, 1 certi ^oret, qOv 
busloeot,b»c,r-- ic,I tflamtk re ipft fitt P=A, QsrB, R=rC| --i^ 
U;:;=i5,Vj=L,hincetitmZ=(x— t)(x— b)(x— c)^-^C«— tXx--rlX: 
2. Eft porro impofiibile, ut funftio Z prteter bot ftftoret ttiani tU^ 
quem, tb illit diftinftom^ fiiftorwi fimplicem x — m litbett. Ntm pro 
cecta funftipne X deberet fieri Z = X (x-*-«) per (46$.$^); tdeoqoe 
etitm(x~t5 (x— b)(x— c)'. - - (ic— k) (x— t)5=:X.Cx— «): iHad 
igitnr |>rodaftnm fieret =:o pcox=:4(, quodeft impoflibile, quin eo ipfo 
tliqnis faftorum x— t, x— b, x — c, ---^ x— k^x— 1 fitt tequtllt 
nihilo, puttx — t:=o, hinc x:=;t=«, contrt hypotheiiot] cam x— « 
deb^at e0e faftor t fingulis illia faftoribua diftinftut. 

174« CorollariuiB 1« 
QaaioKbet rtdix x=:o teqottionia .determinttte Zsx"' + Ax'*'''^ 

+ Bxr-^+Cx>"~'3 + |-Kx+Lr=:o dtt anam ftftorem limplicem 

X — XB fonftioaii Z (165. 173. §• 2. ■•)• 

175, Corolltr4u4n 2. 
Omnis teqnatio determinata Z=:o ordioia toH (174. §.) babet radi- 
cej/numero«t <19C pluret« neqoe ptaciorea (170. 173. 174. §.)• 

176.C0. 



QoMlibet iequttlo Zs=:3tfn4.A»m-«+Bx'?-»+-5r-'+ K*+^r=0 
•rdinU nUi , fi ejus nMlicc» niuncro t^ fint », by.C| - - * k, ], poteft ()>eftari 
inftar prodaAi e» m aeqiutionibQ» raiiMfl/i6a» x — aso» x— bKo» 

X— cs=o, X— k=o, X— ls=o^ ita ut fit Z=(x— ») (x — b) 

(x— c) - - r - (x— k)(x— I) =o (175. 174. S.)^ 

177. Cororiarium 4. 

Dute radices a, b dabunt aequadbiiefli %tli ordinia (x— a) (x— b^sx* 
-*(a+b)4-absa Trea radicea a, b, e dabunt aequationem ftf ordloic 
(x— »)(*~b)(x — c)s=x'— (a+b+c) X* +(ab+ac+bc) X — abc5=oi 
Et qnatuor ndicea a, b^ c, d dabunt aeqnationem 4^ ordinis x^ — (t+b 
+c+d)x'+(ab+ae+ad+bc + hd+cd)x>— Odic+abd+acd+bcd)i& 
+«bcd=o (L?6. $•>- 

r^g. Corolhirittm ;.. 

Etfi generatfm numero r radicea a» b» c» - - • u generent aeqnatio»» 
nem Zt=x'+Ax'-"+Bx'-*+ — + Lx'-<»«>+Mx'-<*«'*>+Nxr-»« 
+ --- + Tx + U=o ; nafcetur ex illa aequatio' ordinis r + 1- radicea 
»f b, c, - -- u, r habitnra, nimirum Z(x — v)=xf-+*+(A — V)x' +— — 
+CM— ▼L)x«^<^>+(N— vM)x'-i»n-*)+ — -+(U— vT>x— ¥U=o 
(176. S.)^ 

179'. Corolfarfum 6-. 

Lex,. qut coefficientes ex radicibus^ componunturt- 'conl&ns eff in aa» 
quationibus otff, 3/gl, 4« ordinis (177. S): et fi illa alTttmatur pro coefii- 
cientibusaequatlDniC ordinis r; fobiicietnr ei eo ipfo etlam aequatia ordi- 
xiis r+ X (179^ SO' Hac ratione per (3K SO facile evincemus, coefiicien» 
tem termini fecundi cujuslibet aequationis mti ordinis aequari fummae omr 
nium radicum ejusdem aequatioDis fumtae cum- figno contrario ; terminum 
vero uUimum aequalem efie produftoex omnibus radicibus fumto com figoo 
proprio vel contrario, pront exponens m ordinir, ad qnem aeqnatio per- 
tinet,. eftpar vel impar; qiaemvis vero intermedium coefficientem, putia 
coefficientem nti tennini avquari fummae produftorum ex qvibualibet ntt- 
mero n — i radicibus fumtae cum figno proprio vel contrariot prout index. 
n^ejusdemtermini ednnmerus impar vel par» 

S80. Cb^ 
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rgo. Coroliarium 7; 

•f L=D termino fiicundo Ak^"^ icamty wceflkrteBvft, «t cniiec 
ties pofitiVBS, tieqae oinnee neRetint, fed pofitiiirae et negatfarfti raiii 
habeat , fQmmaqoe 'fadiCQin f ofitivanim ^xaegoet fammMn negativarom 

(I79S-). 

igi- Theoreina,. 

SfMmBio Z=x«* + Ax~-^ +Bx«"-»+.- - - + Px + Q ^e arto 

M&wv a variabUis iL pojitivum^ it pro alio valort fi megativum valorm oth 

Huiati 4tebeiit una/aUem ratUx aequatianis'Z — jO inter a et p jaare. 

DemonAratio. 

Sit a>]B (ideniTatiociniom^ftad m<p adplicabile); neceiTe eft, ot 
inter«etj3 iQnameri valores, (iDguii minores valore .« et -majorea valoro 
/3 9 locumhabeanty atqne interomneauqoamodi "valores duo a, b extent, 
pro qaibaa Ainftio Z ex valore pofitivo tranfeat in.negativ4im; inter hos 
porro valores a <b variabilis x intercedet neccITario aliqua quantumcanque 
parva difierentia b — a=fl#; quia fecus fuoftio Z pro x;=a=b valoreni 
pofltivam fimal ^t negativum obtineret » quqd .eft impoflibile. Quapropter 
dabitor inter a^et b tertios.aliqdisvalor x=k variakilisxt pro quo funftio 
Z nec pofitivum, neque negativum valorem indaeret, qui eam idcirco red- 
deret aequalem nibilo ; qao ipfodemonftratar, inter « et ^ unam radicemk 
aequationis Z=o jacere (165. §0- 

iga. Corollarium z. 

Aequatio Z;=o habebit faltem aoam radicem realem, ii bini realea 
valores variabilis x extiterint , pro qaoramano fun£tio Z obtineat valorem 
pofitivom, et pro altero negativum (t8i* SO* 

i83* Corollarium a. 

Si inter duas radices reales a, b datae aequationis Z=o nulla alia 
realis radix ejasdena aeqaationis jaceat; debebit fdnflio Z pro quovis va-. 
lore variabilis X jacente inter radices a, b valorem poGtivum, vel pro quo- 
vis valorem negativum obtinere (igl. §.)• 

184. Corollarium 3. 

Inter valores « et /3 variabilis x, pro quorum unofunfHo Z ('8^. §.) 
induat valorem pofitivumi et pro altero negativums aut unica jacebit 

radix 



- ^ Si^fvwfiAifti» ZfTo^slr^fte yfllowmlM, /B^rrafitbajf «^{ndoat. t»- 
toremppiitavm^ ml^ppciiatvoqM.aicg«lMn«$ <MHuiila jtcebtt oidixaeqQc. 
tionis Z:=:oiQter valoreaxealea .ft»^, aot nomerai iradicam 'realiHm iatct 
jpros jacentiamerit par (i8i. 183 .S-> 

a86. DEi?iNiTto. ^' * - - 

^J^videiis eft, funftionem y relatam ad variabilem Jibrolutam x« qnae, 
variabili x continao crefcente, aut ,perpetuo crefcat» vel continuo decref» 
cat, nanqaam obtentoram viilorem^aliquemfflaximum vel minimdmt certoi 
valori variabilis x refpondentem. ' Si autem funftio y Ita fit conFormata , at 
ea pro eet^to valore x=v «valorem V obttneat, majorenvel minorem fiil«^ 
gulis valoribast quos ipfa pro qdibusctinqae aliia valoribas variabilis x^ 
tam majoribaa qaam minoribaa valore v, indoeret ; erit V Mamimmm y^l 
}(tkimwH abfolfrtum funftionia y, Si defilqoe,' variaWlf abfolata xcoatinao 
crefcente, fdnftio y pro certo valore xxe^v ti^lem vaioftm V^recipiatrqoi 
fil major vel arinor fiDgalla proiime feqatotiboa <et pfaecedaifibtu valori- 
bas, quda eadem fuiCtio pro anqaantillum tnajoribaa et miDOribas valori- 
boa variabilia x obtineret» licet fora V aon fit valor msjor vel miaor qaovii 
poiTibili valore funftionis y ; appeilabitur V qooddam Maxmum nfpi^i. 
vum cafa primo, et Mimmum nfpiSRvum cafu fecandoj alfoa de higaace- 
flnodi maximia et minimia fermo erit in feqaentibuf« 

' '* * 187. CoroHarium %. 

Si funftio y data per variabilem x obtineat valorem V pro xcr v^ va- 
lorem vero P pro xt=:v + e/et valorem Q pro xs=:v— e, fitque pro «erto 
quantumcunqae decrefcente valore qaantitaHa e tam V> P, quam V> Q^ 
vel V< t' et V< Q; erit V aliquod ma^dmum cafu primo^ e^ aliqaod mir 
nimum fhnftionia y cafu altero (i86. $.)• 

188* Corollarium 2« 

Et viciffim, fi valor V, qaem fonftio y pro valore x=v indattt 

fit aliquod maximom aot minimum ejusdem fnnftionia; debebit extare cer« 

taa valor quantitatia e» pro quo quantumcnnque decrefcente fanftio y, 

FWaffMa k ' I pofito 



66 C AP UT III. 

^fitDxtz!v-|-«f tomxrrv — e, obtinebit valorw, qtiortitn nterqoe erit 
miaor cafa pritno, et oterqae inajor valore V cafa fecaudo (i86. §.)• 

Scholioii I. 
Maxrtna nunnnaqoe fbnffcionnm pottiva a negattvie jdiftingaemtt fant 
Cohftaty qaantitatibus negativi8*-*A, *— a nonnumqaam valores inaeqaa- 
lee ab Analyfiis ita tribui, nt qoantitas negativa — a major efie cenfeatar 
qaantitate negativa — A, fi pofitiva a minor fit qnantitate pofitiva A. 
Qai bac ratione de qoantitatibaa tiegativi» fentiant, methodum inveftigandi 
vaiores quantitatam variabiliom» qai dataa illarum funftiones reddantr ma- 
ximas vel minimaa, ad generalea quasdam regulas folent revocare, nec eft, 
cur utrumque cafum, maximoram nimirum mihimoromque pofitivorum et 
negativorom, perpetuo diftingaere cogantur. Nos interea cam aliis maxi- 
ma minimaque pofitiva et negativa feorfim confiderabimas, per valorem in- 
ter plures v^alores negativos maxinium vel minimum enm conftanter intel- 
tefturi, qoiinter eosdem valores, fi omnes forent pofitivi, efi!et maximus 
vel minimus: fic te.gr. internumerosnegativos — 2, — 3, — 4, — 5»— 6#— 7» 
erit oobis — 2 minimoSp et — 7 maximns numerus negativbs» 

Scholion 2. 

Methodam aniverfalem et compendiariam' inveftigandi maxima et mi* 
nima quarumvis funftionum fuppeditat cateulos di£[erentia]is : priusquam 
ejus principia exponam, paacis attingam aliam methodum, quam pro fim* 
plicioribus cafibus iis, qui in calculo diflTerentiali haud funtverfatf, oflMert 
metbodus exhauftionisantiquorum. Supponatur nimirum funftio y variabitis 
X re ipfa efle maxima vel minima pro x ; tam fumator quantitas e indetermi- 
nata, quaenltra omnes terminos poffitdecrefcere, ponaturque x+e^deinde 
X— e loco X in y, quo fiat,ut y cafu primo aliqaem vaiorem P, et cafu altero 
aliqaem Q pbtineat: pro cafu maximi erit jam yj^ P et fimul y >Q; pro 
cafu minimi vero debebit poni y < P et y < Q (188 §0» tmde ope congruae 
jeduftionis factle determinabuntur binae exprefliones Z>X+ae+be^ 
+ ce'-|-etc., et Z< X+»e+)3e* + 7e'+ etc., quae ob quantitates^ 

Z, X, a, b, c, «, ^, y, etc. independentes ab e dabunt aequationem 

Z=: X (130. §.) determinantem valorem variabilis x, pro qao fuo£{io y 
fit maxima vei minima. 

Exem- 
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Exetnpla. 
Pro valo(^»Xf qoi fanfiionetn y=ax — bx^ reddat mtximatn, debe^ 
bitefle 

tx— bx*> a(x+e)— b(x + e)*; 
ax-^bx*>a(x— ^e)— b(<— e)*: 

igitar eric 
a<3bx + be; a>2bx— bc, 

«rssbz (130.$.), liinc x=rr • 

X «■« fl 

Pro valore x, qai funftionem y=-T-i — reddat maxknam« debe* 
■^ "^ - x* + m 

bit poni 

X— n K^ » + g — n^ . x — n k^ x — e — n 



x» + m ^(x+e/ + m* ^^ x*+m *^ (x— e;*+S' 
Hinc «utem obttnebimus 
X*— .2nx> m+ne — xe, «t x*— 2nx <m+xe — ne: 
igitar x* — anx:=m(x3o. §0f x=n+/'(m+n*> 

A + Bx* 
Pro valorext qai funftionem y= reddat mioimami opor- 

tebit ponere 

A+Bx^ ^ A+B(x+e)» ^^ A+Bx> ^ A+B(x— e)^ 
X ^ x + c • X X — e 

Quamobrem erit 
Bx*> A--Bxe et Bx» <A + Bxe; 

Bx*=A (130. §)• Wdc x=+ /^- 

189^ Theorema. 
& ixponefts ey primae rationis differemtialis alicujits. fimSKonis y datae 
pervariabilim x, hac pro abjoluta fumtay ut Jit Bx^it pro certo valore 
x = v determinatum aliquem valorem pofitivum vet negativumj^fHmat; fuU" 
Bio y nec maximafiet neque miuima pro valore x= v. 

Demonflratio. 

Fiat y= + V prox=v, et 6y=P, cy=Q, «yt=R, «y=S, 
et fic porro pariter pro x=v ; debebit funftio y pro xt=v+e obtineire fe- 
quentem valorem A> et pro x=::v — e valorem B (157. §•) 
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iJ=iV+«Pe+«Qe*+«Re5+*Se*+ cte- 

, B^+.V— iPe+«Qe*— ^Re'+«Se* — etc. 

Sifc jam valor P expaiientis ry debitiM valori x» v pofitivoi; erit 

etiani « P e valoris pofitivi ,. et — a P^e yalom negativi ; pro- certo- valorr 
e erit ergo para valoria A feqaen» pofi* +^V valori» pofitivi» et ptra va» 
Ibrls B fequena pofi: ffV erit valoria negativi C77^§0 ; confequenter va- 
Ibr + V nec* majpr eritr neque'iiiinorntroquirv«)t»re' ^ B feerfiin fumto^. 
ieoqoe iplb nequit efle +^y aiiqiaod maximum,. vei mmimam. funftiotiia j 
(r86i S- «t *. Schot rgft SphO- 

Sf autem fit P valorif negativr^ proiiide «Fe negativf,. et — «Pe 
pofitivi valoris;. erit par» vatbris A fequens poli + V valoris negativi, et 
pars vxiloria B fequena poft +^ V erit ^loris^ pofitivi (77; 5.)- v»1op dlV 
|iec ergo eft majior,. neque minor utroqur valore A| B feorfim acceptOy. 
quoruni alterntrom. Ibcom haberet, fi iLV cflet aliqubd maximutp ,. veB 
minimom fooftiooia. y (ra6> % et v. Sdiol. 18& Spbi). 

Ega. Tbeoreuia^ 

Sf ixjffomn» tKfferentiiiKs^ ey miidtimparis zn-^-t pro-ceri&vabrtT 
varitttiHs x> diiirwUnatum aliqitem pofiHuum aui negfttiyum vahrem^fbtimaty 

fi^uW autem txpmenie^ differentialisr «y , «y , «y, • - - « y inftriomm 
m^imum pro^ eodim valorr x=r. v. aeqfnntnn nihilo;, fuuSio y nee: maTeima: 
fiet mq/eo mimmaipro^ xr=r v;^ 

tremanflfratra.. 

^ „ ^ an+r ^ airiar. . 

Si fllppotninnw r pw x=rv fieri y = + V. «ysP,. fy£=(J,, 
an+i» ao*4' * 

« 7S=rR, ry—S^ ete. comi per hypothefin fit rycso, «y~o^ 

*y=cf, — - «y=cr pro x=v; debebtt (onftio< y pra x==rv+e obti*^ 
aere- fequentem valorem A V et valorem B* pro x=:v — e (157. §.). 

Ac=+:V+(«re+IJQe*+lRe^+etc.) «".%^' 
F=t+ V+<— «Pte + «fcQ e«— «Re' -Ijetc.}. c^ . e. 
RiiKr aotem evidenter ftqnitm^v eodiBm* prorfua ratrociniov qoo iti 
(189 S«) f«unoa ufiV pofie oftendir valorem H[:.V fonitioniay diebiniio 

- " valori 
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valori v TantbiOi x. ioi «flumta. hypotbefi: nec fntiimuin. eflef* neqor 
mbimom.. 

igi. TheoTeint;. 

; ■ r a*. 

(ptodfi' auttm pro certQ^wUan v variabilis^ xjingutt ixpcnentes «y, cy«. 

«y, ^ . • 6 y fiant aequaln nikUor expaneas vero s yj^ x = v deter' 

minatum atiqnem vaiorem obtineatf erit vaior /unSionis y debitns valori 

3ix=v aliqu(HlmaximumpoJitivum,. vet minimnm negativum r fi valor expo»' 

an ■ 
mentis &y pro' x=v .^imf' negativus: fi vero hic vator fuerit pofitivus;: 

irit valor /nnSionis y debitus> valori K:=:y aliquodi minimum pofitivum vek 

maximnm negativnm.. 

DemonfFratia.. 

Fro^xsv fitty=+Vr ct €y=P, «y=Q, «y=B; fiy=:S,, 

etucporro:. eamperhypotbeun lit «y=Or «y=:a, #^=0,- — €y=o; 

debebirfun6tio-y pro x=v + e htbere fequenteni' valorem A vel C, et va-< 

. lorem- B vel D pro x = v — e (157. §.> 

air xn-vi- infz snfr 

A=+V + («Pe + «Qe» + «Re^ + «Se* + etcOa*""^. 

an 2nfr anf2 znfa 

B=+V + (aPe — «Qe* + «Re» — «Se^ +^^^06*«»-*: 
^ .^ . an_ 2n+r an*2. 2n*3 

C=— V+taPe + «Qe* + aRe' + a Se^ + etc.)e»"-^. 
_ __ ,. 2n an-frr anfx 2n*3' 

Dfe— V + C«Pc — «.Qe* + xRe^ — o^St* + etcOc*"-*; 

Sit jtro P=8y valorrs pofitivi;; erit etitm aPe qutntttt» pofi^tivtt. 

proinde debebit efle etitm (ammt> omniam terminorum poft +V in fingu- 

lit expreifionibnt Ay B , G,. D feqpentium vtlorit pofitivi (77. §•) • igitor 

dtbitur qatntitate, pro qaa^^utcunqne etdecrefctt, eril tatn A> V quam 

B> Vr vel ttm C < — yjr quam D < — Vr id eft,. valbr funftionis y debi- 

tot vtlori x=v erit tliquod minimum> pofitivum^ Vr tut maximum negati*^ 

vum —V (18& & ct 1. Schol. 18& Spli»)*- 

2a • ttff 

Porro fit P=fiy^ vtloris negttiVi ;: erilr quoque a. P e qutntitts neg»» 

tivt, eoque ip(o erit fummt omnium terminorum poft + V in fingulis ex- 

preflionibus A, B, C, D fequentium' vtl^« «egativi (77. §): hocigitur 

ctfu extabit quantitat e, nro qua, otci refcente,. debebit efle tam 

A<V 
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A<V quamB<SV* velC>— Vet D>— V, proinde erit vrior fonao* 
nis y debitus valori x=v aot aliquod fnaximum pofitivutn V» «ot nuni- 
cittin negativnm — V (i86. $• et Scfaol. i .) 

193. P roblenia. 

DettrmiHan yohr^s variabilis x^ pro quibus data fimBHa j fat maxU 
9na vil miaimuL 

Solotio. 

Samta variabili x pro al>rolota» pofitoqoe 'cxS=i. capiatar jy» let, 
qola exponens sy pro illo valore variabilia x^ qoi fonftioneai y reddit 
maxrmam velminimam, nullnm valorem finitom poteft fiabere ig^. §.% 
ponatur «y=o, tum quaerantor radices aequationis «y£=:o: fi enim 
aequatio haec radices realea a» 1>, c, etc. habeat; erit fora funftio y pro 
qua vis radice xr=:a, xr=:b, x=Cj etc maxima^ velminima^ qood fe- 
qoenti ratione<licebit expiorare. 

Sumds focceffive ezponentibQa differendaliboa ay, sy, <y, «'*--* 

<y, ay, ponator in quovis x~ai u pro radice x;=a aeqoationis 

ay;=:o reliqui exponentea fuccefiive aeqoentur nihilo; incertom erit, aa 

funftioypro x:=a fiat maxima vel minima; ii aotem deveniatnr ad cer- 

arff 
tum exponentem «y indicis jmparis ar-f i» quiproxnra determinatum 

qoempiam valorem obtineat.; jconftabit eo ipfo, fnnftionem y pro x=a 

nec maximam fien, nequeminimam (190. §0^ quodfi vero deventom fue- 

sr .. 

rit ad exponentem sy indicis sr paris» qoi pro x:=a.valorem aliqoem 

determinatnm indoat, pofitivom aut negativom; dabit fbnAio y pro K=a 

quoddam minimom pofitivum vel maximom negativom cafo primo, aot alir 

^quod maximom pofitivum vel mioimom negativum cafualtero (i9i.§.). <^ 

193. Corollarinm x. 

Vflilorem variabilis x, qui funftionem y reddat maximam vel mintmam, 

«X sequatione £y=o quaerf oportere ideo folom afieruimus, qoia certo 

conftat» exponentem ey pro illo valore noHi -valori linito polTe aequari: 

v«rum binc iiaud neceflario fequitur, debere £eri sy =0, cum pofiit effe 

sy= 00= f denetante K qoantitatem aliqoam «onftantem. Quam« 

•brem^ finonfubfiftat aeqoatio cy = o; tentetur aequatio ~ ::z:o, 

cujus 
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cDJias raXce« reales debctntdare vtlores variahilit x fandionetay redde»* 
. tis niftxinuii& vel minimaiiu 

194. CoroITarium 2. 

Ceteniffl efocet qaoque ex (i87-§0> quo modo poffit expTorarf, 
tttmm fondJo y^ pro ceru radice reail xsr.a aequationia ay=o vel 

— =0 fitt maximt vel minima.. 

195. CoroIIariuni J. 

Perfpicmim eft» hanc metbodum inveftigandi maxima etminima prc^ 
yrte ad Ulaf tantiui fonftiones pertinere, quae nniformes funt (13. §.), 
atit prer.unifprmibns poffunt haberi# qutles funt e, gr. rtdices poteftatum 
imparfum, utpote onicum valorem reafem exhfbentes, et radices poteiia- 
tum parium^ quae, dum reales fun% binos quidem valores exhibent, unum 
pdirtivamt et atteram n^gativttm» quorum tamen quivis (eorfim poteft 
fpeftari. * 

196. Definitio. 

Si continua differentiatione funftionis ys=: x"» + Ax"»"*» + Bx"^"*' 
+Cx"'^^ + - -- + Px + Q ex aequatione ycro deriventur aequatrones 

#yr=ro, «y:=:!o, «yizrc, «y£=o,etc.J vocabitur y=o aequatio prm* 
tifatis^ reiiqoae autem aequationes appellabontur ejus aequationes diffenn- 

Aabs, By'7=^o frima, ey=o /ecunda, «y=o ferfia, etficporro. 

197. Carollarium i. 

Prb aequatione principali X=:i+Az+Bz* + Ci' + +Qz'-*» 

+Rz'+S2'+'+ Tz'+*+Uz^+3 H + fz'»'"* +8^«"*' + h z™=o 

erit eJBs r^ aeqaatio differentiaiis (156. 127. §0- 

(' r(r— »)Cr — a)(r— 3) s.^.j.fl.i-Rx 
+ (r+Or(r— i)(r— 3) • - - - 5.4.3.3.8^^ 
(+(r + 2)(r+i)r(r— I) 5.4-3.Tz»X 
+(r+3)(r+2)Cr+i)r 5.4.U23 ) 

\+ (m— 2) (m — 3) (ro— r— i) fz^-Cr+a)/ 

(+(m— i)(m — 2) (m— r^gz^-C^+^^^N 
+ m(m— OCm— 2) (m— r + Ohz™'^'-/ 

198« Co- 
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198. CoTollaiSium :a. 

t>mai8 aeqdatio differentiaits.cy=o eft aequatio priodpalia refpefto 

a€qaationi8 4lI£rerentialis.€.ay= « y=^o uno^^adaruperioria (196«$.) 

:i99. Coroliarium 1. 

Si aeqnatio y=o praeter :radices a, b^ p babeat radicea aeqaa« 

les «, ftf «f - - - « numeM» nytjao pw U=(x — a)Cx— b) - - - (x — p) 
fiat Y=UCx — a)"s=:o C176. §); erit prima •ejus aequatio differentialii 
«y=:Cx— «)°«U+nTJ(x— «>— ^o (4 fii.SO» feu «ys=((x— «>U 
+ nU)Cx — a)"""'=o, atqae baec habebic Tadiees aeqoalea «^ «,« - - n 
Dumero n — x (170. ^.)- 

200. 'Corollarium .4. 
"Ex aequatione principali y—Q babente radices aequales «,«,«-«•« 



% 



numero n derivari poffunt aequationea differentialis ey=o» sy=0» 

9 n-i 

«y=:o, - * ^ sy=o,'qaarum:prima habeat radicea aeqaalesft,». «etc. 

numero n — i, et quaevisfequens«una pauciores qoam proxime praecedenst 

n-i 

nltima vero .syao unam «tantoni 'radicems» (199. 198* §■)• 

aoi. Corollarium 5. 
Quoties igitnrTunaio ysUX^^— «)" haboerit faftorem (x-— «)% 
exiftente n numero integro.pofitivo; -totief eront iomnes exponeotes diffe* 

rentiales.sy, sy,«y»— - - sy aequdes «nihilo pro 2=«, exponens 

n n 

vero sy pro x=a(,<€ain.itt Dolla fit Tadix aeqoationis sy=o, valorem 
aliquem determinatum induet (200. j65..§*): fonftio y pro x=« nec ergo. 
maxima fiet neque minima, fi n fic oumeros impar; maxima.vero ea erit vel 
mioima, fi o foerit numeros par (190. 191. §.)• 

^02. Theorema. 

ilnter quasvis bimas radices reaUs et inaequales p» q, aeqnatumk y=o 

•quarumunafit proxime major altera^ ita ut iuter eas nuUa alia radix jaceat^ 

Jacebit una radix aequationis differentialis aytnQ exhibens unum valorem 

variahilis x, fro quo funSio y dat quoddam maximum, pofitivum vel ne^ 

gativum. 

Demon« 
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DemonAratio. . 
Sit p > ^f potemnt jnter p et q innuineri vtlores Tariabilis x cogifairfj 
^orom qttivis minor<«ft radice p et najor radice q y pro fingulis vero hii 
valoribus variabilis x obtineret ftroftio y certos valores, vel omnes pofi[ti« 
Tos^ vel omnes negativos, eum inter p et q nulla radix aequationis yzi^o 
jaceat (183. §•)• V"^ '^^^ ^^^ y~o Um pro x:=p quam pro xsq 

^(165. SOf fccile hinc colligttur, certo valoM variabiljs x jacenti inter p 
et q rerpondere qooddam maaimom fanfbibois y « pofitivum vel hegativum 

' (i86, §. et i/Schoi.); eom.vero valorem debebit exbibere ooa radix aeqoa- 

aionis sys=o (192. §.). 

203. Corollarium i» 

Sint a, b doae radicom reaiiom aequationis y=o, a omntom maximit^ 

et b proxime minor, qoo fiat» ut inter ilias nolla alia radix jaceat Sumto 

vaiore x:=:v niajore maxima radice », pro qoo-fonftio ys:x»+Ax»-« 

+ Bx""'*-| -» + Px+Q indoat valorem pofilivum (78. §. a. Scbol.), 

com inter v et a nolla jaceat radik aeqoationia y:=o; debebit fon6tio j 

pro qoovis valore x jacente inter v et a manere v^Iorfs pofitivi (i8i« %.)% 

igitur, qoia interqoemvis ejosiQodi valorem x jaceotem Inter v eta» et 

qoemvis valorem x jaeentem ioter a et b ooica radix a locom habet; debo« 

btt fondio y pro qoovis valore x inter a et b fieri valoris negativl (184. 

i85- §-)• ^^^ radicem realem maximam a et proxime mioorem radicem 

h aeqoationls y^o jacet igitor ona radix aeqoatiomi differestialis sy=:o 

exhibens ooom vaiorem x» pro qoo fan6tio y dat qooddam mnaMiom neg«> 

tivom (203. §.)• ; . . 

ao4. CoroIUriuin 2. . 

Sint i>k^! tres radices reaies aeqoationis yso» qoarom iSediii: 

da fit proxime minor prima, et tertia proxime minor iecnnda, ita nt ncc 

jnter i et k» neqoe inter k et 1 alia rndix locnm habeat; jacebont ioter illas 

doae radices neqoationis differentialis, ona inter i etk» altera vero inter 

k et 1, iu qnidem» nt altematun nna iUarom- det maximom fpbfitivonip 

alten vero maximom negativnm fonftioiusyt prima iilod» etbclm&Uftod^ 

vei vidfliffl (ao3. i«4^ x85 SO- 

3o5#CorjaUarinm 3^ 

Aeqoatloy=x* + Ax«-« + Bx«'-* + + Px+Qsao mH 

^rdinii habet m radicesj aeqoatio eotem diffcrentiaUa sys5mx«-« 

V9hfmmt - K + 
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+ Cm— i)Ax"'**+ - - - + P=:o debet btbere radiceg nna panciorea» 
oimtnim oamero m— i (i75.§.)« qaare, cum ioter binaa quantitatei 
reales non nii] reajeaqaantitates pofTint jacercy (i omnes radices aequatio* 
nis y:=o reales fuerint» 'eruot etiam omnes radices aequationis «y=o 
reaiea: iiautem aequatio principalis y£=:o quocunque.numero r< m ra« 
dices reales babeat^' babebit aeqaati6 sy =o minimum r~ i radicea ret« 
lea (202. §.> 

206. Corollarium 4« 

Pro radicibus realibus a, a, a^ai a» a, a, etc aequationii 

1234 n of 1 

y:=?o habeat aequatio sy=o radices reales or, ct, ajOCt '^f ^f ^^^» 

(205. §.)• fi hae et illae ita fint difpofitae, ut utrobique prima fit omnium 
tnaxima, tum reliquae fe invicem ordine magnitudinis fequantur; jacebit 
t . 1 % % % 9 n n nfi 

cemter a et a, « inter a et a» et generatim « inter a et a; quaevis porro 

radix, prima «, tertia », quinta ft,etc. aeqnationis syso da^it, fumta 

\ »4 

loco x; aliquod maximum negativum , radix autem Tecunda ot, quarta », 

s 
fexta ftyetc. dabit quoddam maximum pofitivum funftionis y (202. 203. 

204. so- 

207. Corollarium 5. 

Qnotles aeqaatio difierentialis sy=o habuerit radices imaginarias; 
toties eas habebit etiam aequatio principalis y ko (205. §•). 

208. CoroUarium 6. 
Ex radicibns tamen realibus aequationis diflTerentialis sy:=?onon licet 
eoncludere in radices resies sequationis principalis y:=:o: pofiibile eft, ut 
illae omnes fint reales, llcet hae fint omnes imflginariae. Quodfi tamen 
radices reales sequationis differentialis sy=0 ejusmodi fuerint, ut, iis, 
prout fe invicem ordine msgniiudinis fequuntur» ioco x fuccefilve fiibfti- 
totisyifiinftio y maxima pofitiva ec negadva alternatim det, ut in (206 §.)> 
jacebit neceffario incer quasvis'binas ejusmodi radices una radix aequationis 
y— o (igf. SO5 prolnde, fiaequatio «yr=:o numero n ejusmodi radices 
reales habuerity habebit aequatio y;::ro ad0inimum numero n — i radi- 
ces reales. Interea notandutn eft, aut omnes radices reaies aequales, quas 
aequatio diffcrentialis sy;=:;o poteft babere, aut omnes exemta una ia 

forma* 
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forouitioiie illtai jadicii tS^, rciicicndaii proat Damerog ilUram eft par 
vel impar (,201. §•)• 

209. Coroliarium 7« 

Ut qaantitas pofitiva inter daas alias qoantitates jaeeati oportet atram* 
qae hanc qaantitatem effepofitivaai) vel unam pofitivam et alteram n(^a« 
tivam: dam ergo omnes radices datae sequatlonis y:s=:o realss faerin^ 
et aeqaatio differentialis syr=zo aliqaot radices pofitivas habuerit; de- 
bebit habere aeqaatio y;=:o totidem vel ona plores radices pofitivM (20$. 
206. §.). ^ 

210. Tlieorema. 

Numerus omnium radicum nalium, quas data^quaecunqui aequatia 

y'=x"» + Ax«"-' + Bx'«^*+ + Px + Q;=:o habuerit^ dibebit ejft 

par vel impar, prout ixpaneus m ardiuis, ad qusm iu aequatio pertimat^ 
fuerit par vil impar. 

Demonftratjo. 

1. Sumatur qaantitas + v ita, ut v major fit fingalis radicibus reall. 
bus aequationis y=o, radict|>as negativis» fi qnae adfint, fpeftatis inftar 

pofitivarum, fitque v» > A v""' * + B v?»-* + - + Pvi;Q (78- S» 

2. Schol.) 

2. Inter +v et o jacebunt omnes radices pofitivae» inter — »v et o 
vero omnes negativae. 

3. Sit jam m exponens paradeoque (+;v)°' valoris ppfitivi; habebit 
funftio y tam pro x=+v, qaam pro xn: — v valorem pofitivum ob (i): 
pro x=:o aotenl fiety=+Q. Exiftente igitur termino ultimo Q pofi« 
tivo; erit tam nomerus radicom pofitivarum inter+v eto, qoam nome-' 
ros negativarum inter — v et o jacentium (2) feorfim par (185. §.): fi 
autem terminus ultimus Q fit negativas; eritnumerusillarum, et haram 
radicum feorfim impar (18+ §•)• Numerus omnium radicum» pofitivarum 
et negativarom fimul, eft igitur par utroqoe cafu. 

4« Sit m exponens impar, adeoque (+ v)°' valoris pofidvi pro +rp 
et negativi pro — v: hoc cafu' dabit ergo x=+v valorem pofitivumi et 
x= — V valorem negativum pro y, ob (i); x=o autem dabit y=±Q, 
Fro termino ultimopofitivo +Q erit; igitur numerus radicum pofitivarum 
inter x=+v et x=o jacentium (2) par; numerus vero negativarumjacen- 
tiominter x;=:~v et xso (2) impar (i85« 184* %0* .^^ P^^ termino 

K a * ultimo 
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«Ititno negaiivo — -Q erit otinerus rtdlcom pofitivamm inter xt^-f^v et 
x:=:o (2) impar; bumeras vero negativarum inter xtr: — vetxs=o (z) 
par (i84- 185« SO* Utroque ergo cafu erit nomerus omnlom radicum, po- 
fitivarum et negativarum iimul 1 impar. 

dii. Coroilarium i. 
TerminuB ultimua Q aequationisy:=:x«*+Ax«"''+ — +Px+Q!=o, 
cnjus omnes radices fint reales , erit pofirivus vel negativus , prout nume^ 
sos rtdicum pofidvarum foerit par vel impan (2ta 179. §•> 

3ifl* Coroiiarium 2. 
Omnis aequatio ynK) mti ordinis habet radices numero m (175. S*)* 
fi inter illas dentur radices reales numero n^ erunt reliquae numero m — n 
imaginariae* Qoare, cum numerus m~n femper fit par» fiut^que 
numerus m» n eft par, aut uterque impar, perfpicuum eft, «umerum radi- 
cam imaginariarum, quas aequatio y=0 poteft habere, femper effe pa* 
rem (210. §.)• 

213. Corollarium )• 

Aequatio y=o ordinis paris m (211. §•) poteft Iiabere omnes ra« 
dices imagfnarias: aequatio vero y^o ordinis imparis m debet kabere 
ialtem unam radicem realem (212. §.)• 

214. Probiema. 
UiUrmnmri nlatimum tnUr cofffidiwtim cigusvis Urmid datoi oiqua* 
Homs y=io st coifficiintis dmarum tirmimorum adfaautiumt quorum unuS 
iUum praximi praicidat, it attir proximi/ifuatur^ pro cafu radicum imagi- 
mariarum gusdsm asquatioms. 

Solutio. 

I. Datafit aequatio yt=x»+Ax«-*+Bx«-*+Cx«-» + • . w - . 

+Qx""''+'+Rx™'"f+Sxn»-'""'+Tx™""''**+Ux«-'"*'+* hfx» 

+ gx+h=o, quaeraturque relatio inter quemvis rtum coeffidentem R 
et coefficicntes Q, S pro cafu radicum imaginariarum. 

^. Si ponas xs=:i in (|), obtinebimus aequat!onemX=:i + A« 
+ B2*+Cz'+ +Qz'-«+Ra^+Sa6'.+'+T^'+*+Uz'+'+ — 

3. Hmc 



V 
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f-1 



3. Hinc (2) inveniei per (197. §•) aeqoationes differeatiales c Xrsro, 

cXao» s X:=o; et (i qotevis barQm dividatar per primain ^jus ter- 
minam , tain ppnatar m— r+i5=o,. m — ^r£=ui— i, m-^Jf— i — n— 2, 
fiet. 

^rx=i+«z+i3z*+yz'+*2**+ - - - +^2»»=o/ 

« X;=i+az+bz*+cz3+ - ... - +uzn'"*=:a 

Tx=i + 8lz+SB2* + + ezn-*=o. 

Pro-t-'-^- i3s=:^I±ill5. ^>- (r + O(r+0rT 
Pro«— ^, ^ 5q— , y ^^p^ 

>_ (r+3)Cr+2)(r+i )rU. 

. mCm — i)(m — 2) - — (m — r+2)h 

^~ Cr— i)(r— 2) 4.3.3.1.Q* 

._(r+i)S. . :_ (r+2)(r+i)T , 
«--5-, b.-«^ ^ , 



(r+3)Cr+2)(r+i)U 

«— PTr > - - 

mCm — i) (m — 2) -. * * (m — r+i)h 

^ r(r— i;(r— 2) --4.3.2.R' 

a_ (r+2)T . _ (r+3Ur+2)U ^ 

. . • - • ft m(m — . (m~r)h ^ 

Cr+i)rCr^i) 4.3.2.S' 



4. Aeqnationes hae (3) pro z= ~ abibant in tres fequentes ae- 
qaationes. 

L£=x«+«x«-»+^x'»-»+yx»-5 + (rx»'"'»+ +/A=o, 

M=xn-'+ax"-*+bxn-"5+cx»*^* 4.. + u=0. 

^N=x"-*+9lx»-'+g5x»^4+ . +e=o. 

5. Ex his porro aeqnationibus (4) perCi^y. $0 facil^ elioiuntar fe- 
qoentes aequationes differentialesi» 

K3 
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, n •(»— 

Xr n— I , (n — (n — 2) 

";^=x*+ ^x+ - — i2l— ^ o, 

B—2 (n— 3) (n~3) 

6. lam Tero fieri poteft» at aequationes quadraticte (5) habeant ra* 
dicea imaginarias, nimimm fi fit per (167. $.% 

n*^n(n--i)* i. « -^ (m— r)' 

(n— 0» ^ (n— 1) (n— 2) ^'^ ^ni — r — i; (r + 1 , 

M» _ ag .» T»,- (n»-T— i)(f+3) CTj 

^=i/^ 0lZ5)(S=i)' ™- ^^ (m-.r-3,(r+a)* ^ ^* 

7. Relatto(I) indicabiterg»,' ntramqne radiicem aeqaadonis £ L£=:o 
in (5) efle imagtnariam; adeoqae debebic boc cafu etiam aeqnatlo L:=:o 
in (4) habere faltem anum par radicum imaginariarum (207. 198. §•) : cum 

Igitur quaevii radix z=r— aequationia L=:o in (4) det nnam radicem 

z 

2:= -i- aequationia < Xso in (3), haec antem neqneat babere radicea 

imaginariaa, quin illai eo ipfo etiam aeqaatioXso in (3) per (207. igS-S*) 
babeat; erant in eadem bypothefi etiam aliquae radice.a z aequationic 
X=o in (2)f proinde etiam aliquae radicei x aequationii ys=o in (1) 
imaginariae. 

8. Si dicai, nnllum rtum coefficientem R aequationii yr=:o in (i) ta« 
lem effe, ut ii conditionem (I) in (6) impleat» fed pro quovia ejusmodi 

'coefficiente fore aat 

B,^(»°-r+0(,+ i)^ C^ r+^Cf+ jO, SQ, . 

* (m— r)' ^ (m— r)' 

'proinde etiam in (6) ^ 

n?" ~n(n— !)• **^^ n» »^ n(n— i) ' 

emnt qnidem ambae radicea aequationis « L ;=: o in (5) reales (tSj. §•)• 
verum inde nondam fequitury «equationem L=;o in (4) nuUas habere 

radices 
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ndlctt iman^oarlaii (208* 198* §•)* ^ ^^'^ ^^ °^°. obftante atquatio L^o 
in (4) radices imaginariaa habeat; babebit iiiaa etiam aeqoatio 7=^0 in Ci)f 
ob ratlones lo (7) relatas. 

9. Sicat (I) dat faltem onom par radicam ima|^ariarom aegoationi^ 
L^o in (4)i fic quoque conditio (IF.)# <^ufm ea indicet radicea imaginari«8 

aeqoationia «M = o io (5), dabit faltem onom par radicum imaginaria- 
rom aeqoationia ,M=o in (4) per (207. 198. §•): eapropter« qoia qoae- 

iris radix x.= — aeqoationia L:=::o vel M:=:o in (4) det onam radicem 

2=-^ aeqoationis a Xsp vei aX.= o in (3); dabit conditio (I) 

QnQm faltem par radicom imaginariarnm aeqoationis a X := oV et con« 
ditio (II) indicabiC faltem onum par radicum, imaginari^rom aequationia 

a X £= o in (3). Debet aotem aeqoatio e X:=o eo ipfo jam habere onon^ 

• r ^ ^-i 

par radicnm imagioariarom» quia id habet aeqoatio a X = a.sX=^0 

(207. SO • igitnr habebit aeqoatio a X = o ad minimpm doaa radlcea !ma« 
gsnarias ob conditionem (I)» et doaa 6b cooditionem (II)» Verom hino 

haudelocet, radicea imitginarias aeqoatioois s Xv=::a in (3)» qoaa indicat 
cpnditio (I), ab illis ejoa radiciboa imaginariia, qoaa denotat conditio(II)^ 
diftinftas efle; alionde vero certo conftat, eaa nbn pofle elTe diftinftas: 

fecoa eoim polTet habere aeqoatio a X s o in (3) pro qoocooqoe ejoa ex- 
ponente n, adeoque etiam pro n~3 qoatoor radicea imagioarias, qood 
eft impoflibile. ' Itaque binae conditionea ('I)(II) in (6) tantondem iBdi» 
eantf quantom ona illarom indicat» nimirom onom par radicom imagi-- 
Bariarom aequationis ys=:oio (1), ob (7). 

10. Quodfl aot^m conditiones (I) (III) in (6) locpmbabeant, ' qoo 

cafu radicea aeqoationum sLso, «N:=o in (5) debent eife imagi- 
xuriae; habebont jetiam aequationea L;s=;o, N£=:o in (4) radices imagi* 

narias'(207. 198. $,)t com aotem qoaeyia radix z =c aequationlc 

z 

Lfc=o vel N=o in (4) det ooam fadicem z=:-«— aeqoationia' «Xsb 

r*! ^ ' r-i , 

vel a X = o in (3); habebit qooque aequatio a X=o.(aitem onom paf 

radicom 
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radicum xmaginariarnm ob condltionem (I)t et tequatio, ^Kirto pariter 

unam par ob condidonem (III)* Cu.m porro aeqoatio < X = o.fit 24m 

7, r-i r-i 

aequatio difftreutiiilia < . « X =: o aequationia s X s=: o (196. %.)% ^ebet 

lequatio 6 X r= o ea ipfo folum unum par radicum imaginariarum habere, 

r4z \ f.j 

* quia id habet aequatio £ X t= o (207. 198. §•)• *equatio igitur « X =: o 
habet unum par radicum imaginariarum ob conditionem (1), et atiud par 
ob condicionem <III), atque iftud par tb illo diftinftttm «(t Nam ante 
omnia «videna eft, ut conditio (III) locum babeatf debere eflTe ii>3; 

adeoque aequatio s X = o in (3) debet efle minimum ^/ti gradus x hinc 
antem eiucet, ipfam capacem efle quatuor radicum imagiiiartarum. Deinde 
certum eft^coefficientea cujualibet aequationia ab ejos radictbos certa lege 
dependere (179. $.)^ <^o^^i^^^<l^« «> 91 ob(3) per diverfos coefficien- 
tes aequationis principalls y;=:o determinari: igitur debeot etiam radicea 

imaginarlae aeqnationis s X:=:o in (3)» quarum indicium eft conditio (I), 
diverfae efl!e ab ejua radicibns imaginarils, quas conditio (ITI) in (6) indicat. 



Ut primttm vero aequatio « X = o in (3} ob conditiones (I) (III) doo 
liabet paria radicum imaginariamm; habet etiam aequatio X:=:o in (3)» 
proinde etiam y=o in (i)» faltem doo patia radicum li^uiginariarom (207. 

915. CoroIIarium. 
H!s princlpiii nititor r^bi Neatoniana ad explorandas radicfs imagi* 
narlas datae GOJaicnDqae aeqaattonis inventa. Singnlis nimirom termiiiis 
datae aeqoadonis, «xceptis termino primo et oltimo, fttperfcribantor Inu 
AioneSy prout eos fequens exemplum exhibett exploretar deinde» anqua-. 
dratum cnjuivis coefficientis minus fit Iraftione fuperfcripta dufta in pro- 
duftuni coefficientlum adjacentium, vel non:; cafu primo iubfcribatur ei- 
dem termino fignum --9 et cafu altero fignum +f terminls vero primo et 
oldmo femper fubfcribatur fignum «i*. Nomems enim altemationum figno. 
ram fubfcriptorum indicabit) aeqaationam datam ad minimnm totidem nu 
dices imaginarias faabere. 

am 3Cm— I) 4 (m-^ 5fm~3) 

i(mr-i) a(iu— a) 3(^—3) 4(ni— 4) 

x» + Ax«-» + Bx"^-* + Cx»*-» + Dx~-*+...— o. 

ai6. Thco. 
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2i6i f hcoreuia* 
In (ffMM Oiquiitioue 2di gradu^, cujus ambdi radices natfs funt^ toi 
fkmper adfunt figuorum +— vel — + altemationes , quot radices pofitivae, 
it tot fuccejfiouis .+ + vel , quot radices uegathae. 

Demounratio. 
Seqaentea qQataor formatae exhibent omnea cafua po/nbilea. 

L x*+Ax + B=o. II. X*— Ax— B=a 

III. X»— Ax+B=o. IV. x*+ Ax— B=o. 

lam vero in Cll)et(lV) neceflario debet effe una radix pofitiva et-al. 
teranegativa (179. §.), ficut ana adeft aiternatio et una focceflio figno- 
rum. In (III) debet cffe atraque radix pofitiva (179. §.), ficut duae adfunt 
ijgnorum alternatioiief. In (I) demum funt amiNie radicea negativad 
Ci79- S)f ficut binae fignorum fuccefilones* 

317. Theorema. 

Quoties omues radices datae aequationis y = o fueriut recdeSf ejusque 
t 
tta aequatio dijfferentialis €y=o iotjignorum altemationes quot radices po» 

fttivas halmerit; toties debebit quoque proxime inferior aequatio differentialis 

'%y z=:q totidem fignorum altematioues iabere, quot ea haBl0radica po. 
fitiwu ' 

Demoonratlo. 

1. AeqaatiodifferentialiaCr— 1)<5^»»« fit « y= xn + axn^^^ + bxn"* 
±cx'>->+d;c"-'»+ ±px + q=o. 

2. Erit tta aeqaatio diff^entialis «y^^nx^^^ + Cn — i^ax""** 
+ (n— a)bx«-'+(n— 3)cx"---»+ + P=o. 

3. Omnea fignorum alternationea et fucceffiones ^ quaa aeqaadb (2) 
compleftitur» debent quoque in aequatione (i)contineri. 

4^ Aeqoatio(2) babeat altemationes iignorumy proindeetiam radices 
pofitivaa-nomero m, qui par fit, aut impar. 

5. Si m in (4) efl: numeras par; terminus p in (2) debet effe pofiti** 
* VOf , adeoqae + p(2ii. §;): prout tfitar adcft +q vef — q in (i), habet 
aequatio (i)aut totidem, aut una plures fignorum alternationes , quam 
aeqnatio (2), niminim nnmero xel^ aut m + i , ob U). 

V^nmm L L 6.Ha- 
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6. Habet vero aeqaatio (i) ad mioimam totidem tadicea realea pofitT- 
vas, qaot aeqaatio (2) ob (198* 209. §.); confequeDter habet (x) ad mi- 
nimam namero m radicea pofitivaa ob (4): cum igitar m fit nomeras par;. 
debet (i) iiabere m + i vel m radicea pofitivaa, proatT— q vel -f-q adeft 

^ in (i) per (ai i. §.)• Aeqaatio (i) tot igitar Iiabet pofitivaa radicea, qaot 
iigDoram altemationea (5). 

7. St vero namerua m in (4) altemationam fignoram> et radicam po- 
iitivaram aeqaationia (2) impar eft; necefle eft» at ejaa terminaa ultimoa 
fit — p (211. §.): pcoot eft ergo +q vel — q in (i), habet aeqaatio (i) 
alternationea fignoramnamerom+i vel m, ob(3). 

8- Deindehabet aeqaatio (i) ad minimam m radicea pofitivas. ficat 
aeqaatio(2) ob(5)per (i98> 209. §.): qaare, cam m fit impar nameras» 
debet aeqaatio (i) hab^re radices pofitivas namero m + i vel m, prout ea 
+q vel — q habet pro termino altimo (211. §.); adeoqae tot debet ea 
habere radices pofitivas, qaot fignoram alteraationes, ob (7). 

218* CoroIIarium i. 
Si aequatio y:=o ordinis mti omnes radices reales babeat; habebit 

- £ y = o omnes radices reales (205. 198. §•)> cumque altima aequatio 



2 3 

etiam quaqHtliqaationum differentialium sy=Of «y=:70| «y:=;0| 
ai-i 



m-r 



fi B y=o debeat efie quadratica, habebit ea tot fignorum alternationeSt 
quot radices pofitivas (216. §.): igitur habebit etiam quaevis praeceden- 
tium aequationum , proinde ipfa quoque aequatio principaUs y^o tot al- 
ternationes fignorum , quot radices pofitiuas (217. §.)• 

219. CoroUarium 2» 
Aequatio ordinis mti habet radices numero m, et terminos numero 
m + i, quorum quivis.bini contigdi dant onam fignorum altemationem 
vel unam fiaccelfionem» quocirca debet eS^ m numeros omnium alterna- 
tionum et fiiccefiionum fimul; quare» fi aeqaado m^ ordinis numero n ra- 
dices pofitivaa totidemque alteroationes fignorum habeat; habebit ea VEL—tk 
radjces negativas» et totidem figuormnfuc;efiioneS|, fi quidem omnes ra« 
dices fint reales (2i£. §.). 

Scho- 
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. Scholion. . 

Catn qoaelibet mdix ^aeqnadonis y:=:o.debeat dare nnam fa^torem 
fimplicem x — 'fu funftiotiia y (174. §.); qoidquid iiaftenua de radicibua 
generatim demonftratum eft, ad illuftrandam etiam naturam fSiftorum fim- 
plicium, in quos funftiones integraeet rationales funt refolubiles (173. §.)t 
pei;tinet Eft autem refolutio funflionum in faftofes fimpiices maximi mo« 
menti in calculo integrali ; qubcirca optandum foret, ut extaret aliqua me- 
thodus eam omni cafu perficiendi: interea certum eft« admilTa refolutione 
omnts aequationis determinatae y=Oy quae inventione omnium illius ra« "* 
dicum, reaies (int, aut imaginariae » perficitur; eoipfo concedi etiam refo- 
lutionem cujuslibet fundbionis integrae et rationalis y in fuos faftores fim- 
plices (176. §.)• Artificia autem, quae ad detegendas radices datarum 
aequationom haftenos excogitare licuit» admodum imperfefta funt; qui ea 
nofcere cupiant» fcriptaadeant, quorum praecipua in introdufiione com- 
jnemoravi* 

320« Theorema. 
p 
Si/un8ltafraffa -^ data per variabiUm z ijusfit hdolis^ %t illa pro de- 

imninato quopiam vahn z:=a, ivamfcenit numeraton P etdenominatoreQ, 

£ibeat f» -^> necejfe^ efty ui ip/apro zx^% eundem vatorem kabeat, quein 

«P 
quotUM --^ pro z=:a obiineref. 

Demonltratio. 

a % 

I. Si pro 2S=:a exponentes differentiales £P| «P, — — sQ, sQ> etc» 

bbtineant valores €p% eP% ^ «Q% sQS etc«^ obtinebit funftio —^, 

pro zsa+i» per (157. §.) feqnentem valorem. 

gsP'+^ttyaP' + 4-«»^'^'. JP' 

«sQ» + «» fiQ'+ +« »'•"'. cQ* 

P 
3. In eadem hypothefi debebit fmSdo -^ pro z;=:a~i9 feqnentem 

valortm habere (157. §•)• 

~«sP+«(tfgP*— * * - + «(tf'^'*^cP« 

L 3 3- lani 
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P 
3. lain vcro vcl fanftio -^ crcfcit, vel decrcfcit, cfcfcente varia- 

bili z: cafa primo^erit ejui valor debitos valori z:==a minor vatore (p, 

et major valore (2); cafo autem altero erit ia major valore (i), et minbr 

vaIore(2) pro certa quantumcunque parva quantitate vi quodfi igitur V. 

P 
denotet valorem funftionis -jr debitum valori z:=:a; dabontur certi co« 

cfficientes K, U M, k, I/m, etc, pro quibus ob (i) (2) erit utro- 

que caftt 

V > j^+k«+I»*+m»'+etc.; et V < j^+K«+L»*+M«'+fetc. 

Eapropter crit neceffario V=:-Qi (130. §.)• 

231. CoroHarium T. 
Si pro z:==a etiam quivis rto inferior exponens differeotialts tam 
funftionis P» quam funftionis Q fiat aequalis nihilo; debebont in (n. 1.2.) 
•omnes termini praecedentes terminos» in quibus. continentur exponentes 

^ r r , , • p 

/differentiales ePS «Q« negligi; valores idcirco wnaionis ^ debiti y^u 

loribus a+«, a — u variabilis z, exprimentur fequenti modo,^ 

ao)'-\ e P' +a g y^ « P' + « w'^-*^'. « P' + e tc. , . 
"r T" r-»-! tti .v-r» . r»!* :/ ' 

ciM^-^KsQ^ + xa'. €Q'+a(w^+'- 6 Q' + etC. . 

r r '+« r*i «■•»•" t+a _ 

+ ftft?^'.£P'qp fltft>^6Q'+ aw^-*^' . cP^ + etc. ^ 

±a«^\sQ" + ««^ fiQ'+ «a;' + \, fiQ» + etc, 

Hinc verb, denotante V yalorem funftionis — debitom valori z^t, 

• i(4 :* ■■■..'• 

fequitur ut in (n. 3.)^ pro certis coefficicntibus k, I» m, - - - K, L, M, etc. 

indiependentibus ab o;, et quapiamqwintomcunqoeilecrefccnte quantitate t$ 

debere fieri 

V>^ +k«+la^+ote.5 itiV!^rf^2^+K»^.+LWH*ete.t 
«Q* «Q* .; 

r a . ' 

ig!torVt= 1^(130. §.). 

323. Co. 
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222. Corollarium 2. 

P 

Qoamobratnf fi petatnr valor Vf qaem fiui6tio fra6biy=— pro illo 

4eter«iaato valore a variabills z debet babere» pro qaoea abit ia — , fu- 

mantor quotieotes 2^, J, — » JLL.,etc. pofito czsi, incboandoqoe 

*^ «Q Iq 
a primo fiat z = a: quoties enim aliqais horum quotorum pro z=a 

in — abiveritf nihil certi poterit^inde colligif fed quaeri debebit valor 

proxime feqnentis quoti pro z=:a: fi autem ad quotom deventatur, qoi 
'^ro z=a aut fiat aequalis nihilOf evanefcente folo nqmeratorei vel 
obtineat valorem ifidefinitum » evanefcente iblo denooiioatore , aut -y»- 
lorem quemptam determinatum induat; .debebit etiam data ;fon£kio y ,pro 
z=a cafu primo aequari nihiio, cafu autem fecundo et tertio eundem in- 
definitum> vel determinatuhi valorem habere (320. 221. §.)• 

223. Corollarium*3« 

Dom dator fiinftio y=PR vagabilis z, quae pro certo valore zrre, 

evadente P =0 et R = — = 00 f abit in o, 00 > poni poteft Q =— f 
.0 K 

P ' Q ' 

hinc y= -jY", qoo cafii, pro z=a, iU>ibit y in* — : iovento itaque va. 

P 

lore funftionis y = — pro z=a per (222. §.)» habebitur valor fun- 

ftionis y:=:FR debitus valori z:=::a« 

^. _ .. . »24. Corollarium 4. 

Et fi aliqua ftinftio --^ variabilis z pro certo valore zsa, pro qoo 

abeantq,p in — ^=00, abeat in ; potericYumi P= — ,etQ=— , 

Jbioc — ~"n-» <iuae fonftio pro z=a in — - debebit abire: deter- 

- ^ . *^ . ' p 

minato igitur valore fonftionis -^ pro z=a per (222. §.), obtine« 

bitor eo ipfo etiam vaI8r fundtioois — pro zP=a. 

p" . 

L 3 22 5.Pro. 



86 / C AP U T IIl 

* . ^ baS. Probiema. 

FraBRomm ratitmaUm genuinam -^ (lo. ii. SO JatU fatforibus 

fimplicibus denominatoris l^ , quivmnes fint inaiqualiif nfolvtn^in totidem 

M 
fraSfionis partialts ^ quarum fumma ixatqutt datamfraUioum ~ * 

Soiutio. 

Pro qaolibet faftore fimplici formae generalis p — qx denomiDatoiia 

A 

N determinetar nna fraftio partialia ^ ita ut ejaa namerator A 

p~qx 

eam valorem babeat, qaem qaotaa '-~~^~|r pro s = —9 famto exponett* 
te .differentiali 6X= i ^ obtineret. 

D^oionflratio. 

Com p — qx fit anos faftor funftionis N» dabitar aliji fanftio -inte* 
gra et rationalis X» pro qoa fiat Nt=X(p — qx): poterit igitar fanftio 

— pro qaapiam faaftione iintegraHt rationali Z refolvi in doaa fi:a« 

' dionea^ ita nt fit 

'' Ji^_A t Z._ AX+Z(p~qx) 

N — -p-qxT* X "■ N 

Adeoque habebimas MrrAX+Z(p— qx), etZ:=: : p — qae - 

debet ergo efl!e anns faftor fimplex fanftionis M-— AX (169. SO» ^t 
ideo M— AX=o pro p— qxso, fea A ;=: -^ = — iE-^lSii pr^ 
P . 



^=q 



— P. 



Veram pro x» -S- fit Mj[p— qx)2=o, et Ns5X(p— qx)t=:o: 

numerator A aeqaatar igitar ei determinato valori, qaem quotas ■ |7^ ■ 

pro valore x=:-^ , pro qoo is «bit in •—• * obdnet} liinc debeteffe 
(aao.S) 
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I 

«N fiN - «N q 

226. Corollarium i. 

Si fooftio integra et ntionaliB a+bx» dicatnr habere onQtn ia&o« 
rem fimplicem c — fx , cnpi fit 6(a+bx°)=nbx'^"'*, adeoqoe 

— fx" >— fx»" — fn""" fe 

»fa + bxn)~" nbx»-* "~ nbe"-"»-« P' o x — ^ ; 
obtinebimoa per (225. §.) feqoentem expreffionem pro ona fraftionnm 
partialiomt in quaa fonftio frafta rationalia — , . ^ , datis omoiboa 
fiiftoMboa fimplicibos denominatbria, poteft refolvi , nimirom pro fraftione 
partiali orionda ex faftore fimplici e — fx denomioatoria a+bx*^ 

iib(e— fx)en^"»""» * ^ 

227. Corollarium 2. ^ 
Sr faftorea denominatoria N fint quidem omnea inaeqoalea, fed vel 

omnes qoadratici formae generalia « + )8 x + *fx^ ^ vel aliqol . qoadratici et 
alii fimplices; reperietor fraftio partialia orionda ex qoovis faftore qoadra^ 
ticoy fi hic refolvator io doo^ faftores fimplicei, fraftionesqoe partialea 
hia fiftoriboa competentea per (225« §.) determinatae in onam fummam 
addantri^ 

228. CoroIIarium 3. 

Sicfi d*— c*x*=Cd+cx)(d— cx) dicator eflc ono^s feftor qoadra- 

ticosfonftioniaa+bx», funftioqoe fi:afi:a ratiooalia — ^~-r in fraftionea 

-. ^ a+bx" 

partialea refolvi debeat; fraftio partialia orionda ex >llo faftore qoadra- 

tico erit per (225. 227. §.% 



nb^d + cx^d^-m^x nb(ii— cx)d^ 



— ra-^i 



cn — m 



+ d — d + cx — cx r 



nbd»*-»""» . d* — c*x» 

confeqoenter, proot eft n— m^ par aot impar nomema, erit eti fraftia 



vel 



nbd'»-'»-* d*— c*x* ' ^^ nbd*^ •"»•"', i^— c»x* 



\/ 



S8 
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22^ Theorema. 
p,'o x=Cof (p j: Sin (p /— I it quovis numero iniigro pofitivo n 
dibtt ijfi x"=::Cof n (^+ Sin n (p /— !• 

Denionnratio. 

Eft enim x^ = Cof (p» + 2 Cof (p Sin (p /— .i — Sn ^^r iptor per 
(5. §. I- Schol.) x*=:Cof2^ +Sin2(p/ — !• Et fi pro quocunque nuuM* 
ro integro r cflet x^= Cof r(p J^ Sin r <p/ — l» deberet eo ipfo ejffe 
etiam x'+» = Cof r <p Cof(p+ Cof (^Sinr^/— i +Sin (p Cof r (p /— I 
— Sin(pSinr(P=Cof(r+i)^ + Sin(r + i)(p/— I per (5. §, i. Schoi.> 
Hinc itaque ob (31. SO necelTario fequitur» quod erat damonftrandunu 

230. Coroliarium i. 

Si p(Cof(p + Sin(p/— 0— qx et p(Cof^— Sin(p/-r.i)— qx iint 
duo faftores fimplices imaginarii fundionia^ rationalis c + ex° ; debebit haec 

funftio bis aequari nihilo, pro x= -2-.(Cof(P+ Sin(p/ — i) ct x = — 

(Cof ^ — Sin (p /— i ) : erit igitor per (229. §•) 

c-^lPjL(Cofn(p+Sinn<p/— 1)=05 



it» 



c4-~-(Cofn(p— Sinnip/— i)=o. 
Hinc2c4-^?-"Cofn(p=05 et ^"Sinn(p/— 1=05 * 

feu c + *^^^Cofn(P=o; etSinn9=o. 

331* Corollarium 2^ 
Quidquid fit funftio rationalis et integra a+bx*'» necefle eft» nt pro 
quolibet ejus faftore quadratico p* — 2pqxCof (p+q*x* ob (172. 230.5.) 
fiat 

Cof n(p=^^^^^^; et Sin n(p:=a 

232. Pr(>blema» 
' Datam JkuSiomm iutigram ratiouatm a« +x« rifotvin in^ fuos 
faffons. 

Solutio. 



( 
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Solutio» 

I. Exponeni Ib eft namenif ptr vel inipftr. Pro ntimero pari nt=:2 A 

faa1>ebit fanftio a<^-f^" omnes Qamerons:am fiiftores fimplices imagina* 

rios; adeoqoet qaia quivii bini faftores fimplices inter fe multiplicati 

. dantanam Faftorem quadraticum; habebit ilia hoe cara faftores qoadrati- 

coi* oomero m;=in. 

'3. Siautem exponens nx:2m4*i eft impar nnmen»; babetfunftio 
a«+3^ anum' faftbrem fimplicem realem» et n — i faftores fimplices 

imaginariosi tx, quibos namero m == — - — faftores qaadratici pofTont 

prodooi. 

j, Quilibet faftorum qoadraticoram funftionis a^^+x" ^i) j^a) expri. 
mi poteft fprmola generali p* — apqxCof(p+q*x* (173, §.); et pro quo- 

libet debebit afeai f ita determinari, nt fit per(23o. S*)^'H~Cofn (p:=:Of 
et Sinii(p:=:a 

4. lam vero erit Sin n(p'r=:Of fi, denotantelc qnemcnnque terminnm 
progrefiionii o, I, 2, 3>4,etc.9 fiat n(p = 2kr, vel n (p:= (2k + i)T 
P^ (5* S- <• Schol.)« praecedeni formola (3) femper ergo dabit nnum 
faftorem quadraticom fuofiioBis a^+jc", fi fiat 

<p=^, eta" + -^Cof2k»'=o; 



ntt 



X' 



vel ^= ^^^' 1^, et a^ + ^ Cof 2 (k +1) 7r:=o. 

5. Prima aequado in (4) nequit fubfiftere: cnm enim fit Cof2kr= i 
clTet a"+-^=o, hinc -^=/ — a«» valoris vel imaginarii , vei rea- 

lis negativi, prout eft o nomerus par vel impar» com tamea -^ in (3^ 

q ' 

debeat habere valorem realem pofitivam» 

6. Hinc, ob Cof(2k+i)Ti=:— i (5. §• i. Schol.), feqoitur, fornm- 
lan^ in (3) pro quolibet valore k=o, kt=:i , k=:2, k = 3,k=4, 'et fic 
porro, daturam unum faftorem quadraticum fundionis a"+x", fi fiat 

(f^ ^~i et a°— 21.:;:=:o ob (4) (5), adeoque ps=:aproq = i: 

VUnmm h M his 
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-^a^. Theorcma» 
P/o x=Cof^ i Sin (p /— I ** ^aowi fftffiMro jii/^|r|.^ foptivo n 
*6^* (/Tr x^trt^Cbf n (^± Stn n 4^ /— »• 

Demonflratio. 

' Eft enim x^ = Cof (^» + 2 Cof (p Sin (p /— .1 — Sn ^*^r igitor per 
(5, §. 1. Schol.) x*=:Cof2(p +Sin2(p/ — i. Et fi ppo quocanque name^ 
ro integro r effet x^£=: Cof r<p jt Sin r <p/ — l, deberet eo ipfo ejHe 
etiam x^^^' = Cof r (p Cof(P+ Cof (pSinr^/— i +:Sin (p Gof r (p /— l 
— Sin(pSinr(p=C«f(r+i)4>±Sin(r+i)(p/— I per (5. §. i. Scbol.> 
Hinc itaque oh (31. SO necelTario fequitur, quod erat damonftranduou 

330. Coroliarium i. 

Si p(Cof(p+Sih(p/— i)— qx et p(Cof^— Sin(p/-^i)— qx fint 
duo faftores fimplices imaginarii fundionia-rationalis c+ex*>; debebit haec 

funftioblsaequarinihilo, pro x= — •(Cof(P+ Sin(p/— i) ct x = ~ 
(Cof Qf — Sin (p/— i) : erit igitor per (229. §.) 

c4-^(Cofn(p+Sinn(p/— i)=o; 

c4-^(Cofn(p— Sinn^/— i)=o. 

Hinc2 c+^"Cofn^=05 et ^^"Sinn(p/— i=oj * 

T H 

e D^ 
feu c + — ^Cofn(p=o; ctSinn(p=o, 

331. Corollarium 2. 

Quidquid fit funfUo rationalis et integra a+bx*'» necefTe eft, ut pro 
quolibet ejua faftore quadratico p* — 2pq,xCof^+q^x* ob (172. 23'^.§.) 
fiat 

Cof n^=^=^;. et Sinn^:=a 
■\ 

232. Problema^ 
' Baiam JknBliaium integram ratiMMttm a^ +x<' nfolvere itf fim 
faHores. 

Solutio. 
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Solutio» 

I. Exponeni n eft namenif ptr vel inipftr/ Pro unmero pari nt=:2 fti 

faa1>ebit fanftio a<^4-^" omnes Qameronrz:am fiiftores fimplices Imagina» 

rios; adeoqoet qaia quivii bini faAores fimplices inter fe muldplicati 

, daot onam Faftorem quadraticum; habebit ilia lioe cafa faftores qoadrati- 

cos* oamero m=:in. 

3. SfaUtem exponens n:=:2m4*i eft impar nnmen»; babetfunftio 
a« + 3^ unum' faftbrem fimplicem realem» et n — i faftores fimplices 

imaginariosi es^ quibos namero m = — - — faftores quadratici jjoflont 
prodooL 

3. Quilibet faftorom qaadraticorom funftionis an+x" ^i) (2) exgri. 
ini poteft formala generali p* — apqxCof(p+q*x* (173, §.); et pro quo- 

libet debebit afeos f ita determinari, ut fit per(23o. §.) a " | ^g -Cofn (p:=:Of 
et Sinn(p:=:a 

4. lam vero erit Sin n(p'r=:Of fi, denotantelc qnemcnnqae terminnm 
progrefiionis o, I, 2, 3>4,etc.9 fiat n(p = 2kr, vel n (p:= (2k + i)T 
P^ (5- S- '• SchoI.)« praecedens formola (3) femper ergo dabk nnum 
faftorem quadraticom fuoftioBis a^-f^", fi fiat 

<P = ^, etan + -BLcof2kr=o; 
vel ^ =l2L±i2l^ et a'» + ^ Cof 2 (k +1) 7r:=o. 

5* Prima aequatlo in (4) nequit fubfiftere: com enim fit Cof2kr= i ^t 
elTet a" + -*^=:o, hinc -^=/ — a«» valoris vel imaginarii , vei rea- 

lis negativi, prout eft o nomerus par vel impar» cum tamen -^ in (3^ 
debeat habere valorem realem pofitivum* 

6. Hlnc, ob Cof(2k+i)Ti=:— I (5. §. i. Schol.), feqoitar, fornra- 
lanj in (3) pro quolibet valore k=o, k~i , k=:2, k=:3,k=4, 'et fic 
porro, daturam unum faftorem quadraticum funftionis a"+x", fi fiat 

(pt=: ^ '-9 et a° ^z-^—o ob (4) (5), adeoque p=aproq=ir 

Vtiumin I. M his 
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Ui «rgo Taloribas in (}) fabftitiitift, obtinebitur fe<|oeng jj^eralif exprefii . 
fio omiiioiii fiiftoromqwdnitieorom fooftioois 9^:\rx\ 

. n 

.7. Qosmobremf fi in (6) kico k focceflive fobftitoantor iramerl 
«9 I, 3, 3» 4, 5, et ita porro qotmdio eft ak-f i;<n, obtinebontQr 
omnes faftores qoadratici fonftionia a^^-f 3^*^» ad qoos praeterea eo cafo^ 
qoo n fberit nomeroa impar, fiiftor fimplex a+^ debeUt accedere (i}(d)* 

Exempla^ 
a'+x'=(a«— aaxCof-j +x*)(a+x). 

aHx^=(a^2axCof-^+x»X«^-2axCof-? + x*). . , 

y a*+x<=(a^aaxCof 21+x*Xt*^-atxCof-^+x*)(a+x)* 

a«+x«=(a*— 2axCof|^+x»)(a^2axCof^+x*)(a»--aaxCof-^+x*). 

Scholion. 
Sed, qoaeret tyro» cor illi dontaxat oomeri impares loco 2k+i in 
(7)9 qoi nomero n minores ibnt, fobftitui praecipiontor? dabit otiqoe for* 
mula generalis in (6) etiam pro qoovis alio msjori nomero impari 2k+l^ 
ODom faftorem ^quadraticom fon6Uonis a^+x'', ob (4). Verom id qoo« 
qoe certom eft^ fadibres qoadraticos, qoi pro oomeris imparibus 2 k+ 1 >a 
ex (6) poftont elici , ab iis , qoi pro nnmeris i k + 1 <d n indidem eliciun» 
tur^ haud eiTe diftinflos. Sit enim generatim ak+isarn + oB namerua 
major nomero n, ita ot r qoemlibet terminom feriei i» 2, 3, 4« etc. poffit 
denotare^ » vero denotet nomernm imparem minorem oomero n: dico 
ex (6) pro 2 k+ 1 :=:2 r n + ^ eondem feqoi faftorem» qoi pro 2k + 1 :=« 

•btineretor. Eft enim Cof ^iSHH^l. — Cof(2r»±2j^) ss Cof 2r r 
Cof — + Sin 2r^ Sin~:=sCofii (5. % i. SchoL) 

933. Problema, 
FunSRonm mtegrim ratiamUim a^— x"^ rtfokfri m/Mosfatlaris. 

Solutio. 



, ■ ' Solutto. 

I. Pro txponeBte ptii n babebit tm&xo a^— x* dboi h&oitt Bm-^ 
plicec teeks., etB;=» ftftoree fimpHces iaM^nariee» OC ox liit 000^)01 
fiafcentar namero — r — h&ow qDadr«tid. 

3. Et pn> fiooiero U&parf n habebit foQfiio t*<— x^ ontim faftorefai 
fimplicem realem» cnm^ n—- 1 fiiftoribaa fimpUcibaa imaginariia^ qui iimill 
dabont nomero ^~' faftorea quadraticoi» 

3. QuUibet faftor qnadraticaa fanfttonia m''— x<^ (i) (s) obtinebitnr 

ex p*— 2pqxCor^+q*)t* (17«. §0* fi pro quoconqae termino progref- 

fionis arithmetfcae i, a, 3, 4» 5# 6* ^ *<>^^ *^ aiTamto^at per (230. %} et 

(5.$. iScholO- 

• = — , a«— -^=0; .etSin»kcs=o; 
^ n ' q° ^ 

vel<p=: ^ - '"^'^^ ; m«+|^=o; et Sin(3k+i)reo. . 

4. Cnm vero fecanda conditio ta (3) abfurda fit, ot in (332. S* ^\) ; 
certom eft, formolam generaiem faAoiia qnadratici in (3) datqmm qaemvia 
fiiftorem qoadr^com fondkionU a«— x", fi in Ula ponator ^cs 2-1, et 

^«.fl =:0y hiac a:=:p pro q=: i, deootante k qnemconqae terminnm 
feriet arithmeticae i, 2, 3, 4, etc.; hia igltor valoribaa.in (3) fabftitotis ob- 
itinebimaa feqoentem expreflionem generaiem omniom fiiftorom qoadrati^ 
corom fanffionla a" — x* ~ . w . 

a»~2axCof— -- + X». 
n 

5. Qoare, fi in hac formoh (4) focoeffive ponaa k» i , k»2, k =23, 
|^~^ et fic porro qaamdio eft 2k<n; derivabis inde omiiei faftores qoa- 
draticoa fonftiomaa» — x^, adqoos praetetea accedet faftor flmplex a — x^ 
vel qaadraticaaa*— x*;=:(a— x)(a+x)t proot faerit n nameroa impar, 

td par(2) (I). « ,. ^ 

Exempln. 

a'— x's=(a*--2axCof2^+x*)(a— x). 

a » «?-x» 



t^— x^;=(m*— 2axCof y +x»)Ca*— iax Cof i^+ x») (a— x). 

i«— x^=Ca^auCo£^+ x*)(a»— 3»xCof^ + x*) (a»— x*>. 

ScholioD. 
Hatio autenv cor loco 2k illi taotum DDtneri pajred, qii^ nutnero n 
niinores funt, in (4) fubftitui praecipiontur , eft eadem, quam jam pro cafa 
fimili in (232. §. Schol.) adduximus. Omnis enim nomerus par major no- 
mero n per 2rn + 2as poteftdefignarif ita ut» denotante 2» quemcun- 
que numerom parem minorem numeroo» coefficiena r quemiibet termi- 
cum feriei i^ 2, 3,4, etc. poflit indicare: (acile vero ofteoditur» forma- 
lam in (4) eosdem pro 2k=2rD + 2«, et 2k=2« fadtores dare. 

Nam eft Cof^^ == — ^=Cof(2nr+ )=Cof2rTCof — - 

n — n / . n 

+ Sin2rTSin— =Cof — (5. S.i;SchoI.) , ', 
n. . ., . n - ■ " 

234. Problema. 

Unus fa&or quadraticus funSionis iniegrai it rationalis a+bx" ijt 

p2 — 2pqxCof(p + q*x*; ditsrHiinari fraBiouent partiaUm ex ipfo orimh 

Y ra 

^m, JatafnnSiom fraSa ratiotMli . . ^ in fraSiants partiaks r§» 

folvenda. 
. ^ Solutio. 

I. Faftores fimpHces dati faftoris quadratici funt qx — pCCof(P + 
%\xi^/* — i), qx — p(Cof(p — SiiKp^— i) per (172.S.): quodfi erjgo nume- 
ratores fraflionum partialium ht^ facl^^ribus fimplicibus debitarum vocentuir 
h% B; erit per (227. %) fraftio partialis briunda ex dato faftore quadratico 

■ A I B 

■^ qx— p(CofCp + Sin(p/— I) » qx— p(C(f(p— Mn^/— 1)~ 

_ q(A+B)x + (A — B)pSin ( P/— I — (A+B;pCof(p 
p* — 2pqxCof(p + q*x* 
• 2. lam fit M:=ix™, N=a + b.\°, hbc cNsi^nbx"'"»^^, pt per (229. §.) 

x«=-^ (Co.mf(p±4Inm'(p/— I); 
x»-'=:5l_ (CofCn— i)(p + Sin(n — i)(p/— i); 
prox=:J-(Cot^i:Sin(J>/-i); ^^^ 
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Per (itec detertninantar valofes numeratoriim A| B fVft6tiofKmi p«r- 
tialidm m (l) fecnndam (225. §.)» mmirom*: 

q°-"'» ^ , Cofm<p+Sinm<P^~i . ^ 

^^"nbp""""*"' * Cof(n— i)^ + Sin(n~i;(p/— x' 

11 q"'^'" Cof m (p— Sin m ^ >/^ — f 

* "^nbp"--»-' *Cof(n— i)(p— Sin(n— i;;^/— I * 
Eft autem per (5.5. i. Scliol, ec 23 !.§.). 
Cof(n— i)^=Cofn(pCof(p + Sinn(pSin(p= — 12^Cof(p; 

Sin(n— l)(p=Sinn(pCof(p— Cofn(pSin^ = ^ Sin (p: 

adeoque eft etiam 
_ pm-fi Cofm cp + Sinm (p /— 1 ^ 
""naq« * Sin^p/— i— Cof (p ' 

i^ p^'*' ' Sin m (P /'~ I — ^ Cofm(P 

naq"» Sin(p/— i+Cof(p *- 

Quare addendo , et fubtrahendo erifc 
•!> (Sin ^ /— 1— Cof (p) (Sin ^ /— i+Cof ^)=— (Sin (p*+ Cof (p*>=r— i. 

^+^^^-^^^^^^^^ + ^J^^ 

A— B=r-?^— — Sin(m+i)(f>/— I. 
naq* ^ ^^^ 

EtprQ his valerfbus in (i) fubftitatis obtinebitar (eqaenf GmpUciflSma 
exprefllo quaefitae fra^ionis partialia. 
. \ V 2P»"-*-' pCofmip — qxCof(m + i)(p 

naq"^ p-* — 2pqxCof^^q*x* 

Schol.ioiu 
Notatu di^naeft methodaa quaavis funftiones fraAas rationales, datts 
faftoribus fimplicibus et quadraticis denominatorom, refolvendi in fraftio* 
nes partiales ope coefficientium indeterminatoram . 

M 
' !• Si proponatur, fraftio — refolvenda in frafliones partiales» 'datis 

faftoribus fimplicibus formae p— ijx, et quadraticia formae flr+)8x + yx* 
denominacoris N ^ fumatur pro quolibet faAore fimplici una fraftio partialis 

—2 — > et pro quolibet faftore qnadratico accipiatur una fraftio formae 

A + H X 
4,/^ 4,vx* * ^*^^ -A» ^ indeterminatas interea quantitates dchotantibus. 

M 3 Tum 
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ToBi i;eAl€tfitar omnes bae' fraftiones partiales ad comtnmem jenominav 
torem aeqaalem produfto N ex illar^um denomiDatoriboa; erit fummn 

omniam numeratorom divifa per N aeqaalis datae fonftioni -rj- * Quodii 
igitur fumma omnium numeratoram aequetur dato numeratori M ; obtine- 
bitur atquatio» ex qua valoreapro A,. B» etc^ fecondam principia primi 
capitis poternnt determinaru 

M 

2. Eadem prorfus methodo refolvetur quaelibet fraftio — in firaftiO' 

nes pardales , du;n denominator fraftionia refolvendae aequatur alicui po- 
tentiae ntai autfaftoris iimplicis Xt=p — qXf aut qoadratici X=:s«+^x 
+ Tx^: niminim, fomtis int^rea quantitatibus indeterminatis A| B| C» D, 
E, F, G, etc. , ponatur 

M _A ■ B , C ^mIl 

, M _A+Bx i C+D» , ^ U+Vx 

^'^ 1?: ~""xi^+"^x^' + • • • + ~ir~ * 

prout X exbibet faftorem fimplicem» vel quadraticum, tum quaerantojt 
valores pro A,.B, C, etc, ot in (i). 

M 

3. Si denique denominator N fraftionis refolvendae -^rr- inaequales 

aliquos, et alios aequales faftofes fimplices vel qnadraticos, ant illos et 
hos bat>eat; liabebitur cafus ex praecedentibns caiibus (i) (a) compofitus^ 
ad quem idcirco eadem methodus poterit adplicari. 

4. Licebit demum banc me^iodam ad quosvis faftores pol ynomios ex« 

M 
tenderen fi nimirum denomlnator N fraftionis refolvendae *-r=- habeat fk-* 

M 

ftores polynomios formae generalis a + bx + cx* + + mx'; fem- 

pe^ poterit determinari una fraftio partiaiis debitatali faftori polynomio» 
modo ejus numeratori triboatur forma a+px+yx» + - . - fix'"^ 
funftionis ordinis ano grada inferioris. 
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C A P U T IV. 

D E 

PRAECEPTIS FUNDAMENTALIBUS CALCULI 

INTEGRALFS , INTEGRATIONEQJJE 

FUNCTIONUM RATIONALIUM. 



2iS. D BFINl'Tf0. 

Integrale dati exponentis difrerentialis eft funfttOt CDJas ratio differeih 
tialis habet exponenteiD dato aequalem; iradet quid fit datum exponenteni 
difierentialem integrare^ per fe intelligitur: praecepta in hunc finem do- 
cet Calculus. integralis. Signum autem integrationis erit /, praefigendum 
exponenti difFerentiali, cujus integrale fuerit de&deratum: fic /Xax 
indicabit integrale exponentis difTerentii^ Xsx. 

236. Corollarium i. 
Integrale dati exponentis differentialis «yrrXsx poteft effe fan6tio 
y=:Z+C compoGta ex aliqua funftione Z variabilia x, et quantitate 
conftanteC, qtMlkim pofterior qpllo pafto immediate ex ipfo exponente 
differentiali poteft coUigi (91. §.). 

237. Corollariuni 3. 

Quamobrem praecepta calculi integraiis eo tendunt» ot per ea ex datii 
exponentibns differentialibns ey partes variabllea illorum int^ralium^y 
utpote cum iis certa lege conhexae (83. $0 poifint derivari: plerumque 
tamen, inventa parte variabili, putaZ, altcujus integralis/eyrzry, fcri- 
bemns y:=Z-f C> litera C quantitatem conftantem defignatnri, quae fora 
addi debebit parti variabili Z, ut perfeftum completumque iiitegrale 
habeatur. 

238. CoroIIariom 3. 

Facile vero, inventa parte variabili Z, pars conftans C certi integralii 

yrrZ + C in aftnalicalculidifferentio-integralisadplicatione d^terminatur: 

plerumque enim ex natura quanti| pro quo expreOIo analytica y:=Z+C 

Felmm l N- quae- 



98 CAPVT IV. 

qna^ritart elucet, qnemfiain determinatom valorem Vfatiftio y pro certo 
valore v variabilia x debet indaere» qoo fit, ot, fi pro x:=:v para variabi-' 
lis Z \alorem determiDatom U obtineatf fit U+C:=:V.9 hinc qaantitas 
coDftans C?=V— U, ct iDtegrale iprum yci:Z + V— U. 

" \ 239. Corcllarium 4. 

Methodas oniverfalia explorandii otrom para variabilii Z alicujas in- 
tegraIi8/X£x=Z+C rite fit decerminata , confiftit in difTerentiatione in- , 
venti integralis Z + C: fi enim exponena difierentiaiis e(Z + C)=::cZ 
. aeqoetur daterXex; certi erimaa, integraIe/Xfix:=Z + C efie legiti- 
mum, ita ut nulluip aliud exponenti differentiali Xax poffit refpondere, 
CDJua para variabilia, non tantum ferma, fed etiam magnitudine a parte ya- 
riabiii Z differat. (235. 96. §.)• 

340. Corollarium 5. 

Hinc etex (115. 123. §.) rolligemoa feqnentia integralia» qnae 

'inftar totidem formolarom fundamentaiiom calcoii integralia poffont 
IpeftarL 
i/€(pCof(p=Sin(p+C. " 2y^tf(pSin(p=z:Cofin(p+C. 

3/i(pSin(p=Sinv(p+C. - 4^— «(pCof(p=Cof v(p + C. 

*5./i(pSec^=Tang^+C. e/'— «<pCofet^*=Cot(p+C. 

" ^yfi^Sec^Ttng^^Sec^+C. 8^— «(pCofec^Gii^=Cofec(p+.C. 
^/7frrii}=ArcSioz + C. lo/^^-^ArcCofz+C. ^ 

"/7T£^)=^^Sinvz+C i^y!^_==ArcCofvz + C. 

^ri3yLii-=ArcTangz+C. '^/7^^=* ^rcCotz+C. 

341. CoroUarium 6. 

Sic qooqoe ex (239. 90. §.) fequitur, integrale cnjuavia exponentig 

differentialia AaZ» determioati per produftum ex exponente differentiali 

aZ certae funftionii Z in qoantitiliem^conftantem A, aequari produfto 

exiotegrali hojua exponcntia in eandem quantitatem conftantem , feo efft 

/A£Zr=A/iZ. 

% 242. Co« 
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942« Corollariuin f. 

Ob: (339. 92. $.) «atem erit integrale exponentig dHrerentiaUi 
ey:=:ffP+«Q+«R+ - - - + «Z compoiitL ex plurlbue exponentibai 
difTerentialibus aequale Tummae integralium fingulorum exponentium illum 

cbmponejitium, nimirum y=yr«P+«Ci+*R+ h«Z)s=:/«P+/«Q 

+/«R+ +/«Z. . • 

243. porollarium 8«, 

Si in aliquod integrale/Xsx quantitas quaepiam conftanSf per addl« 
tionem aut fubtraftioneip , ingreflk fnerit, poterit ea negligi» atque $d 
conftantem indeterminatam C referri (337. §.) ; confequenter in fpecie loco 

/X«x==U + log^Z+C, cumfitI-2-Z=IZ+I-J., poterit fami 

/Xax:=U+IZ+C/quamdiu partis duntaxat variabilisratiohabetur. 
344. Corallariam 9. ' 

Dum xntegralia per arcua circuli determinanturt locb arcoum negati« 
vorum fubftitni polTunt arcus pofitivi 9 modo illorom finus, cofinue, fimis 
verfif cofinua verfi^etc. cum fignis contrariii fumantur, vel in cofinuay 
iinuSf cofinds verlbsi finua verfoa, etc* convertantur (239. 240. §.). 

245. Problema* 

Tntigriri ixpantniem diffinnHakm «y= — fraSlum^ cujus uumera^ 
tor atquatur ixpomuii diffinntiaU deuomiuataris z, quidquid fit ifti, ali^ 
qua variabilis ab/oluta, aut quaecuuqui /uuSUo artae variabitis ab/oluta$ 

(4-S.> 

SoIatJO« 

Sumatur pro integrali logarithmua naturalie denominiitoria^ feo fiat 
y ^y^ =^«+C (339- "o. §.)• 

246* Corollariam. 
Si y=:— ~-(-C dicatur efl*e integrale alicnjos ^xponentis difiereo* 

tialis sy, quod pro n=o abit in — — *+C; erit AlogZ+Cgenoinusvalor 

+C ) 

sAZ^^^^^sZ (239. §.); debet utlque datum integrale pro iit=:o poni 
t=/AZ»-'sZ=/^^?=AlZ (245. a4i* s5. 

' N 2 247! Pro* 



■ ' ff-v. ■■ ■ ■.■. 

lop c AP^^r IV. 

947. Problema* 
Jkiigrari ixpmiintisdifflfriHUaiiffarmula gimraU AZ^^sZ ^omfnkin' 
foSf qmidqnidjii z, variabiUs ab/oluta, aut atiquafuwSBo urtoi variatilii 
abfohUai. 

Solutio» ' . 

Potentia vtriabilis % nno grada altior divifa per fMm expboeotem ' 
sn+i doftaqae in datutn faftorem conftantem A dabit integrale quaefi- 
iomy feoeuc (339. 104.$.) 

348* Coroilariutn i. 
Per (347. S.) integrabitar qaivia exponens difTereBtialli formae 
X£x(a+Y)^ (i {unftio Xex extra vincolum aeqoetor exponenti differen* 
tiali funftionis a + VYab vincalo: pofito enim zsa+Y» erit «2 

=g(i+Y)5=Xaxj hinc /X«(a+Y)P=/62zP=^j=^-^^ 

349. Corollarium s. 

Si detor exponens differentialis formae £y=:Az*£Z+6z^fZ 
-^rCz^^sz-^- etc. =; ( Az* + Bz^ + Cz^ + etc.) « z ; erit illius integrale , nulla 

qoantitatis conftantis ratiooe habita, y= — ; 1 — ^ttt ^ — r:-f^^^. 

a+i ■ n+i • c+i ■. 

(347. 243- §•)• 

350. Corollarium 3. 

Hinc elocet, quemlibet exponentem differentiaiem €y=PP Q^ R**- - - 

X"«z effe perfefte integrabiiem, fi Pf (2t R» X quascqnqoe funftio* 

nes variabilisz formae generalis Kz^^ + Lz^+Mz^^ + etc, et p, q, r, — o 
tiameros integros pofitivos denotent: femper enim poterit exponens sy 
explicari per feriem formae Az^+Bz*» + Cz<^+etc. du6bm in^z coh- 
feintemque terminis nomero finitis , otprimum numeros terminoram cojai- 
libet fonftionis P, Q» R^ X feorfim finitos eft. 

351. Corollariom 4« 

Qoamobrem noUa poterit affignari fa^ftio integraet rationalis Xbz 
▼ariabilis z, cojus integrale peifeftom per principia pracccdentia determu 
nari neqaeat. 

353. Pro- 



m 


%■ 


CAPur 


IV. 


853. Probte 


ma. 
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Tntigran ixptmmiis cHffinntiaks fraSlQSy farmuKs ■ . / r+ 7J? 
^mpnkiufos. 

Solutlo. 

Pro «ssp+qx fict ■ ^^ = . — , xmi^ pcr (241. 245. §.) 

obtiBetor feqaens integrale (I). Porro eft 1 =— — -7-^-1 — 77— 

-J. — — 'T? f onde, integrando ope invoDtae formolae (I), per 

^242. SO invenietur feqnena integrale (II). Deniqae pro z =-7;^ — fict 

Integrale (III). 

n. /:^^= A , i^i^5+x^>+c. 

yg— ex» 2/ge V/g— x/ey • 

m, /lAfx. A ^^^ Tangi^+ C. 

Jg+ex* /ge "^ /g T 

253. Problema. 
Iniigrairi ixpomniis diffinntiaiis farmula gimraU , . ^^^^^ 
iompnhinfos. 

Solutio; 

Pro fl:s±: X + -*- , hinc £ z := « x transformabitar datna exponena fii 
2c 

— *^ ^ igitur integrando per (252, §.) ob- 



a+bx + cx* +4ac — b* , 
tinebimaa feqoentia integralia. 



/. 



ax 2 A M« 2cx + b I ^ 



y »+ba— cx» ~/(4tc+b») V/uIc+ b»)— a cx + by' ^^ ^^* 

K3 In 




' 10» C APVT ir. 

In adplicatione vero liariicn fornBlaraiii ad cafaa fpeciales qnanHtates 
imagYnariaSf 4[uas prima formola» exiftente b^ >4ao,. dederit^ vitabimus» 
ii in dato exponente difTerentiali figni^ inBtefflus in coctraria, cum dein ope 
Tecundae formolae integremus* Sic ope primae formalae 'reperietar* 

— r— =r-7 — - ArcTang — ? — ^ + C: fecanda aotem formoli 

^54* Corollariuin i. 

Cum-fit «Ca+bx + cx^^srbax + ^cxsx; erit — rrr^jr— 1====5 
^ — ~ a+bx+cx^ 

,1 «(a + bx±cx*) -*- b sx . ^ , . _ 

H • ^ T ■ t: — T" H • ' . u X — T" • mtegrando itaoue 

•-* 3c a + bx + cx* 2c a + bxj:^cx» * ^ 

per (342. 341 • 345. 253. S*) mveniemus fequentes formulas» 

/lJLi^=C+il(a+bx+cx») y^ -r ArcT«ng-aii±Lj . 

Ja+bx+cx» ^ac^^ ^ ' c/(4,ac— b») V(4«c— •>■) 

'' A X«^_— r— ' ir.lW rir'^ I ^» ./^ /(4«C + b») + 2CX— b ^ 

255. Coroliirium 3. 

^ «^ CA+Bx)»x _ A«x , Bx«x . ^ r,^„ 

P'^"°*^ «+bx + cx* - «+bx±cx» + «+bx±cx' ^P*^C34a. 
341. 253« 254. SO obtinebimus ergo fequentia integraiia. 

7VA+Bx)fix_^, B,^ ,. j ,v , 3Ac— Bb ^ ^ 3cx+b 

«-^;5+fe=^+.-^^^'+''*+«*'>+37(4i^^ 

y' ( A+Bx)«x _^ _ B ,, _j. . aAc+Bb , / ^/(4«c + b*)+a cx— b\ , 

Ab»-»?* '" "«^^^^ ^(^«c+b^jVUac^b^J-a TM^^^ 

356. Corollarium 3. 

_, - Asx A 6.X A (b + cx^sx . ,.^ , 

Formula-r— rr— r — r^= — • \ 7" . . dabit per (343, 

x(a+bxjhcx*^ a x a a+bK±cx* '^ ^^ 

341. 345. 355. §.) feqaentia integralia. 

y ^ Asx — r4.Al /^ ^ "S Afa ^_^ 3cx+b 

x(a+bx+cx»)-''^ a V(a+*>x+cx»)^ a/^^ac-b»)?"^ '^TO^i^*)* 

> i ^ Asx _. c ri A^ X V Ab j / /C4ac+b *)+2cx— b\ 

\ yx(a+bx— cx*J - rv/(a+bx— cx^/"2a/(4ac+i>»j V(4ac+b*)— ibx+fc/' 

H Scho- 






Sichblion. 
Qoantltates imagioariJie in adplicatione harQoi fortnularatBr (254. 955. 
'256. SO ftd caAii particolarea eodem prorfoa modoy qoo in (232. §.), 
poteront vitari. ^ 

257. Problema. 

£^a Migrali fx^Btf invtmn iMUgraU /0 v ax fro fmbmsnmqm fkn- 
' Sumibu9 y» n variaMis x. 

Solutio. 

MoItipHcetar datam iotegrale /usx per alteram fboftlonem v; et - 
feorfim per qoa exponeotem diiferentialem a v ;* qoaerator deinde integrale > 
exponentia diiFerentialis av/usx: H enim iftod fubtrahator a produ^ 
v/o e X ; erit- rt0doom aeqoale qoaefito integrali /u v s x» 

DemonflratiO. 
Sit/u«x=:2; erit v/u6X = vz, et 6v/u«x£=2«v. Eft aotem 
«.vz=:v6z4-2 6 v: igitor vzs=:/v«z+/z«v, nimirom i^/oax:==/ov^x 
+/«v/a«x; adeoqoe/ovsxcv/osx— /svj||||sx. 

258* Coroilarium i. 
Pro trinmiiio Xtrzet+fix^-j-yx^ et qoiboaconqoe exponentibos 
tf q> n>» P^ pofito v=Xp+«, et ot=x°»'^S fiet (257. §.) /x«-»«xXp+» ^ 

trzXP + y^^^-^ax— /a.XP+Yx«'-'ax=:^L^l!::i!!! 

m m 

qoare^ com fit X=«+i3x'+yx% et aX;=:ri3x'-'«x + q7x«»"'/«x, fafta 

iabftitotione obtinebimos feqoentem memorabilem^ formolam* 

' ta m J 



-/'■ 



■ m 
** 359. Corollarioin a. 

Ex hac teqoatione pro/x"'-»«xXP+'c=/k'»-»«xXP(«+j8x'+vx'») 
:=:«/k>»-'«xXi'+^x'»+f->«xXP+o|/x'»+«i— «xX» elitlettir fequew 
formaU. ' . « 

y(5P+9+m) ^qp+q'+^>/* "* 

vCqp+q+n»)-' 

a6o,Co^ 



104 C^PUT m 

a6o. Corollarium 3« 
Qaodlifi aQlem .integrale (299. %) fubftitiuitw: M (^258. S.;i«. decivabi. 
ttir iod^ reqoens formuU. \ 

+2^/-'"X'- 

d6x. Corollarium 4. 
Hlflc (259. s6a SOf poGto q=a, r:=:r, hinc Xc«4.;3x4-yx% 
qood trinoiniani deioceps conftaoter iitera X defignabimas» floantfeqaentei 
formuiae (l; (III): ex (I) porro nafcitor (II), et ex (IH) prodit (IV). 

yx •»XP-.^^^p^^^^^ r(ap+2+m)y* '^^. yC2p+2+m)y* "^'t 

263. Corollariam 5. 
Si in (261. %^ L Eorm.) ponas m=o, et p=:: — q» obtine1)is feqoew 
Integrale (I): quodfi aatem in (a6i. §. III. Form.) ponu p= — q, «t 

|n=::i, determinabis /"TT^P^^/j^pi ®^ i x^ '* mide, Tubftitatb 

/X S X 
TTj— , prodibit feqaens formola (11) 

V XH ~2r(q— i)X^^* - 2yJ XH • 

-n/jl i+HJi. I |2YC2q— 3) : /!ii_. 

*V X^ ~'(q-i>(4«r-/3*) X ^- '^■(q-iX^^y-iS^ 7 A ^- * 

263« Pro1>lema. 

Invmio inttgraaj^ ftr (253. §•) t liiiirmiMri integratia 

/«x /xsx . /(A+Bx)«x ,^ 

X^ ' ^ X» Uy X* '''^ tn»^***^ "«'^ iMiiifira mtegro a 

pofitivo n. Solutio. 



Solotto. 
■■ 1n («6»- S"'^.) ponttar focceffive q;s=a, qs= s» ^S=4» - - - q*=Bi 
determiiitUtor eo ipfo integr»!* J^^» ot fequitor in (I); per iftud io» ^ 

(m dabitor integrtley ^** ob (360.$. T.): per utramqoe deniDm de. 

tecminari pdterit «tttm y ^ ^, = Aj-^ -f By-^ , ot feqot- 
tnr io (I!)» niourtim pro voiofa tetegralis poflerioris io (a69. $.), 
iofeoto. 

-'/ix jS+airx . (2n-H3^ayr/9+3yx) 

V'3?""'(n-«X4»»-/9»)X°-''T*,(»-ix«H-3X4«r-WX"-* 

(an— 3Xan— 5) (ar)*(/8+2vx) , 
+ (n-lXn^»5?i-3).4«r-/80'X»->'^ 

+ - + - - - 

> (an— 3Xat»~5) S.3Cay)°-*(/»fayx) 

^(n— iXb— a> 3 a.i.(4«r— /8»)»-'. X 

(an— 3Xan— $) - - - - 5.3 1.(3^)"-' ftx 

"^ (0— iX«-«> 3 . a . i.(4»r-^y^^J X 

AA+B»)«x _^ — B , arA- j9B /\x 

"•y X= ""ay^o— i;X'-' '37 ^ X» * 

364. Coroilarium. 

^^ Pro /3r=o ebtinebimoa «x (363. §. I.) feqaens integrtle, qood pro 
quovit nnmero integro pofitivo o pro perfe^ determinato debet litbeii^ 

r sx __ «■ t • ,_^^"— ^^ 

y(»+rx*)» (tt— i}a«(«+rx»)" - • ' (n — iXn^Xa*)*(«-Hx")""^ 
, (an— 3)(an— s)x 

"*'(n— l)(tf-3Xn— 3)(.a»)»(«+y**/r'^ 

+ . . -.+ ..-.-.. ^ 

. (3n— 3)ran— 5) ... 5.3:.x... 

"""(n — iX» — a) 3.3.i.^3«.»~'(«+rx*) 

(an— 3)(aH— 5) 5.3 .1.' pjrx 

"''(a— i)(n— 3) 3.3 i.(3«)"-»y«+7 



'cam ini 



p* 



fUMMi £ O «65. Pro> 




iq6 Csyi.PrfTyX %J^i 

265. ^robUma. '-k 

Tntigftfh 99^aiiiilis^ differentialis^^^p ^ pro 
iBUgris it po/iiunM t > l, ii>i. ' ^ ^ - '^ 

'^ i : Solutio. . 

Pro.-rr-p et. ~.i loco p4n (061.$. It Fomi.) iavtnief ' («qoQiteir for- 
^aaUt (i) (II):. fi vero ia (261. S* H^- Fomi.) rcribat — -p locftp, elfdM 
iode (eqpeDt/efn fpriBulam (111). . Ope feooodfte /onnalae poterift delemC^ 

nire integrftle A-J-^ , fi qoserfts lotegrftUftyr^ , J- ^ ■ per (253. 

9<4.§.), deiAde;ponftft in eftdeOi formala luccefllve tn^i ^"111^29 
m^3, - - - m7=zt — I. Opeprifflfte ftotem formalae determinabitor ia- 

tegrftle J—^n^f ^ qa«e«tur antea integraley^^ per (263. §.)• d^- 

Indc in feqoente prima fermula pro p=:ii fiat focceffive m^^o, mr=:z, 
fns=29 m=3» 'mC4» . . * m=f — i. /Haec tanlen' integratio ope 
primfte^ formulfte iis tantum cftfiboa faccedetf ' quibaa fuerit r<! 2n-7i; 
quamobrem, fi fit r:=2n — i, vel r >2n — i, conjungatur formula pri-, 
mft cum Certiai illaque integralia qaaerautar opiCLfbmalae tertiae, qiioroai * 
lodo formula prima infiniti valorii qaaotitates exbibet» aoxiliaria^ vero in- 
tegralia, quibos in tertiae formake adplicadone ppus fueriti determiiientar 
ope primae. -> v;,,^ 

V X^ ""y^m+a— ap)XP-« "" 7(^+2—2?)^ X? ■"7(^+2-2^.)/ Xi^p ' 

TT f^!^^l^ x"^ a /*x" "* ' ft X • j8 f*x^6X ^ 

*I/ "lC '~ my y ^ K y V X ' 

l|T /N"ex t"^ . ag /!i!lUiL (m+2~2p) fyj^-^^ix 

J~W '"/5(1^0X1-' fi ^ x^ '^ fi(p^i) J xp-« • 

266. Coroilariam i. 
Siin (265.$^ II.Formul.) ponaa fi—09 deiode fncceifive m:=:9| 

- /*X8X I 

fli:=4, m:=:6,'— iiis=:2r; obtinebis inde, ohJ—T — k = I(«+yx*) 

per (245. S) feqaens iategralef proqaovii numero pofitivo impari 2r + i 
ferfefte deceraiiBatoiiu 

i+yx* 



f- 



267. Corolla^ium 3« 
Si iotnii in (26^;. §. IT. Fohn.) ponas jSttro/tom rocceffive 01:= i; 

_ st), m^Sf ---mz^ar-^i.; inveiiies fequens inte|rnilt pro qno. 
libet numero pofitivo pari a r ope integralis per (252. $.) affignabilis per- 
ftfte detemilnatamr 

«+Ti* ~ (2r— i)r C2«^3)y* "*" ?3^5)r' (ar— Y)y* 

^ -^ i.y' ^ y' •^»+yx* * 

268. CoroIIarium 3. " * 

Si «e^uatioMm (III) |b (265. S^) mnkiplices per ^, tnm ponu /3;=:g^ 
etm+i locom; elici^ inde integrale C—J^ det^minatnm per 

^J j ^ ^a^lx-i ^ V^^ ^^ Ii^ hac fbrmuia fucceifive ponas p^2, pS3, 

P=4f p5=n> obtineUs^ ut fequitur, integrale ^^^^^^v^ pro qui- 

buslibit numeris integris pofitivls m» n perfefte determinatumi ob 
(266.267.$.). 



/i 



x"gx x'"'^' ^ (m~(2n— j^x"»*' 

(»+y X*)" ~(n— i)2«(«+yx*)«- « . (n— i)(n-2) (2«)»(«+yx*)'^ 
( m— (2n — 3 )(tn — (2n — 5))x«^-»-« ^ 
"*■ (n — i)(n — 2)(n — 3)(2i)' (« + y x»)""" ' ' "^ * * 

+ -C - - - - ^ 

+ (ar^(2n— 3))(in— 2n — 5 ) (m— 3)x"^' 

. (n— i)(n — 2) i.2.l.(2«)n-»(« + yx*) 

^ (rn — (2n — 3))(m — (2n — 5-) 0^~O rx^cx 

+ (n— .i)(n~2) . - - •# 3.?.i,(2«)"-»^ <»+yx^ * 

269. Froblcma* . . . •> 

Intfgran txptmentis differentiaUs -^, -^^ f^o faibustibii m- 

itUegris pefitivis Vp n. 

2 - Solutio. 



A08 CAPUT Ht. 

' Solutio. 
Pro — m loco m id (265. $. I.) inwnMar lcfiMt'ifimiilhr(l)^ fi 



aotem in (26i| $• III.^ poBstdr — p locopt et aisoi; .reperietur fe* 
qoens formala (II). lam vero ope fecandte fbmolae detemanabitar intei- 

graie /-^^, fi inilla ponatofE' facceffive p^3»p=:3f prs^yr— '^p^^iif 
iaeegralitqae "^'^^^J^^fJ^^ ' -^^" ' ®^' ^ (356-263. J.) 



guaerantar. Et ope primae formnlae determinabitnr infaigrale / " ^ fi 
^pe fecendae qoaeta t nr H^* liacqae ipfii operadone definiatnr qnoqoe 
J—^j deinde in formnla prima pro psn fiat ibcceflive msi, mszrs^ 
in=3, m5=:4» - • - m~r — I. 
1 r <x _ —I ^(p+m— OAx y(2p+m—2) r gx 

„ r*x 1 I./I1.4. JL/liiL.. 

*VT3[r = a-lp-i)XP-' 2«-/XP T^ «-^xXP-» 

«70. Coroliarium i. 

Pofitain (269.$. I) /8=0, p=i, tam fucceflive msi,.mS3| 
fBt=5, •- * m=:2r — i; obtiRebitur feqoena int^rale pro qoovii na* 
fliero pofitivo pari 2r per integrale joxU (252. $.) aflignabiie perfeAe 
determiDatam. 

/ " , — ^ —l : I - y y* - 

Jx*'(e+yx*) (2r— i)«x"-« ^Car— 3)«*x*'^^ (3r— 5)«3x«-J 



cx 



^ ««^ •/e+yx* "*" ^ 



I • e'« X 
271. Ceroilarinm 2. 
Com pro b=o, a:=4r, +cs=t in »5«. S) prodeat /", " — rr 

^'V ^^K (V^a+^^YX^) ) ' ^ '" ^^^ S. 10 ponator ^3=0, p:=:i. 



tom 



tam faeetBive m=£d,n~4, tps^, fl|ic=8; - •>» tntsar; dttermtt»- ~ 
luCarTec^^ei» ij^temle pro jpiMns 9a^o pofidro iiiipari ar+ 

f '« — ■—I . ' I' T , '• y* ' 

^ »7«. Corollirium 3. 

, <^grilo^ Mtem, intygntfi y^ J*^! - j^^ pfp *giiooimqae «imero inte* 
Cropolitivo m, ptri aatimpari, iorjo. 371. $.); determinabitor integrale 
y ^m/j^V ajn P"> quovis alio numero integro pofitivo n, fi — m looo m 
lH)naturin(268. §.): eciteniin , 

y x^C^+xy*)» (n— i)o«x»-»(«+y]i*Jp -« » (n— i)(n— 3X2«)**"'"' («+yx*5^ 

^ Cm+(2n— 3))Cm+(2n— s)) V ... ' 

(n— iXn— 3)(q— ^^^.^«^'^«-'(a+yx*)'»-' ^ 

+ -•----•— + •- '- -t - 

0+ (m+(an-3))(m+(an-5)) - - - - (#+3) 

^ - ., , (n— i)(n— 3) - - - - 3.3.i.(3«)°-'x«-'(«+yx*) 

. (m+(3n— 3))(in+(3n— 5)) (m+t)f ex - . 

(n— iXn— 2; 3.3.i.<3«)»"*^ x"(a+T3t*) 

S73« Problema. 

k ' ^ 

iomprfhii^os] qwidjmdjku txpmmits k, e^ madojii p miiifhis m/rgir «#£#* 
thms, tt -^ mimtms mUgtr, fofitiws tmi ntgaihms. 



SoIbIio. 

adeoque habebimoi 

03 - •J 



-2. -1- r -^ -I 

fiatzsx^; eritxcz»; x*=z«} exS — ^ • ez: 



110 € MP U T iP^: 



kU-r 



•y— (•+/3x«+rx«;«' "" e («+/8*+Ta*># 

k+t 

Cam igitar (It p nnmeros bt^er pofitivas» 'et --^ 

ger pofitivof vel negativus; poterit integratio per C^5« 269. $.) oami 
cafu perfici. 

Scholion. 

Secondam haec' principit cpmmodiinme ptrficietar integratio omniom 
exponeotiom differentialiom fraftonim et rationaliom formola generali 

(A+Bx>+Cx'>+Dx^ + +QxP)gx 

comprebenfornm 9 qoidqoid fint nomeri integrt a9b>c»---pie»rt modo 
X aot fit fifflplex» aot qoadratica fon^tio, pota X=ft+)9x9 tot 
Xc=:«+rx^ v«l X— «+^x+nfx». Cute enim^debeat eflTe 

A«x , Bx»"'«x I Cx*»-««x , , QxP''««« 

fingolaeqoe partea hojoi exponentia diflerentialia» pro ttomeris integrii' 

g^ a — 8» b — 89 p — i, tam pofitivis qoam negativia; ope praeco- 

dentiom formolarom Acile pofllnt integrari; poterit eo ipfo etiam integrale 
y ope earondep formolarom perfefte determinari (242. §.). Inter omnes 
tlioi exponentet rationalea} fi^aftot maxime memorabilet font, qoi formolt 

generali r ' v . pvp pro n>2 comprehendentor: integralit ipforom pec- 

fefte poffont determinari» eadem fere ratione, qoafiiperidi integralit 
ejoamodi exponentiom differentitlium pro ncs determinavunos (1264, 
266. 267. 268. vjo. 271. 272. %,) Prios ttmen» qatm btec expoittiitorp 
methodom genertlem integrtndi omnet exponentes differentitlei finftos 
et rttiontles ptocii tttingemos. 

274. Problemt. 
Datii faSoribu$ fimpUeilms ftrmoi p+qx, H quMdratids Jifrmoi 
«+)3x+yx*, ifi quosfmmSw kUigra ratiomalis JXlfit nfoMriRs^ imimri 

itttigrati ixpouintii diffenntialii^fraSi et ratioaalii -t^« . 

Solotio. 






Solotio. 
"y- cBet ' frftftio impropria» poflfet et' fefolvi In dau partes 
.F«x> 7-----,rDiflAiun foQftionem integram F«x et aliqoam fraftioDem 

propriam.2^ (lo. iiVS). efletque/^===/F. x +/^^§0: 

qoare, cum integrale yF«x pro qoavia pofTibili ftiDftioDe integra et ra- 
tionali F variabilis x per (250. 251.) facile determinetor, patet, totum 
oegdtiom eo demliim redoci» ot oftendator, qoo modo integratio cujoi- 

libet fraftionis genoinae -rj- , qoalem idcirco — ^* effe fupponemof, 

poifit perfici. 

(/ . Cum, per hjrpotliefio» nofcantnr omnes faftores fimplicen» a^t 
qqadratii:!, vcl fimpiicea et qoadratici» in qooa denominator N eft re(bla^ 

bilia ; refolvator exponena differentialis —rr in finftiones partiales— r— » 

(A;+Bx)sx, Asx CA + Bx)«x - ,. /•. 

—^Ta^' r-T — T7» f \ J / aNn f qoarum fumma acqoalis fit 
«+78x+yx* (p + qx)»» (« + /8x + y x*)»*' ^ ^ 

eidem exponenti -7r--> qood per praecepta ^tH capitis omni caKi pote^ 
rit praeftari : deinde integrfotor fingolae fraftiones feorfim fecondum prin* 
dpia fuperius ftabilita; fumma enim integraliom omniom firaftionanidabit 

M«x 
integrale exponentit differentialis -rp • 

275. Problema. 

iS& funSHo a + b x« imtegra ratianatis cott^Bfita ix faSare fimptici 

c— fx, qaadraHco d* — c*x*, ct ptmribuM alUs faSoribus quadraticis^ qtd 

ommsfqrmfUd giutraH p*— 2pqxCof (p +q*x* comprthsndantur , ita ut 

fingufos iuds ordins dirivars Sciatf fi loco arcns indetirmiuati (p arti ar- 

aiik, 1» s fucciffivi fubftituautur: ixUbirs iuUgrals pirfiOum 

ixpouutis ratiouais -^-7^ • 

Solatio« 
1. Una firaftionam psrtialiom, in qoas exponens , ^ ^ poteft r«- 

fclvi, feqoitor io (1) ob (226. $.)-, alttra io (II) ob (22fr S)i «mnes vero 

reliquae 
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reGqme, ob (334. $.), coaprAeatetar tn (IIO* Utlit mbms indeor. 
fiae fiat pcoditanf , fi loco arcm indetenninati ^ cetti aitiw k, ],.''. . ■% 
fiwoeffiTo fobftitaMMac. 



L 



■•s,e— fx} nbe»-»-« e— fx 



"• -^— -*i4»— e»x»>* nbd"---** d»— c»x» 



p. 3P'^' CPCofm#~q»Cef(«-f i>p)«x , 
n*.i" * p* — apqxCof^+q»x» 

3. laa vfTO intcpalc expooends differentialia (0 feqoitor in (IV) 
pcr .341. ^$- $-}: iotagnle aatem enponentia (II) feqaitor in (V) per 
(•41. 34S. 353. S> Pon* fi' 

at=p*; b=:— apqCof(p; e=sq»; 
A=pCorm9; B=— qCof(«+i)fs 
«rit 3Ac— Bb=3pq»(Cofm^—Cof(m+i)^.Cof^)=a 

= 3 pq> (Corm^— (Cofnif— Sn (m+ O^.Sin^); 
|4e sAc— Bb=3pq»Sin(m+O^.Sio9. 

/C4ac— b»)=apq/(i— Cof^)=3pqSin^. 

Qmr» fi boa Tatorca in (355. $.) fabfiitiiu, tom totnn in J*^ 
doc««. obtinebia intcgrale cxponcotia differenttalia (III), «t feqoitot 
ia vVl\ 

coofeqoentcr 

•«-m-t ^ ^ . A nnm. -par 

»---. 0«(t(l-««)+lW+««>)i««* •* »-'»,ri ta^. 
Vl.^",:;,(.S..(.+ .)fArcT»ga^S^ 
— CofC«+l)^. l(p*-3pqxCof^q»x»)). 

3. Ok 



CAPVT IK ' 115 - 

«3. Ob (1) conftibh ergo iotegnle ditl eipoDentb differeDtmlis 

~ -^—^ ex (IV), (V), et omoiboe int^rralibu^^ qme cx (VI) peflimt 

derivari > fi loeo (f ii detenniniti arcoe k , 1» - - - s /occeffiTe foliftittitB* 
tor» pro qoibos loco (p robftitatis ex fkftore p^ — 2pqxCor(p+q^x^ om^es 
\ fiidiores qoidratici fooftionis a+bx"' vi propofiti problematis eliciobtor* 

976. Corollarium i. 
Foo6tio iotegra ratieBalis g4( ^*^ cpmpofita eft ex fiiftoribos qoadca- 

ticis, qo^ ex g tt — 2g « x Cof ^ ^^ » + x* ordioe elicientor, fi 

Ibcceffive.fiat k:=o,kc=:i» k=3,k;=:39 et ficporroofqoe ks=:in — ly 

^ Tel kcr-' ^ ioclofive, proot eft n par vel impar nomeros, ita tamei^ 

y 

nt hoc altero cafu iila fiinftio adboc onom fiiftorem fimplicem g ^ + i,bM>» 
beat (232. §.) j qoodfi ergo in (275. §• IV. VI.) ponas ec=g n , (=— i, 

b==i, *s=gf ps=g^ f q=i, <P = ^^ — ^^--^«'> obtinebis feqoenles 

\ n 

fermolas, per qoas ititegrale eiqMineotis differentialis ,*- '■ perfefte de« 

gT* • 

terminatom eft: nimirom obtinebis illod pro nomero pari n ex formola(II)^ 
fi loco k terminos feriei o, i, 2, 3 - • • . ^n — i focceffive fiibfticoasi 
pro nomero aotem impaij n fumes integrale (I)» etboic addes integns» 

lia , qoae focceffiva fubftitotiooe terminorom feriei o, if s^ 3f 4f • - — -— -f 
loco k ex (D) poflbot eiici. ' 

Adhibito 
±tog(g"^+x) ^Sno + propari n,— m— i, ^ 



n.r 



Srmii et — pro impan n — m — 1« 

n gTT SbiilXli» 



rtiMmtm t. f a77« Co« 



• ng a 
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377* Coroliarium 9» 
Pofito msso ki (376. $•) obtintbit feqocDtei fbnmihi» ifttcgnilo 
«Bponeiitis diiFeFeiitkiiis*-^-^ pro qoolibet niNBeiid integfo pofitivo:» 
par, et ioipari n ea lege» quam in (276. ^) detem^iiairfmiy eibibentea. 

Adbibito 
, ±log(RHx) fiKno + pro .p«i n- 1, 

ng «» . 



n V n yy Dg «^ 

a^g. Corollarium 3» 
Qaodfi aQttm ponaa — m loco m in (276. S.)f prodibunt 10- 
de requeotea formolae, mtegrale perfeftum expooentia differeDtiaiia 

■ *^^ -^ pro qnibBslibet nomeria integni et pofitivia m» n ea legca 

qoam in (976» $.) ei^ofiiimoit eyhibentea, 

Adhibito 
+ foRrR-5-+x> figoo + pro pari n+m-l, 
I- ^-^^ET— «t - pro impari n+m-.i. 

nft n 

V " gnSin^ — —^% 

n 

n v n ^^ Dg r~ 

279. Coroilarium 4. 
Funftio Integra et rationalia g— x" fic eft compofita ex fiiftoribna» 
«t fxprcflTio g^n"— dgi^xCofiliLr+x* fingaloi ejns ladores qaadraUcoa 

dare 
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dire 4ebeit» fi ifi Ula rocceflive fitt ks=i, k:=:drk!=:3^ et fic porro 
^ Qfqoe k^^in-^i) vel k:= ** , proot eft n par vel impar nQmerafl^ 

itft tamen, ot ad illos praeterea fii^or g~~x* caro QQmeri parii h, vel 
ftftor fimpiex g b~ — x cafa numeri imparis n deieat accedere (333. SO* 

quare fi in (»75. §• IV. VvVL) ponaa e=d=:p=:g u , qsr:c=f, =: i, 

dk * « ' 

a:=g, b= — I» (p=^ir:, prodibont inde reqoentes formola^ qoae in- 

tegrale exponentis differentialia ^ pro qaovia alio QQmero integro m 

bac lege compleftantoi^ Si n e(t nameroa par; famatur tntcgrale (II), el. 
qoe addaotar oninia integraiiar qaae faceefliv» fabftttotione terminonim fe- 
riei ii 2, 3, 4,- - - ^n — i Ioqo k.ex (UI) pofliint derivari: fi vero n 
eft nameraa impar; fametidum eftiiitegrale(I), cni addi debent oa^qia in- 
tegralia', quae faccefiva fubftitutione terminoram feriei l| ii 39 4» - * - - 

■ ■ loco k ex (III) poflimt elicL ' 



T ~l0g(g " — x) 
*• n^nT-,' • 

ng o 



^(fliibito 



- r _ -*• figno + pro pari n— m, 



ng " 



-l-_ 3k 






g^ siii^*'' 



n 



Bg » 



«Cof<2±5^\r.l (g-^-2g^xCof^r+xO)- 
1 n- X n^ - ^^. 

•^ / 380. CoroIIariunr 5» 

Pro m£=:o prodibont hinc tfe^dentte formulaet integrale exponentia 

diffimkiili^ 'j^;;^ eademprotrafe lege (279^ $9 i^mptefteneei. 

Pa L 
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l — * _ 

I ^ - «k^ ■ 

^ *■' o-i ^ ■— A et — pro inptri ^ 

iig a 

adi. CoroIIarium 6. 
Et pro — m loco m obtineUmos tx (379.$') fc^uentw fBrmrfM, 
, qwe eMem lege (379. %.) exhibent perftftnm integnde exponentis diffe- 

rentialia '^»^^^^„y pro ^oibnslibet anmeris integris tt pofitivis m,n. 

I ~" 'O g(K ** — «) 

. ' """t m - t . - • 

■K ■ 

Aiihibfto 



+m. 



n. — ^^ u.t./n "'^ --^ «t - pnr impsri n 

ng--« , . 

ii^C-.an(=:^,.^T«,!Z!lf!^ 

g ■ Sin V* 

+ C6f j^T. 1 Tg n ^ag-S- .X Cof~»+x')y~TOr • 

• '-/ng a 

aSa. Pi:obi«iuc ': <'- ^ 

/•l«rarf «gwMXMn ^#r«iii«eto», x»«(«+bx")P ^ pMusim 
♦w ixfoMHtUm n,n,p,iaugristt/hau, modoJU 2±i »««,„» Ai/«. 
«w foJUkmt, n 

Sotbtio. 



(z— a)» tjtfg'^») " > 

S»«s=«+bx*j eritx = - jr^""^ T^ 

• ' ii n nb "^ ' 

fio^-valoiikQi, pofito SXica^, ifiet 

■»*» , . ^-t 

»-«(«+bx»)P« i-;sj7^ =. ^ ^» 

-• ■ iib~ •■^ • ■ • ■ . 

. ExpUMtarjim (g-iO»" P« ftrtem (5*80» *MhI». *Pft^«* 
•ibof tennini* k» «'•«, qi»er«t|ir integrale per (a^ SO* •« <le«a» 

'mildplicct» id per —5} («41. &)^ feftiti»tiirqoe telof ♦•riebili. »} 
•bdoebitiir pro qoacfito iotegnJi fe^iien» ezpreffio. 

• ' " 1 (»-0 (»—«)*» ' («+"bx°)'^»-* 
;••'*■ I . a * p+^— » 

• «P—i)«^—a) (»—?)** (e+bx»)p*»-» 
- :: r . a . i ' P+<P— J 

. . "ff-.i Y<l)-ay(^~0--(»-r)a^ . (e+bg^gir^+r^ 

ihti^teminueft indeteminiita» indide r, ex q«o fingi* termai, 
poftprianmocdinefcqveatee» eHnieirtnr, fi fccceflife fiet f==i^ J=3, 
r^3,r==^4i «t «c'porro. Unde perii«ooam.ft, qood, conifatifij-I 

pcr bypotfiefin fit nnmeroe iat^ pt^tiTOS , nM id rs=^ deventom feeri^ 
termiBn idtidiiw, ob ^— rk£:o, ftitorMfit»*^n»lli niUbt btegmle de- 

temunairftar.ergo per terminoa nomefo ^^ — j— Porro fieil poteft, 

ot, priafqiBm abrampetBr ieritf, e?»d«t f=^+p: >oc ctfo erit 

F3 P+* 
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p^(p^rr±p» et temiinof genenlis dibit ^— ^- —^ cojoi loco fomi 

debebit log (i+bx») ob (246. §.). 

383. Probiemt. 
LUigran ixfimentim diffirintiMlim x^sxitL+hr^y frofuifmiamfM 

tmmirii m, n, pi «0*/* — ^+JP «w»'^ imtegir mgatwui. 

Solatio. 
Cam fit X» « X (•+ bx") p=x »+» P.«(tt"'" +b>?; ponitur in (282. §.) 
iii+dp loco m , — n loco n, a loco b, b loea »» et ex^^+b s= -^i^:^ — 
loco e+bx« obtinebitor feqoens ferief. 

(/'a+bxl^^P + ^P l^a+bx»SP+y« 
V^ X» y , (^— Ob V x» J 
^^ +—7— p+(p-l 

/ »+bx" \P+»-^ 
C»— i)((p— 2^b^ V E° / 
/" I • a p+(p— 2 

(ii+bx^y+*-» 
. X" / . 

' I .3.3 P + <P— 3 

--/•-- + -'•• 

( a-fbx°\ P+^'" 
^ X»; 

~ J .2 -f": -•:,- — r ' P+t^ 

IH hic ^ooqne ferie terminoioMalllli iodeteniifflli^ eft, qiii^fiii|ia 
los teroiinf^»} poftp^iwon^ reqaentes» ordinet dabit, & in ilio fiat fiic^^ 
fite r 5= I , r?=:2, r:= 3, r=4, et ita porro. Com ?ero, per bypothefirtp 

^JuL +p. fit naa^cas uiUgfa:;,nesttivas9, adeoqoe 4> Integer pafidvai; 
cefie eftf ot» obi faerit rt=:<p, ob (p — rso, terminos oltimus leaii^ 
itthilo; conftaJ)it ergo inte^le terminis nomero ^ss — ^$r"' 



l^xPN-P+^-^. 

x° / ^ )+C; 




"'^ 



Deiode evenfet foM* Qt, ftntegtnmfiat rr=:(p, evtdit f£=4i+P* proqoa 
valpre coDtioebit trrmiaiN «ktfm» e^^reffioneiii -^ -"^-^f ^^ deno- 

284- PToi^Iems* 

ONi^ fiiMimi mtigris pofiihis m^n; imfeniri nUigralia J , J b p » 

X+*b )^)P ^T x»" (Z+bx^jP '^'^ «^*'* •**^ •^^*^'' ^ '^-'"*^ P ^'' 

Solotio. 
PoDitar in(25&.S) «=«f T5=b, qs=n, ^9=0, hinc X=a+bx«, 
^einde p= — k, et m+ 1 loco m, obtinebitor ex (26aS,) pro hlt viloribue 
(egQene formala (I). Qaodfi jim in bac formoU focceffive fiat k=2y 
k=3, ks=4f - - - kE=p; prodtbit iode integjrile QX)\ et ex hoc fe* 
9uaDtor> promt=:o, et — m locb m^ integjrilit (III) (IV.). 

r f^^^ — " x"-^'^ ' nCk— i)— (m+O f x"gx 
. V^a+bx^^^^mK^k-^X^+k^*"/"* ni(k— i) J(a+bx«)»^'** 

n A"" ^/ ^ ' p(p— 0— (m+i) 

^(•+bx»jP V(p--i jDa(a+bx")P ■"' '*"(p— iXp— 3)(i»)»(t+bx»; p ' * 

(p (p— t)— <m + 1)) (n (p— 2) — (m + 1)) 
f(p-,)(p_2)cp_3)(„,)»(,+bx")p-» 

(B(p— I)— (m+ i»(nfp--3)— (m+i))(p (p-^)—(n»+')> 
t"(p_,)(p_3; (p_3j ^p_^) (na)* («+bx°)P-* 

+ -.- 

, (n(p— 1)— (m+i))fn(p— 3)— (m+i))-r-(n.a-(ni+i))V B.^t 

^CP— i)(p— 3) - 3'2-lnty'(fi+^)J 

(n(p— i)-<m+i)Xp(p~3)— (m+i))— (n.T-(m+i ») /' ^»"»» 
"*"(P^i)(p— 3) ------ 3.a.i.Cn«)P-*-/»+bx»" 

m j T *^ — * . (np— n-i)x ___, 

V (*+l>x°;P (P— OBiCH-hx-JP-^fd^-iXp— aXnaA^+b»")'"* 



^* .* ^ -' .^ (np — o«^i)Cpp — an — iXnp — 3n — ijx 

^"^ j Hi) ^-i;^-: ']jTr^.' xi?u-> ^iViJT. T^A 5 »^'j 

+(p— 0(p— a) ,#.a.(n«K"'(a+bx«> i/. 

-- *(ft— OCP— a) • - - ^ - - 3.a*i^^(at)P-*^«+bV 

n(p— O+m-^l \j '• '-, 

+ (p— 0(P— a)(oa)*(a+bx»)P-» 

', (n(p— O + ro— 0(n(p— a)+m~0 

+(p_ 0>-5)(P-3)(nOU*+bx")P-' 

(n(p— 0+m— 0(n(p— a) + m — 0(nCP— 3)+«— 
+ (p_ I) (p_a; (p_^j^_4) (na)4 (a+bx«)P-* 

+ - 

fn(p— 0+m~0(n(P— a>+ni— — (P-^+in— O n l 
^ (P— 0(P— 0(P— 3) - - -3 .3.(na)P-'C*+bx«X/x«» - * 
. (nCP— 0+m— OCnCp— ^>Hp— O — (n.i+m— 0/^ gx ^ 
^*" (P— «)(P— 3) 3 . 3 . I . (na) P-' %/x'"(a+bx«/ 

d.85. Probicma. 

iiOigrmn txpmunin d^irmtiaks fraUot ^ "^^ , — ^""^,., , 

»x gX x^ax ax . 

x«(a + bxn)* (a+bxn)*i ' (a + bx")<i ' x«*»(»+bx»)^ ' '^^ V^tkm^ 
cunqmi mumiris mtigris it pofitivis m, n, q. 

Solutio. * 

I. Pro n=3 habentnr integraUa in (26+ 366. 367« 2^. 270. 271. 

373. §•)• 'Qaodfi antemfit n >2f dirpiciatnr ante omnia, annon fit ^^^ 

n 

"* « 4- bx° * <»-t-b»°j<» ■""**"■ iateger pofitivus, qao cafu qoaerantar 

int»< 



CAPUT IV. itt 

iiiteKnlitpir(a8a.S->> P«ft»P==— 0»p(»priaie» •kpas— 4 pro^*. 

condo ezpoiieacc. Porfo videitwr, naoii fit — -^ — in JITJTJT^ » 

r^ — r- noiBanw intenr pofiCtvot: hec eniai cafit iBtesrabonlar 

iil exponmtes cooiniodiflime per (s83> V^ 

a. Abrendln» fite eondirioDiba» C^) qaacrtntor wtegn^ hae ratibae. 
Si eft b:=±b} iovente» int^alie 

y-» ,x I /* «x /^x—^ax jr_ /* x^^tx 

a+bx»^ »»«' I.J.». '«^ *+bx» "" ^J ±^^, 

per (976 -* - 38i$0' inventis aotem iftia, detennioabi» iBtegralie 
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C A P U T V. 

. . D E 

INTE6RATT0NE E^PONENTIUM IRRATIONiU 
' ' LIUM, FORMAE GENEJlAUSf. 



a86. Frobleina^ 
^lntfgrari txponeuta dfffiriutialis formuia gimrali ^(^JL^^+ciL^^i^ ' 

>AMicir#lSp#«/ilf. 



€Qmprihinfos 

Solutia 



Pro zs=x^c+/'(a+bx + cx*) obtinebitor feqaenf transfonnttio 
diti exponentis , fumco c com figao .+^ unde per (252. $.) elicietor 
ejttfl integrale (I). 

A bx -. <z 

/(» + bx+cx^) — * b+2z/c • 

Si vero ponai e = — i£i-"Il— -, cbtinebii feqoentem transfomaa-, 
/(4ac + b*; 

tionem ^i exponends diiTerentialis pro c com figno — ^ onde per (240. $1) 

reperietor ejui integraie (II> 

A»x A gz 

/^a+bx— cx*) ~/c * /Ci— z*) ' 

' «;/^W=l^ '("'+^'^'-^"-^'')+'' 

- r Afix A . ^ 2cx— b ^ ^ 

A - -, 2 cx— b • ^ 

= -^ArcT.ng a^,/,. + bx-cxO^^ 

»87. CorolUnum i. 
1>ro4>t=!«>, «t iU=:« i««rfii& proditouot fainc (2^6. $•) feqaentes for- 
«mIm iategrakft 

f Abx 
•'/(a+cx») 



CAPUT r^ ^j. 

/IjJ^li^ ^^=4- Arc Sin^i^ + C. 

3g8< Corpliarium a. 
. In (a(63. §. II.} ponatar q = i , obtineMtar inde /« x /"X 

ergo fiat «=« , i8=bt ?=±c, reperientur per (386. §•) fequentia in. 
tegralia. 

+ ^^^l(acx44>+a/c/(H-bx+cx*))+C. 
.. yV(H-I«-cx»}=:^iHlzb}i^-Zl£^ 

-L ^ >- ■- Arc Sin ■ v / « ul. + C 
~ 8c/c /i;4*c + b»)^ 

:_ (acx— b) /(a 4-bx— c x^) . . 

4c . 

j4ac4-b*. _, 2CX — b ,A 

i 8c/c Arc T.ng .^^/(a+bx-cxf; -^^- 

289. Coroliarium 3» 
Hine 'laten pro btao, et a«=:o feorfim obtinebontor feqaentes for- 
molae integralea. 

yix/(a+cx*)s=4x/(a+ci»)+ j^ l(x/c+/(a+ex»)) +a 
^x/(a-cx»);=:*x/(«-<x*)+~^ Arc Sin ^ + ^- 
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— i^ l(a^i+k+a/c/(te+cx*)) + C. 

/xW(»-c») =: ^^---»'> v;^';^-"*^ • 

290. CorolUrium 4. 
' ^,^r^^ — ' qqMBobwm p«r (ag?. S«) r^enortur feqoeif 

vC=±4— ^"0 

tet formabe int^nlM. 

/" A«x A , ^ aa+bx+a/t/CcxHbx+an 

•/x/(cx«+bx+»)— ^— /• V * y' 

A<x A . - _ ^a — bx , - - 

x/Ccx-+bx-a) =7*^'*^"''''x/(4.c+bO +^ 

=4- Arc T«g?J^ijfe^iil2)+ C 
^a * 2a — bx 

391. CoroIIaTium 5. 

Et liiQC, pro labt c:=o feorfim, floont feqaeDtcs rormnlae Me- 
Snles. 

x/(cx* — •) y» x/c 

/1-Al* »^r A , /- aa+bx+a/a/(bx+iy \ 
N/(bx+aJ^^-77^V. X / 

y "^ Ag x __^ , A • ^ ^ aa— bx 

x/<bx~,) -c+7^^^^»g'.-7r"' 

893, CO- 
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dj^a. CerolUrimn 6. 



X»6X 

bxi:» 



Ekpropter; fi intcgrale «igebrMctim pnmM partic capiatnr pcr 
(341. 348. §>)f «t pan altera integretar pcr (391. §.) • prodiboat teqvtaf 
tia integralia. 



JbTTi - — -^ b7b » C ^irWJin J^^* : 

/r^* = •^— i^ ArcCofini=:^+a 



^ ~ b 

993. Problema. 



IiUijgran €xp<m€ntis iifftnntialis sx/XS 7^» —^ — » ■ ^vr 



jNrD quovU nmuro integro mipari st pqfitivo k, it quolibet 

Solutia 
Pomtar in (a6a. §. 11.) q8= + 3; invenictnr fequen» rormula (0 <* 
(11). Porro fiatin (261. §. III.) inc=o «t p— +§; obtinebitur fequcn* 
formola (lU) et (IV> Cum pro n^3 para fecunda primae formulae fiat 

•Mqiialis aibiloi erit int^;rale cxponcnds diffemidalia -4^^ pro quovii 

numero impari pofidvo k >i pcrfefte algebrakum, licet id pro \S^V Ct 
logarithmicum, aut triganomctricpm (286. £.): invenietar v;ero illud 
ope formulac (I), fi inhacfiat facceflive nt=3, 11=5, 115=7 --•n:=k. 
Secunda autem ibrmulat fiineaponatur rocceffive 11=: I » iis=39 d=5* 
• - - n$=ifc— «, daWt inlcgraleTixi/X' pro quovis iramero impari pofidva 
11 depeodentmr m ooto iotegnii /s /X (288- S^)* Pari ratione, £ fi«t 
BSz — 1, n;=:T9 n^S* nrs^. - - j^ u = i — 3, invenictor integralc 

J' ^^ opc t?rdj£e fbrBndac ydependenter db qi^ . intcgratibn 

y4^. /t7" ^^8^' ^9^ S-)* Torm^^* quirti demopi daibit iflli^ate 

« 3 . «H»- 
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exponcntU J^y^ dependenter a notifl-integrtHbaf ^. ■ . (290.$% 

7l0' J^ *^^'* ff fucceiUve fiat iis=3, tts=5, n!=7, -.-n=k. 
I /11.— a rayx + ^) I 4yfr-^>> /• .^x .,.. 

TV /*x f _£_ rax ; ; | r «x 

' y,x/ A" ^ tn^) «/X»-* 2 « ^/X*T" T^^^x/X*-* * 

294. Problema. 
Integrart txponMes difftnntiates x^fix/^X, 7^* ^\ » •^7=7» 
pr^ fiiat;» trinomio X^a+jSx+yx', ^f ^iwii MMvmi imttgro pofuivo r. 

Solutio^ 

Pone pt=:^ tn (261. §. I.)» obtinebis feqnentem fonnaUin(I); binc 

juitem pro — m loco m elicies formalam (11). Porro fiat in (261. §. I.) 

p= — i; prodibit inde fequeni formula GH)» et ex hac formuia (IV) 

pro — m loco tn. Ope harum formularum facile jam reducentur quae- 

fita intcgralia ad integralia/ax/X, A^r— ,y— ^^, qaae in (288- 286. 

290. S) perfefte determinavjmusy et Integrale /^^^^5t — pwX293.S-ni.) 
pro npz — I determinabile. 

II r€x/X _ _ /X^ y(m— 4) />£)^/X j8(2m— 5) ^sx/X 

III /llllllfii x"^ /X ^ mat /^x"""' sx ^ j3(2m+i) y^xn^gx ^ ^ 

'/ V^ ~ y(m+0 rvUi+i)/ ' /X "* ay m+l^y /X 

IV r ^^ — - /X /3(2m— 3) r sx y(m — 2) ^x 

J x»«/X ~(m— Oc*»,»»*'"*'**^^— i^i^^x'"-'/^ . C«tt— Ovx'"-*/^' 

395. Pro- 
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^ ' .*95* Probleraa, ' ■ 

Integrart exponnUi JifereuiiaUt x«sx/XS K^- , -^JL. » VbO^ 

fro quovis trinomio ft+/3x+yx^=X9 it qmbusiibit nnmeris iutigrispofi^ 
iivis r y impi^ibHsqui k._ ', 

In (261. S« I)' fiat Pt=$» nafcetur fequcM formuli (I)> et (!V) pro 
— m logo m. Porropto — a loco n in (0 obtinebitur formula (II), et 
(UI) fi fumatar etiam — m loco m. Denique in (261. §. III.) iiat p=— 5, 
et m=n— i; elicteturinde fequens fermnh (V). Quamobrem ^ kvento 
integrali/fiit/JC* per fr93- S-9» determinabis /K^aif /X'' ope prinwe for- 
nittlae, fi pro n;=k fucceilive ponas m:=o, m:=i, m=r2, m=3, 

fi«=:r — I ; «aptis autem mtegralibusyyr^ , j ^y . per (293. §.) , iu- 

venies integrale y-j-p^rr^ ope tertiae formulae^ fiin illa pro n=:k fuc- 
ceffiye ponas m=i, m~2, ^=23,-. — m=:r — !• Porro determi- 
natls integralibus/fix/^X^.y-^^^^^^ — per (293. SO inveniea eadem rn- 
^ione integrale y ^ ope qnartae formulae. Quod auten ad integra- 

x' fi X 

tionem exponentia differentialis -—^ addnet; difpiciatar,'an fit r<k — f, 

quo cafu invenietur ejus integrale ope folius fecundae formulae, fi in hac 

pro n;=k fucceffive ponatur m=:o, m=:i, m=:2, m;=:3, 

m;=r — i : onde fimul conftat, integrale boc futurum perfede algebraicum, 

^ependena ab integrali algebraico A^^ per (293. §.) determinabilL Quod- 

fi autem fuerit rE=k — i, vel r>k — 1, debebit formu?a (11} cum (V) 
conjungif ita ut ope formulae (V) ea integralia definiantur , quae formula 
(II) exiftente m=:n— 2 dare nequiverit^ integralia autem, quibus in adr 
plicatione formnlae (V) opus fueri^ ope formulae (II) determinentur. 

^ r(»+?+«n; !yV'+2+m;y ^ 

^Cn+2— 2m> r ^^^ 
2y(n+2+m>/ ^ 
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^J^^TW^ — y Cm+a— n) /X^* tCm+a— d)/ TST" 

_ j3(gtii-fa— ft) /"x»gx 

TCna+n— a) /^ •« 
"" m» A^-Vlt* ^ 

/WJPL /X"^* t y(n+a— ih) ra»/"X« 

IV. y ^„^4 m«xP" * moi / x"»""* 

y /3(D+a— am) rcx/X* 
"*" am« y x« 

/ x^^gx^ ax»"» _2oc rxT^gx a / »x"^<K 
7x-^n3(.«»— a;/X«-* A/ /X» ^n— a)//X«^-* 

396» CoroIUrium. 
Pro zt=x^ traoiformibitar exponens difTerentialis x^^cxC^+^x^ 
+ yx**^;*in— . 2k "*.€z/(«+^z + yz*)^r omnes igitur expo- 
nentes difTerentiales illa formDlft comprehenQ perfefte erunt integrabiles, 
modo fit — — numeros integer, pofitivos vel negativBS* 

297. Problems» 
Dato inUgrali/x^-^UxCx+lix)^ wanMW/x^sxCa+^x)^ et dat§ 
hoc invenire /x«" « x(« + ^9 x)p + ». 

Solutio» 

Primum integrale^ ut feqoitur in (I), obtinebitur ex (261 . §. II.), 
pofito 7=:o. Quodfi porro idem ejus vabr fubftituatur 10 (261. §. IIF.), 
tum fcribatur m+ l loco m; prodibxt inde integrale (IL)> 

298-CO' 



y -»- -rr, , ij^- C orollari «ni f. , , , . 

lirainlt^ro -^p ia«,p.,*WJi/eqoeotem(II). 

999. CpcQllariom s. 

DttQ i9tenin.^4ry^ <>9^ S.)-Ae^tnio«b«ntnr feqiiMii.^latocn1l» 

jpro qooTis iMMnJiq»- wi ^ to To fi ^^y ^ etj^ooyii inipaii n, fi in (097, $« I^ 
pro pn=:— I ^tfooceflive 10^1» Bir:::^, mp:^, - - - - 01;=:^, et iii 
(398. S- 1^) iro iD=9 firt fiiccdDire p^s» F^3f » ^»4» — * 9^\* 

^x ax _ ax . a^x-» t a»*x ^ 

a«'x. • , ou^x % • 

•-^(5-z^+(irz5y> + 

3/3-r ^— 

11 

(•+/5x)i-V(^0«(«+/8x)*-« •(<l-iX<l-i>«V»+i8«>'-'* 

. Cn-aq+4)(n-aq+6) ........'_. 

•^a^q-:iK«i--2)Cq-3)»'(«+i8K)<-» 

. (n— flq+4yn-^q+6» ( j n-r-^yn-r»») % ■*■ 

^-a*»-» (q— .i)(q-ri-a)- - - j.a;i.^"i-\«+0x)V* • 

5 ^ (n— aq+4Xn— aq+6) (n^)n . /■■< « 

306. CorQllarium .jJ 
Pflf Idem* iategrale (393. $.) determinabontnr.qaoqaefeqnenU» int*> 
gnlia pro numeriii iatqjri» pofitivis ^ q* .fi in (a^g. $.) rumatar prioui 
.vmmti R foraia^ 



formola, el in et pro pss— x fiat foecd^Te «is= — i, ais=|, iiic=l, 
-^,.,t iVr^Sr^i» iK.fcsonda aateio foroiala 0jiudem;Spiii.|^a pissn— f 
fiiccefrive poDator p=2, p=3. P5=4» - - - P^tf ■-•■■■ 

^_ — ^ nrr+— ^ V i 

x'(«+i9x) (n— a)«x » (n— 4)«»x » 



V «. n-6 ■+" - - ,. - ^ * 

(n-^)«»x' 



•Tl-I ' B^t X ' B-».! X 

^iJ* 3:_»J_. :+ «+i/«+/9x • ' 

« a .X W « ■« *^ 

V / «« — / ^ ' I n+aq~4 

• /,«(«+/3x)'i~Vl"'^*+^''^'"^^''~"'^^^*^*'^''+'^*^"* 
» • ■ t (tf+aq— ^JCn + aq— 6) . 

'+3»{q— iXq-3Xq-3)«' «+y3*Lj'j-» "^ "" ' 

, (d+aq~4)(n+aq-^6) - - - (n+^^fh+g^ -S. l 
"r i»-.^(q— iXq— 3) - r - S-a^^^^^^w+^JOy^iJU» 
, , (n+aq— 4)Co+3q-^) — (n+4Xn+ a)n / «x 

• - ^-3-i-«.(4-i)(q-3).-.--3.3..'r^/^5(«^.^^)* 

301. CorollaTiam -4. 
D09 Kqnenti* integralia determinata peir/lnotam integrale 
j*«x/(«+y3x) (aSg. S) derivaboator ex (397. §.), fi in prima formola 
pro p=<i fiat jn=|i m=i, ... mc=§ — i,. et in.feconda fomoia 
ft=sh 9=i, p=|— iprom=i. 

/x «x/(«+y3x)=( _x -a xx » 

•'■"■ ^(11 + 3)^ («+3)(o+i)^ 

« , ii(n^3)«<». X » ^ 

"r(n+3)(n+i)(n— 1;/3» V '" 

. j|.«Co-aXB-4>- - ^•^""'^f ,\/(«+fa)^ 
(n+3Xn+iXn-0 " : " S-MV^ 
;p nrn^Xn-4)- - - ^^ «^' ^ ^T ^l ^Wx). , 
(n+aXo+iXn-O - — 8^~^ 



. q (a-a')«'/X«+i8x)'»"'* . 
*»■ Cil+q+2Xo'+q;(n+q— a)T * 

- > q<q-aXq 4) - - - 7-5>«^ ♦/(«-(•/3»» ^^,,^ 
TCn+^i+^Xn+qXn+q-^)— (D+7X»+5V 

•' (n+q+3)C«+q;Cn+q-2)-(n+7Xn+5/ "V («fW 
3oa. Corollariuin 5. ^ 

Ex (ii97'$« I) pfo ^5=— * et nie=l, nis:|, msl dni. 

' ▼Ibiter -fe^eoi priiBam.'iiitegftle p«r m>tom iategniiej '^ 

-; • • ' ' «V(«+^-x) 

(387* $•) p^^Ae <jetennimitafiij per id ipfam ve|-o determiotbitQr feqneiu 
fecahdam integrtle, -fi in (298, $.11.) pro m:=^ fia^pc=|, p=^,... 

y' * ^ ' X f X . , - B «x"!" , oCo?J^a)«*x~»" 
/(«+y3x)'7 \n+0^ ,(n+i)(nwi/?»T 



-i)/8» ~(n+i. (n— iXn-^3);3' 

+•- . -^ . .•-v. 



^ ,(n^aX,-4) , - - 5-3 «"''x* \ a/C«+^xr 
Cp+i)(n— OCn— }) 4 a./3-r -^ 

n+i . .^ 



^ a(n— 2)(B— 4^ 5-3I* » A 



(n+i),n— i)(n— 3) - - - 4*. 2 .^f x /(«+j8x) 
/ «**x A ^ I ' . ' ^ n — q+4 

/'C«+/3x;f ~ V(q— 2)«/(«+/3x)'»-» . . (4— a;cq— 4)«V(«+»8x>i-«~ 

(n— q+4)(n— q+6.^ 

' - t,(q-3)(q-4)Cq-6)«V(«+^»)'-* ■* 

.'; (n— q+4)("— q+6 ) Cn— i) \ • ^ ' 

X 5"^; lax» 

(9— 3)(q— 4) 3 • ' • «T. /C«+i8x/ 

y(i ^+4)(n— q+6) (n— r)(n+i) r .^%^^, 

(,_i)(q«.4> .,.,.. ;*,.t<*S'' ' **^-iX 



•»3i_. C APUT P, 

Erit ratetn heeiltierani integnte perfefte aljgebrftitfagi, 
• primo intq;rali» ^tietfiierit q=±n+4, vel q>n4-4> 

303. Corollarium 6. 

: Pet Hem integrale /■ • ** »-• notom ex (a^. $.) deterainu 

•^ x*/(«+/Jx) 
bontor qnoqne dnp feqneatia integraUa, fi in (397. $. tl.) pro mtr! — f 

(fiit pt=~4, ?=*, ps=i. P=J— U etu» («98. $. 1.) F» 

ys=| ponatnr m'r=:}, m:=l, - - - m=)— n 

3^4 -"V. q+I ''■(q+OCq-l) 
-|. q(q~-a->«V(«+j9xy»-'* . . . ii ;. . , . 

^(q+i)(q-i)(q-3) '^ 

. q(4 ->)(q-4) > - - <j.« « • /(««+^*) \ 1 , 

^(*f«%^«r-3) - - - - 4» -^ 

» «l(q-8)(r-4) ■ - • ^•^•'•^^'-/t^r/Ifl.)'' ' 
T^Cq+iXq-iXM)-- - 4-3 ^»V(«+^»> 

/ ct/(«+j8«V» / I , <q— n+4)j3 , 

a' Xn— a)«x"r (n— ay(n"— 4T«»x » 

( ^>q-n+4)(«t^n+6)^*^^ ^ ^ _ _ _ 

<n-- 9) (0— 4) (n— ^»», x"*^ 

^(T-^+4y<|-n+6) ■ . - ^'.?^^ V(«+^x)^^ 

(0— ^)(ii— 4) ••--•-3.1; nT* ^' X* 

CeCifirifiB* per ' 1i» fttet » hoc . tlternm iDtegnile AitQri» perfefte al|^* 
kakoflH indfpeiuleiii t primo lot^gnli, fi faerit nsq4-4 rel o > q-f 4. 

. 304. CorolItFittoi j. 

ExjifiemfemiiiBf (d97. %VL etd^S-S- 10 determimibQtitar per inteKrtle 
/^* • iit ." " 

T YU^fixS ^ (^>4') Mtoiil» frvwHift iBtegrtliai fi 10 priori for- 

- i molt 
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flinlt pfo m:=— 1 firt f-s^T^» |»?=Uf pp:ii, - - - pt=|-,i, et io po- 

/ » q * . "• r'q— a 

• • ' \ ^ ." H ; ^,; ;^ '"^ J*^(c} 4h y ' "- 

«/ X» . ^VCn— i)«x»-«~3(n— i)(n--a>».»»-** . 

. (qWgn.Jh4)Cq~an+6>j8* , 

. (^-an+^Xr^p,»^^.-: ('i~^^^'"f V(^ A^y,^» 
'. , /\ ; ~^»:-».(n-rlX»--3)- -.-3 3.i .»"-'. x/^ l«TP»/'r 
"» , > (q~^»n+^t^nrK)— Cq-^)qj3"-« /ix/C«-f /3x^ 1 
~a»-».(n— i)(n~3) - - - 3.a.i.«»-» ^ x 

305. Corolljrrinm S* 
Deniqne per dem-aatnB-integrtIe:(39K^.).determintbontar etitm 
r ftqa«Dtikiaiifl|Nlia» ilki (a^ft ^lt) pr»m=^l fiat^ai, ^ =1^, -. . 
p=#; et in (398. $.1.) pro pss— r} ponatnr m=:i» m=a, m£=3) 
*. - - in=n— 1. 

r «x __ . . a , . , • fl ■ 

' -+^q-^K/(*.+i8A)<i— + ' - - 

. ti ,. . > ."** aii yx/(«+;8x) * 

j T »« — / '-1 . (<H-a»~4);B 

■ -^• C<H-:tn^4)(q4-an~6)/B* j '''.•. ^ 

....... 9»(ii-:iKtt— a),,n--3)«3.x»-» T ^ - 

J- fq+fln->^V^n-0 (q4-a)/8*^ 1 _ 

"•"fl^-^Cn— lX«i— 3) 3.1«»-*.x //(w+^x^T^ 

^ {:^+9n— 4)(q+an— 6' (q+a)qj9"-^ /* «x 

^«•-«.(tt-j;(tt-a) — a,!.»"»-» Jx/(«+/3x)'» 
|l3 306.PW. 



i§4 " CAP.UT^n - ' 

506. PrdbUnri.""'. *'" ^— — -i '.. 

/x»«x(«+tx*}P+*. :." ■ '>•"-■*.':- '-' •■ • \' 

i .SoluHo* >:, V 

. Srimuio iQveoie^f fiia.(36l. $.1.) poMfjSCrAjL et m+t loeom: 
•Iterom vero obtinebis ex (361. j. III.) pofito fi^o, et m*f t loco m. 

307. CoroUarium !• ^ 
Si in primm fonftnla potiaettr — m locb mpel iA fecimda •— p loco p^ 
•' |M:odibQnjt incle fequebtes IbfmnGle..:::! '"■- r 

11 / ^"^x X"'''» ( m+j— 2p) /* x^gx ^ 

> VCaf+yx^^p^^a^p-T-iX^+tx*)?--*" . a«(p— •/(.«+yx*)**.'"'' 
^og, Corollariom 2.::' - •: - 1 
: Ex (306. $.) obtiiieiitiir feqoentia integralia; per integrale fix^m 
^ +ri*) ex(389.*$.) hotnm detentiinatiu 

^ ^ V,2n + a)y ^2n + 2)2nr* 

■ (211— ^ijran^B^^ft^x*^ ^ . + \,. .. 1 
• ' - - - I (2n4|2) 2B (an — 2) y'. . — ?• * 

j^C^i?-i)(2n-3) -■ >-5^^;"'>3^ r.^ . ^.x, 
/ ^■(2n+-2)2n(2n — 2) ^^^^6^^y^J V ^«1-^^ ^ 
-y (2nl-i)(gn~s)^.- ^.5.$.i.ac" P ^r^4.^x*^ 
+ Can+2)2nC2n-2) . . - 6.4. y«> Jsi^yTi^fyx ). 

An .r/ ., ■aNd_/'/(«+y^*)*« I q«/(«+yx*>"'* ' 

= , 41 (4-2 ) *^ /(«+r»*y"'* ^ , 



' (3n+q+I)>an+q— l)(.ai>fq— Ul ' 



' ' aii- ">; • "N 

1 q(q— 2)(q~4)--- 7-5.« * ./^g+ Yx')^ J j^„+, 

*. ^tao+q+i)(an+q— j; T.-rr {,ia^X2a+^j'^ 



t •'A 



CitPtrr JT.- - 1«. 



xq-« 



T(lS^Hi+,Xao+a-i) — ,,ap+6j(an+4) / * "* ^*f+** -^- 
'' Sog: Cdrollirluin s» •" , 
: & (3c6; S- L) et 007.-$. IL) elicieotor feqfeatia per integralie 
: //f' 4-^ ' ai») ^ ^^^^ ^'^ notiiudeterniinsta integralia. 

/ x »"«x V X* °"' (gn— i)«x*'»'"» 

4/7(«+y»*) "'^•^"•» .apCaii~?)r» \. . 

, (ao-^i)(3H-^3)«'.x'""» ^ •' ' . < 

- - . Tan^an— ?3f(an— 4)V» --- + --- 

" ^ (2n — i)(an^3) * - -'5>3tt'~'.x S ,. , , . 
^an(a-naj'> - - 6^. 4 . 2 • *■" " J V^<*+»» > 

- •. Vt^an-^y^-^n^),--^- - ^.3.i.«" /> ■ «x _ 
^aniiaiir— a) - - - 6.4. 3 .y» »'/'(«+yx») 



.? 



;>an r x*°ex ^ 

L;i7 /(« + YX*)* 



/»/^«.'v i,- (^ r,;.i -,' -^ ^"-q+3 

//(»+rx*)l ; • V(q— 3)i/;«+7x»/»-» (q— 3)(q— 4> V(«+rx»)i-* 

. (gn'^q + 3)(3.n— q + 5) * 

■ "'■(q-a)(q— 4)(q— fi^tV^^+rx»)-»-» 1---- 

. _ , . .i_ (3n — q+3)(3n'— q+5) C3n---2) 

±—^ : ^- 

, <q— %)(q— 4) r - - - 5 • 3 . I . « » /(«H-yx^ 
■ .U Cln— q + 3)(an— q+5) (3n — 3 

'(q— a)(q— 4) 5. 3 . 1 , « 

Hinc patet, fecundom integrale debere fieri perfede algebraicnm, 
krdependen* i^ primo, fi eft qcsan+j, ant q>3n+3. 

310. Corollarium 4. 
Porro ex (306. 307. §!> derlvari polTont feqoentia integralia, per inte* 
gnlia f* (891. 389. §.) nota perfefte determinau. 

"gx/(«+rx*)l __ /(«+YX«> '» . «/(«+Yx*)«>"« 

' S "■■■ q + q— 3 . . • 

. «Vf«+YX«)1-* . ' 

-r ' . q-4 + --- + ---, 

H-«^V(«+yx') . .aii 



/■^ 






, if(| ---ari-^?)<q— 'to^^'4)Y* I ' " 
"1" ao^an-^a) (ao —4)!»*, xMr 4"r 
. (q-^M^y9-^ni^);.(.)«a)yff V^ ^. ^, 
^a,.(3ii--»> -> - 4 . a . <i°.x» v^ ^"^'^-^ 
• . (q--*aii4a)0f^*lHi^)-^*(tt^)qy'/\r/g^ 
^aa(aii;;'-9X«ii-H^ - - - 4.a..»° J x ' 

' ' ". ^(q — a>«VCa4irx»)<-* ,- 

'T* (q+ixq— *Ai— j) **! * 

y ■" »»» "' V.Caa— ^•«^'•-•^(an— i) (an— 3)»".x*»-» 

I (q— an+3)Cq— an+5>r» , . 

T(an_ij (an— 3X36— 5>».x»»-»"r r • - - - 

. (q-an+3yq^^n+5) . - ^*^'^ Vc«+TX«»4* 
^(an^iXan— 3) 3 . i . •». x Jl ^"^ ^ 

, q-3p+3)Cq-3n+$— Cq-OCq+i)y /V .._ , ... 

+(an-i;(3n-3)1..3.i.«- ■ y««/(«+n')'. 



Erit aotem nltimain integrale perfeft» «Igebraicam, iodependeoa « 
tertio, fi ftjerit anP=q+3 vel an>q+3. 

311. CoroUartum f* 
Deniqne ex (306. 307. SO derivari poflont feqnendt integralta, ai 
intepiley ^^:;;;;|_^^^^ t:t (891.$.) Mbm rdata. 

/"^- «jt ];__:_ - - -v-i j_ !- I 

i7T«+T»*)''~Cq— 3)«/(»+T«^)'»'*'* "^ Cq--4)«*/(«+TX»/»-* 

. +(q-«)«VC«+>»*)'"' "^ 
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V 



< . (q+an— a)(q+an— 4V , ^ 

2n(ari— 2)(an^4;«^x*"""* *!*•'■' 

, (q+an— aX^+an--^) — (g+g^""^ i 

"*" an(2n— 2)(an— 4) 6.4.2.«". x v/(«+r x*)*i-» 

* . •- , (q+2o--2yq+an— 4)— (q+2)q r" r bh 

-^ anCan— raXan— 4) 6.4i2.ai°«/ x/Ca+r x*jt * 

312. Probleina* ' 

IwUgtwti ixpamim. d^irmUiaUm x"«x(a+b&")P, m pio p ift mh 
mirui iniigir mgativuSf atkruter vero, vil uterqui ixpamns m, n» fraBus 

Ha tamiUf ui "'^ ■ ' . oiquiiur aUcui /raSioui -^ diuomiuatoris 2. 

Solutio. 
Denotante q nomerom integram pofitivom, ponator ps — q; erit 
pro a— a.+bx'* 

X 4x(a+bx»)P^— ^^_— ^* ^j-^ 

nb «* 

Qoare» com per bypothefio fit "^ , adeoqoe etiam — ^^ ~ l 

certa fra6tio ±— denominatoria 2 ; poterit qoiTii iiDJoscemodi expo- 
neoi differentialia per (304. 305. $.) perfefte integrari. 

313. Problema.. 

lutigrari ixpmmtim irratiouatim x"fix(a+bx")', iu quoift — ^jj — 
aut uumirus iutigir negativuSf aut atiqua fraSio, pofitiva vst uigativa^ 

iiuominatoris a, fnlii idso SJlL^^ asqmtwr uumtro iutigro n^ativ^ 
(283. S). 

y^mm J, S Sol«« 
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Solutio. 
Prd zs/Ca+bx*^) tiifc 

nb n ■ , '.. 

Cam jtm u fit Diimeras integer, pofitivuf vcl negativDif et ■ » 

adeoqae etiam — ^^^ 1 vel nnmen» ioteger negativaSf vel aHqoa 

fraftio + — denominatoria 2; poterit hic expo^oeni omni cafo per 
(308. - • - -311. §.) perfefte integrari, 

314, Problema^ 
Integrari ixpomntm diffenniiaUm x««x(a+bx") ^ >>ro qnaamqmfira^ 

BioHi — dinominatoris ;t>2, iiia(/0 ^^ 51x1 nmnerus intigir n^ati' 
/*" ' . n . 

tniJ, att/ j numiruM intigir pojitivns. 

Solutio. 
I. Pro z&:Jr(a + bx") fiet 

x«^x(a+bx») ^ — 1^ • z «+'•-«. sz^z'*—^— • 

nb n ' . 



_^^a+bx« 



n. Pro 2=/^ 



erit 



vn4i 



x*4X<a+bx») f* = 



« Utr^-^n^ «Z2'> + .'*"'» 






m -4- f 

lam vero a, fi funt mimeri iptegri per hypothefin : fi ergo fit — 
nomecus integer negativas; poterit integratio, adbibita prlma transfor. 

matione, per (285. §,) perfici; . fi antem fit ^^ii-^"" numerus i^r 

teger pofitivus; poterit ea per (285.$.) perfici^ adbibita fecunda tranft* 
formatione. 

315- Pro- 
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915. Problema. 
BifimH cMUioms, qua$ txpoiiintm differintialim ey:=^yi^£K(tL 
-f bx'')P rtddMt ferfiSli intigrabiiim. 

Solittio. 
I. OmDi cafo, feu fit f y fonftio rationtIis# feo tlia quaecanqoe 

fimftio, modo iit — 1^ nameras integer pofitivos» vel — ^ — |- p nu- 

meras integer negativQS» poterit datos exponens per praecepta ^ti capitis 
perfefte integrari. 

3« Si nolla harain conditionum (i) adfit, attendatur ad exponentem p. 
Exiftente p numero integro pofidvo» poterit integrale comffletum per 
(350.$.) determinari: fi autem fit p numeras integer negativus, nnico 
cafu. poterit datus exponens integrari^ nimirum per (312. §.)> ^ fuerit 

' " aliqua fradtio denominatoris 3. 

3* Sivero, abfentibos his omnibus conditionibus (i) (3), fit p no. 

merus fraftos — denominatoris itt:2=3, vel ^>3: cafu primo aut per« 

tinebit datos exponens differentialis ad fomralas» quarunL integralia in 
(399-— 311* S*) ^^^^ expofita» aut tonc folum erit is perfefte integra- 

bilis^ fifuerit ^^i- vel numerus integer negativus, vel aliqua fraftio, 
pofitiva aut negativa, denominatoris 2. (313. %,); cafu autem altero noii 
poterit datus exponens integrari, nifi per (3«4*S-)> C fit ^^^^ numerus 
integer negativos, vel 1 nomerus integer pofitivus. 

u ^ 

316. Corollariuin» 
Si fuerit integrandus exponens differentialis formae ey=xr£x(ax* 
+bxv)k; fiat «y=x'+"^6x(a+bx^— ";S vel 6y = x' + vk^gx(ax^.-r 
+ b)'', tum inveillgetur per (3i5*§*)f otrum, et qua methodo is fic per- 
fefte integrabilis. 

Scholion» 

Omnes exponentes differentiales, quorum integrationem in praefenti 
capite expofut4iUs^ ita faac comparacif ut illorum incegratio ad pauca 

S 3 praecepca 
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praecepta genemHt poffit revocari: omDes fanef ut videbimas in feqnenti 
captte , formam exponentiom rttionaliom poflbDt induere » eoque ipfo reddi 
integrabilei. Verumt ciun baec iDtegraods methodoa in adplicatione cal- 
culi integralia ik faepenomero adiliodmn molefta ; cumqoe hi ipfi exponeo« 
tes irrationales frequentiffime iogrediantor in disqoifitiones anaiyticas; et 
demum innomeri alii expooentes irrationales ad illoa fanraio calcoli compen- 
dio poffint revocari: opeito pretiumeratf completa illoram iotegralia di* 
ligentiuSf qoam folet fieri» evolvere» aliamqoe fimpliciorem metbodom 
integrandi ei p qoae pro trinomiis irrationalibos a doftoribos calouli inte** 
gratis paffim praecipitor, fubftituere» Artificia, qoibus exponentet irra- 
tionales poffiint reddi integrabilest quin transformatione in rationales opus 
fit, ufo et affidua exercitatione optime difcootur; praecipaa tamenadbint 
fequentia capita poiToDt revocari. 

I. Multi exponeotes irrationates, qoi non videntnr efie integrabites» 
fola multiplicatione , divifione^ aut radicis extraftione redduntor iotegrabi* 
les: quaenam harum operationam inftitai debeat, ex comparattone 
formae, Tub qua exponens integrandos proponitur, com formis illorum 
exponentium» qoorom intetp^atio nota eft» oporteblt determinare. 

II. Pdilmare artificium » quo etiam in antecedentiboa faepius jam ufi 
fomos» confiftit in introdoftione novae variabilis, qoae, pro diverfiute ex- 
ponentiom integrandorum , jam toti fonftioni iigno radicali fubftanH^ 
jam certae ejos parti 9 aut alteri coi^iam fonftioni folet aeqoari. Ceterum» 
denuo moneo tyrones, ot, dom formam exponentis integrandi attente 
expendunt, formas quoqoe exponentium differentialiumf dequorum inte* 
gratione fnperius eft aftum, praeceptaque calculi difierentialis perpetuo 
prae ocolis babeant* Sob his conditionibus eveniet iane faepenamero» 
ot certae fonftiones pro variabiiibas fponte fe offerant. 

SchoIioQ 9« 
Qoodfi aotem nallom artificiom in poteftate habeator» qno datos expo- 
nens irrationalis ita poffit transformari » at fecundum praecedentia princi- 
pia fiat, retenta irrationalitate , integrabilis ; tentetur transformatio per 
fublationem irrationalitatis. Malti profefto occurrent exponentes^ qui, 
licet ii nullo modo intej^rabiles efie videantor» fi per fobftituttonem novae 
tlicujus variabiiis tb oami irratiooalitate libcreQtury fiaot eo ipfo per- 

fefte 



\ CAP UT r. ' 141 

fefte intfgnbllef. Conftit praeterea, qnenivifl poffibnem exponentem 
differentialem fprmae rationelis per praecepta ^d capitis perfefte pofle 
integrariy^moilo concedatar refolntio cnjuslihet fun6tionis integrae et ra- 
tionalia in fuos faftores iimplicet: eo circa optandum eJDTety ut extaret 
aliqua generalis methodoa omniboa exponentibns irrationaiibus fbrmam 
rationaliara tribuendiy qaam tamen pemtas igaoramus. Quamobrem ex- 
pendtemus in feqaentt capite pecoliares aliqaot» latiilime patentes » for- 
mas exponentium jmtionalium, artificiaque docebimoiB, qoibus ii ab ir-- 
rationalitate liberari pofliint: tom fubjungemns methodam in defperatia 
calibas» quales in adplicatione calcnli integralis fere perpetno fe offerunt, 
adproximandi ad integralia exponentiom, quorum perfefta iotegratio nulla 
via poteft impetrarL 



S) CAPUT. 
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INTE6RATI0NE EXPONENTlUM TRANSCENDEN- 

TIUM} TRANSFORMATIONEEXPONENTJUM 

IRRATIONALIUM IN RATIONALES; IN- 

TEGRATIONEQJJE PER SERIES» 

317. Theorema. 
Ajfamtis figvs f^ex', */Y»xt==fix/Vex; V"Y«xt=/«xVY«x; et 
- gtntratim yVxxcr/tx "^^yVcx; trit pn iuabtu qwkutamfiu fmSUo- 
mbus Z, Y variabilis abft^mtae x. 

/ZY«= 

Deaionflratio. 
I. Pro qoolib^t indice n integralis 7Y«x erit per (257, §.). 

i7:#.rY.x=±'^/..rY.xqF^i5,/x7^ -. 

« x" 
3. Cnm igitur fit /ZY«x=Z/Y»x--/«Z/Yex (257. SO» «ri* P«f 
(() P^<* figni* >B tbeoremate aflamCM 

/ZY«x=Z/Y«x— ^yY«x + /i^yY«xr= 

porro. • f 

- 318. Co. 
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3ig* Corollariuni i* * ' ' 
Pro Zsy ct Y=x® obtinebttcir per(3i7.§.) fequcM notiffima fcrieS' 
BirmmlUaM, cujus ope integrale cujusvis exponcntis differentialis ysx 

per exponcntes My, sf, cy>etc. rationum differentialium funitionis y* 
commode poffet determinari, nifi ea id vitii haberet, quod» & y.non fit 
lunftio integra rationalis, in infinitum cxcnrrat. 

r x*fiy , x^<y x^fy i . 

/ycxcsxy— i-l-- -"^— i— j. ctc. 

^'^ ^ 2.«x ' a.3.«x* 2.3.4. 6X** 

319. Coroiiarium 2. 

Vto (p=k« eft 6^=k«fcxJlK (112. §.): igitur debet cffc/k^^ax 
k^ 
= — (239.24I.S.)- Quamobrcm, pofito Y=:a»,crit in (^iT.S-^/Ysx 

=—.; yY«x = ^^; yVsx =(jf^; «t fic porro. Pro quaUbet 
fun6U(Aie Z variabiUs abfolutae x erit ergo pcr (317. §.)• 

fl ^ ^^Zax ax^z ax*2 ,^/2 

yZa fix- — «— _-^.j^j-^-^_ ctc 

, 320« Corollarium 3* 

Series baec (319. §.) abrumpctur, fi aliquis cxponentium diffcretH 

tialium aZ, «Z, «Z, aZ, ctc. fucrit aequalis nibilo, quo cafu dabit 
ilia integrale completum cxponentis differentialis Za^£X: exponens hic 
erit crgo per (319. §.) perfefte integrabiKs, quoties fuerit Z aliqua fun« 
ftio intcgra rationalis Viriabilis abfolotac x. 

321. CoroIIarium 4/ 
Pro Z=x* obtinebitur ex (32^ §•) fcqucns feries, quae, nifi fit n 
omnerus integer pofitivus, in infinitum cxcurret, abrumpetur autcm, com« 
. pletumque dabit integrale exponcntis diffcrcntialis a^x^sx, quoties fucrit 
B numerus integer pofitivus. 

/a^x°sx=a^i — — ' - ■ ■ -i. ■ . 

n(n-i)Cn~a)x°-» . 'N , r. 

333. Co> 
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jaa. Corolltriam. 5. ' 

Exponent negatlvas os — i dabit in (321. $.) feqoedg integrale, 
pro qno finltt ezpreffio ignorator. 

323. Coroliarium 6. 
Cum nbiqoe logaritlimi natnrales fublntelUgantnrf fMbont graece- 
dentea feries (319- S^i* 332. $•), probafi ji=o iog«ritlunomin naton* 
liomy in fequentes. 

/["e««s=e« (x»— nx"-'+ii(n— i)x«r»*-n(o— iXb— a)*"^etc)+C. 
y=^=^(i+i + !^+L^+l:^+ «..)+ C, 

334. Tlieorema. 

JYhyi7=zj'— JYbx^ ititap^rro; l/MaZt=:A#x; e.AxsBax; 

a.BxsCax, $i Jic parro: irit pro qmbuslibit dmlms fimSUombus Z, Y 
variabiUs ab/olHta0 x. 

fzYsntiz 

:^2fisJi'-k^]fYBX+Bx 7y«x— Cx "j/Ye »+ etc, 

DemonAratio. 

I. Per X^57* $•) ^nt generatim pro qooconqoe indice N integralia 
N/* 

C=±Mx, yYax+ya.Mx. JYsxx=z 

. .. N+'/: r N+i/' 

^±Mx. JVsx+JPs^ JYSK 
pofito e.Mx;=:Pix. 

3. Qoa- 



III 



i. Qotre, CBm fit/ZYsxJ=:2S/Y«x— /«Z/Y«x (357. 5.) =: 
2/Y«x-^/A.«x/y«x; «rit ^09^09 j)ro Cgnis in tbeqreiB|t» airaintiB 

per--(i) .. .■ . '.;^ ■ .'. ; : 

=szyY«x— Ax yY«x+Bx. yY«x— yc«x!yY#x= 
c=zyY«-^xyY«x+Bx!yY«x--cx"yY«,x+yb«x"yY«x=; 

:s:^«x— AxyY«x+Bx^yy«x— Cx"yY«x+etc. ,' 
335. CorolUriom i, 
Pro Z~(Ix)" eritin (534.S.) ,«Z=n((x)«-'.^; Axs=n(lx)"-«; 

«.Ax— b(n--i)(Ix)»-*.— =B«x; s.Bji=ti(h—iXo^)Q^y^'^ i 
at fic porro per (104. 110. £•) l K^ ^^ vtlouhus 1a (324. §.) fubftitatis 
obtinebitar fequens foraiQlA 

, yY(laO"«t=:(li)«yY«x~n(ix)»-^yY«x 

^ '^n(n-i)(Ix)«-»/yY«-D(n-iXw)ax)«-N"yy^ 
+ n(n— i3(n— aXn— SXlx)'""*- jYBX^ttc 
Qabdfi ergo foerlt n^nameras ioteger pofitivns» sbrom^etor hsec 
feries: et ideo, fi prseteres exponcntes dificrentisles r^YMXytlLjYtXp 

^"A«, ^"yVsx^etc. (324- SO fiw«tpcrftfte int^gnbUes, dsbit ' 
iUs completoni integrale exponentis diffecentislis Y(lx)"st. 
326. Corollsrium 9. 

Slt igitar Y=x«; &et/YBX ^ |^|i yjr«=^-g^; Tysx 

3(111 -fi ♦ 

; et its porro: ob (325. $.) obtlnebimas pro his ysloribos 



(m+i)' 
fcqoens integrsle, conflisns terminis oiamero fimtls» fi n eft nomenis ia« 

teger pofitivas« 

/x-(lx)o«xS=r-^^->l- - " ^''>"^' . «»(n-'y»x)"-» 

yikmmt T . 137' Co< 
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327. Corollarium 3. 
Seriei liaec (326. $.) valorem liifinttam obtiaebit, ii fitk ms — i, 

^^ — — $ X. Verom confttt eflb 

('Ix.Nn + i /JjjAn 

« . Y ^—^ e X (104. iio. §0: debet ergo efl!e per (339. §.). 



/ 



(Ix^ (lx> 



^+c. 



n + i 

328. CoroIUrium 4« 
Exponens b^— i in (936. §.) dabit requeni integrtle. 

y ^x"gx '_ ^ I I I I , I >g ■ 

Ix — V^ (m+ i)lx '« (m+lAlx)*'* (in+l)3(lx)V 

Hinc pro mmo fiet. 

J k — V^lx +(lx)* + (lx)'+(lxj4 ^ (ix/ T^ *'^J 

33(>. Corollarium 5, 

P^o Zr=x»+» et Y= .,'x. invenietper (33+ §•) fequtntem for- 
mutem tntegralem* 

rx^^gx /__J I ^ m+i 

/ Ux)" ~ Vn— i)(lx/-» "«"(n— l)(n— ^^Ox)»--* 

4-. <!!1+!)1__4 ("»+0^ , . +etc;V-^' 

^( -iAL.3Au.3)CU)°-'^(n.i)(n.3Xn-3Xn-4Xix)--*^ J 

I (m + i)°- ' fj^ll^. 

' (n-i)(^i>.3)(n.3) 3.3.1/ Ix ' 

X '" € X 

Verum ignortmus artificiom, quo exponeni diffetfntialli . ■ 
. ad perfe&un integrationem recipiendam difponi queat» 

330. Problema. 
Intigrari ixpauintm diffirtntiakm rXiJcofSiP* 

»' Solu- 
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Soiatio. 
^ •♦-"■■^■^ ^"9. S.) erit 

^»+l>Cof<p)''~ (■+bCor^/ 

Pro a+bCof(P£=x fiet 

Cof(ps=2^; Sin^a=-J-/(l>»— t*+atx— x*);eCof<ps=i^: 

pro bii vtloribitf traDsfonMbitor datat exponetis in 

g^Sin^" i^ fix/(T)* — a^ + g tx — x^)" ^ » 

(a + bCoftp)»"^ b«" ' x» • , 

Hiae evidenter patet, omnem ejosmodi exponentem differentialem 
per praecepta ^ti, ant 5ti capitis prrfefte ciffe integrabileJD, modo fint 
m, n oomeri integri, 

33I, CQrollarium i. 
Pro a:=:b in (330* §•) habebitnr feqaens formoh ^erentialig 
X = a + a Cof ^=: a (i + Cof (p) 

(a+aCofiPj° = a»(i+Cof (p)o =-?r ' ^ * .«/(2a-x)-« 

Qnare erunt omnea exponentea differentiales hojoa formae per prae* 
cepta 4ti aut 5tl capitia perfefte integrabilea, ii pro nomero integro m 
foerit n oameraa integer, aotfraftos denominatoris 2. 

^32. Corollarium s^ 
Pro m=o et n:=:i in (330. %.) determinabia per (230. §.) feqoentia 
integralia (I)(II): etii praeterea iit a=bi obtinebis feqoena inte- 

gralea«> 

Sieft a>b 
- p 6^ i . ^ ^ b+aCof^ , ^ 

Va+bCofip=/(a--b*) ^'''^''^ bCif(p + a + ^' * 
Si eft a < b. 

TT /" *^ — r+ . ' i/^ b+aCof»+Sin^./(b*--a>} N 
"Va+bCoflp~' "^/(b*— a*) Vc a+bCof<p"^ ^J 

Si eft anrb. 

T 3 . Eo 
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Eo antem deeerfninato c»fa, qao fiierit ni=:ns:i 1a (33^$.)» fic<^ 

S33. Corollarium }• 
Et pro tn!=o, tis=9 io (330. $.) elicim inde per (29^ dgf $. IV.) 
feqaentia notato digiia integrtlia. 

Si eft a>K 

T f «» -. 

•^ ^ ~ (a»-**Xa+bCof(p)*t*/(a*— b»)»^ ^ a+bCof^ 

Si eft a<b 

^^ "• 7 (a+l>Cofip)* — 

^ ' bSiD(p • ,/ T>+aCof(M-S}n»./(b^-^^y \ ' 

•^^+^b»— a*X*+bCofip) /Cb*^»)* V a+bCoiin^ J' 

334. CoroIIarium 5. 
Eadem prorroa operatione, '.qua in refolotione problematia praece- 
dentia fomaa ofi, obtinebitor feqoens transformatio. 

xtea+bCof^. ^ 

e(pCof^" %^ (x— a)"ix , . 

(a+bCof(p)«^~ b» 'xn/(b»— a»+2ax— X»)' 

Atque hinc fit perfpicoomt exponentes di^entialea hnjos formae 

fecnndom principia qointi capitia perfefte integrabilea fotoros» fi m fit 

Bomeroa integer pofifciTOs » et d nomeros quiscuoque integer» pofitivoa . 

aot negadvos. 

335* CoroIIarium. 6* 

Abibit aotem baec formola (334. §) pro asb ia] fequentem. 

x=a+aCof^=:a(i — Cof^). 

s^Cof(p"' I (x — s^^sx 

Ca+aCof^)" ~ a" ' .^^ ^ / 

X * /(aa— x) 

Unde patety pra quibos nomeris m, n, qoave determinata methodo ex« 
ponens bic differentialis perfefte eft integrabilis : - nimtrum per praecepta 
quarti vel qointi cspitis, fi m eftnomeroa integerpofitivos, et n aut nu- 

meroa 
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ffleras integeri pofitlvos vel negativasy tut aequAlis alicoifraftioni j^ ^, 

qQo 9n fiat numeros integer: qnodft anteai fit in;==:Jt:if sQt qoaeconqae 

alia cjosmodiypofitiva tapen, fira^omc ; — , com hoc cafa fimoi 

habitqri 

(x— a)* X — n .. ^ 

/Caa— X) /(— 3a»+}ax-^x^)' 

Cx~af* r- ^ 

•°^ /t^a-x) — /(— 2a-+3ax— X*)" 

• fr— a) a Cx— «)'' - - . 

/(aa—x)"" /<— 2a*+'3ax— X*) ^' 
erit datos exponens per tbeoriam trinomiorom quinti capitis perfefte inte- 

grabiUs, modo fit D afiqoa firaftio +-^> «t ^"^'^' ^: — ^^' fit nu- 

merus integer* 

gjd, Cordllariu^m 7, 
Similea exprefiiones algebraicae invenientor pro exponentibus diffe» 
. ,.. «(pCof(p" «.ipSin(p"« ^ . . c^ ^^aSinip 

a+bSinCprrrx; 
- €(PCof(P"' _ I sx/(b^— a^-f gax— x^)"""' 
•"' *• (g+ b Sin (f)^ ~ b"» * X» 

^ €^Si«y" jr^ (x-^a^^ax 

(a+bSiq^~b"* ' x«/Cb*— a*+2ax— x*; 
Adeoqoe etiam pofito a:=:k 

V a + aSin(p!^3& 

(a+aSm(p)» a» l 

IV /* sStn^ _ I I (x— a ^ ^q-gx 

yCa+aSin(p;°~a«^ " 2S±« 

^ ^ X * /C^s— xj 

Qaapropter pendebit integratio horom exponendom diflRrrentialiom 
a tbeoria doorom capitom praecedentioffl.^ 

_ . T S 337- Co- 
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337. Corollariiim g.. . , 

Fro a=^Of et I>r=:i derivabls ex (336. §. L) reqaentea-exponentei 
differentiales, prout nimirum utrumque exponentem, m, n, aut' alter- 
utrum duntaxit, cum proprio, vel cootrario (— ) ligno famferia, vel 
etiam m=:o, aat n=o pofueritf. Patet autem, omnea boa exponentes, 
hac ratione transformatos, fecundum praecedentia principia, ea praecipue, 
quae in capite quinto funt expofita, commodiflime poITe integrarL 

x=Sin(p; /(1— x»)a=Cof^. 

% T rg<PCof(p" _ ^x/(i— X*)"-"' 






6<pSin^" • x°gx 

Cof ^" ~ V^C' —X*) " + * * 

6^ fiX 

Sin(p«Cof(p" ""x«/(i— x*;«p+« 



IV. ^(p Sin (pn Cof (p»=xn € X /(i— .x»)«- « 

''•J Sin(p« ""xn/(i— X*) * 

Vf r g<P — *3C 

V Cof (p~ ~ /(,1— .x*)«-»-« * 

Vm. /«V Cof^":::* X /(i --x»)« -« 

338. Prablcina. 

Megrart txpontntes difftrtntialts /ormnlit gtntraUbui '^^°*^'" 
*^ >,>n, (•+bTiDg(p)»' 

Solutio. 

Camfit*<p=32^g||(ii9.S0i erifc 

«(pCot^'» Cotip^.gTaiig^p 

(a+b Tang ^)" "~ Sec ^» (a+b Tang ^)» 

g^PTang^p" Tang^p»". aTang(p 

i»+b Ting <pj» ~i>ec <p» (a+b Tang (p)'» * 

Pro 
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Pro;xt=t+bT«ig^, hiric 

Sec(p*=: rjj cnt igitur 

'• <a+bTaiiR(p>»~ *x»(x— 8)»(a*+b*— aax+x*) 

-. €^Tang^"* .1 (x — a^^cx 

* (a+bTang^pj*^ b»"** * x«»(a*+b*— 3ax+x^) 
Omnet boJQScemodi expooentes difierentialea erant igitar pro qui-' 
boslibet nameria integris m» n per praecepta qoarti^capitis perfefte io- 
tegrabiles* 

ScholioD. 
Metbodaa» qoam pro integnitione exponentiam differentialiom trigo* 
oometricorom praefcripfiy in eo confiftit» ot per congraas fabftitotiones 
dfttis exponentibos forma exponentiam differentiaiiom algebraicorom triboa- 
tor : qoare com haec tranaformatio femper foccedat, comqoe integrationem 
exponentiom differentialiom afgebraicorum in praecedentibos capitibua 
ita pertraftaverim» at ea in quibualibet cafibos commodiffime poffit per- 
ficiy oon eft, cur alia methodos integrandi exponentes differentiales trigo- 
Dometricos defideretor* Sobjangam modo problema generale, ut exejus 
refolotiooe eloceat, qoinam exponentes differentiales trjgonometrici bac 
mcthodo poJfigt reddi integrabilcs. 

339. Problema. 
Intigrari exponentim eUfferentuUim Xb(P, tm qno ffrartir ixponeniem 
iUfferentialim s^ arcns-^ artai knjns arcns fimSianis trigonometkae , nt • 
fnntSin^, CofCp, Tangip. Cot^, Sinv Ip , Cofv (p , Sec(p. Cofec^, #^/orj 
variae harnm fnnSionum potentiae, qnomodoennqui intirfi it cnm qnaniita- 
tilms conjlantibns comuxoi, contimantnr. 

Solutib. 
I. LOcofCp fubftitoator in dato exponente differentiali Xa^ aliqois 
valorom in (119. §.) determinatorom , qoi videlicet ad transfbrmationis 
fimpliciutenoLplurinAum conferre vifos faerit: introdacetar eo ipfo ioco s^ 
aliquis expouentiom differentialiom fSiotpi sCof^» s fang^ietc. 

* ■ ■ a.Ea 
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3. Eft ipfa jam fanftio trigooometridi «rcQ0 )(p, niAiimm Sin (p^ vel 
Corcp, aatTangfp» etc«, cojusex[K)DibiilifferefltiaUa Ibcojs^ intr^duftu 
fueric (i), coDfideretQr inlbir quantitBtia var iabitis », iiot fdmma vel dif- 
ferentia ejusdem fanftionis et ceitae qoiatitatisconftaQtia, e.gr/a+bSinlp, 
fi quam datas exponens differentialis Xsi^ compleftiturt yponatur varia- 
biii X aequaiis» proat illud aut hoc aptiaa vifQm.faerit;". aeinde expritriao. 
tur per variabilem x omnes reliquae funftiones trigonometricae.arcds'^ 
fecundum principia in (5* $• <* SchoL) addufbu 

3. Hac ratione reducetar integratio dati exponentis differentialis tri- 
gonometrici Xs^P ad integratlonem cerd exponentis^sx formae alge- 
braicae, qaae fecandam principia faperias expolita perficiator» 

340. CoroUarium^ 
Si datos expooens differentialis Xs^ praeter expoflentem differentia- 
lem b(P arcuf jtp compleftatar fonftiones arcos m^,puta Sinmip, Cofm(p« 
Tang m(p, etc., cum fit exponensdiffereotialis e.m^sms^; fabftitoatar 

^*^ ■■ ioco sipi deinde peragantor reliqoai m fopra. 
m 

Exempla. 

Sitfiyt=:s(p.Sinm(p.Cofm<p»; 
erit sy= — sm(p;Sinm(p.Cofm(p«: 

= — -jj-sCofm^.Cofm(P«* (ii5-S)s 
^eary=C-^^^.^- 

Sit sy=-:T-T? — -rr-; 
. , "^ Cof m (p** ' 

^ s.m(P -, _ ^ ^^ 

ent .y= — • ^^^1 Wnc per (119. §.) 

I g Si n m ^ «X 

•y=-5r • dpfni(p«+' = /(i-x»)n+.Pfo^Sinm^. 

341. Probietna. 
Integrc^i expontntis differentiales (p^$if.Sin(f, ^"e^.Cof^. 

Soit- 
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-'. . Solutio. ' 

• Zs=fa(n-i»Xir— ^ytji^-^^fc^p», etc. , . . " 

, a. Ponro«fty«(p.Si«^:==-;/i<k)f^(ll5.$.)>5— Cof^t •ty«^.Cof<p 
s=s/«Sin<p (Ii5.§.) =&'n^. *" . 

'i|. Qaodfi ergo penttnr YtsShf^^iTMit YssCof^; obtiaebontam 
(317. §.) feqoentia integnlia.! • ' • .• '^ 

7J»«^.Sin<p=:C— ^"Cof(p+n^*-«Sin(p+n(o— iX(p»-*Cof^ 
'li.: i. — .n(o— iXn— a)^""»Sin(p— n(a-^iXn-»aXn-3)^sr»GDf<^ 
+ - - 

^"«(p .CoP(pc=C+(p*Sin<p+ti f •-«Coft— n(n--i)(p»-*Siny 

— n(n— i)(n— a)(p»-'Cof^ + ------. 

Pitet, ita alternare figoa +— » utpoft qdosvfs binoa terminoi con- 
tigaos pofitivos feqaantar bini oontigKU o«g;ativi, et viciflini* Porro cla- 
rom eft» feries has «o folocafa pofie abrampi, fi b eft nameras integer 
pbfitivas. ^ 

343. Problemao 

Datis intigralibus /e' ^ «^ . Sin ip» Cof (p*«""*, /e ' ^« ^ . Cof ^» Sin(pn-*, 
fro 6fl/i « togtmihmanm naturalmm^ meum M^gnifr/^*f6(p»Sin(P"Cof(p"'. 

Solutio^ 
I. Ob'i.ie'V=:i'f«^ (ii3.'S-}5 ^bet eflfe integrtile/e^^s^srie'» 
(«39- §.). 

3. Hinc (i) per (2^.$!) elicies feqaentefmexpreifionem qaaefiti in- 
ttgralis.' 

/d^«^.Sln^Cof^s=3 

— -Le'»Sin(p«Cof(P™-r ^^'«•(^(nCoflp^+^Sin^"^— inSin(p°+'Cof(pw-») • 

3. Si porro partem alteram hajas a^qaaUonis refolvas per '(357.S.)^ 
aflumto integraU (i), tnm pofto wSiii^sCofipVet x— 'Cof(p^;=Sin^^ 
obtinebis 

;99tam..4 U /er# 
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. J.e<«rnCof^--^*Sio^->— mSiD^-*^'CDf^"> ^ 

+ ■S-.P**^ («(ak^OSto^Conp-^+aCi»— I) Coflp-Sin f«r» 

"— 4a>+m*4-ai&D)Sin4eCof f V 
fintpfopUr deWt tSb 

7^««^ .Sin^Cof^ss 

_ e'»CrStii(p"Cof»»-t>mSin^''+*Cof^»"'--BCbfy*«Sin^-') 
-*' r*+m* + n*+amn 

4- a-L^/TTil /^^»«<p.SinyOof<p«'-* 
' r*+m*+n»+amBr -r ▼ -r 

-4- :i. °.^'I~>'I -^f«^Cof<I»»Sio<P»-» 

• r^+m^+n^+amnr ^ ^ ' 

343. Corollarinm x.. 
Piro ix==o, ms=o, sat bs=o, ms=i, Tct m^so» bSsi, obtin«Ui 
** (343« S.) fe^aentia integrali» 

I.^r^,<p-s-Le»l»+a 

iL^M. cof^==s:!^i^±si2l)+it . 
in.>«<p.siB<p =£^^:5||=;^+c. 

344« CdroIUrium 9» 
Sl poBai insro» invenief per (342. $•) feqoeDteiii fomiiilftiB» cii)m 
.ope poterit inteKrari exponcos differentialie e^^a^ . Sin^ pro ^ioUlioi 
integro pofitivo k. 

/«^.ySin»-'^"'^^''^^^-''^;;^^"^'^ # 



^ 345. Corolltrittm 3. 

Si vero fl^l: iitr:o in (342. $.), obtioebitar reqiieni fqtmdk\ tt 
qoa iotegrale exponentis difterentitUs e^^^a^.Cof^ pro gQoUbet aomefo 
integro et pofitivo k poterit deriyeri* :. 

t46. Corollarjain 4« 
Pro mi=:i, Telnsi in (343. %.) reperient^ feijQentei formnlie, 
ope qaaram Integrui poteruat expooentee dlffiereotitiese^^^s^Cof^Sin^'^^ 
e^«(pSin(pCof(P^ pro quolibet nomero integro et pofidvo k. 

I. ^'^ ^ . Cof ^ Sin <P" =: 
_ V»(rCof(t>Sin(p^— nCpf^Sin(P«-'+Sin(pft-^0 , 
r*+n*+3n+i ■ 

n.ye'<> •♦ . Sin ^Cof^= 
__ e^(rSin<|>Cof(p"+mSin4>*Cof<P'"-'^Cof^«'-^') 

347. Coroli»rlam 5. 
CamfitSin ^=1— Cof^, et Cof^*=i— Sin^; poterit qnod- 
Bbet pro^aftam Sin(P"Cof<pv explicarl per. fertem fomiie Cof(p' 
+ACof^'+*+BCof^»+*+ - - - +PCof<p»+», vel per feriem aliqum 

iprmae Sin<pCof<p»+ ASiB^.Cof<r+^ + BSin^Cof^»+* + .' - - 

+PKn<PCof^^+**~'* proot faerit a nameras par velr impar: ant per 
feriem fbrmae Sin^''+A'Sin^''+*+BSin<P''+* + - - - +PSio^+% 

»d C9fipi>in<p«+AC6f<I?Sln;^+» + + PCofipSin^p"*"-'. 

ticeblt ergoexponentem dtfferentialem .tf9«^Sin<p''Cof^'' pro qniboa- 
libet nomeris iategrii et pofidyis 0, ▼ per (346. |4S. 34+ $•) perfe^e iiK 
tegrare. 

V9 348.Pr«- . 
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^g. ProbieiAa* 

/XfxArcTaogx. ' ' # - 

SolutiO. 

Per (257. 126. m. $0 iiivenief feqoenter expreOioiiet pro iategnn 
fibos^ goae defiderantar* 

I.7Xix A?cSiiix=Arc«ii x/X«— ,^^^5)' 
II. /Xgx Are Corig Arc Cof x/X •^'K /x /|_^a) ' 
1II> JX€X ArcTiDgxgr ArcTangx/Xex— y * ^ , ^^ - * 

Qaare, fi gcncratim integrale /Xex fiicrit fnoftio algebraica>a. 
riabilis x , peBdebunt baec integralia ab integratione exponentiom diffe* 
rentiallam algebraicomni» de qoa foperitta tniftavlmoe. 

349. Problema. 
InvnUn fimSUmim ratiouaiem variabilis z a^uatm ixpaimti Sffinm» 
tiaUXsiL, iu quo funaio inatumalis /(a+bx+cx*) cum variabUi x 
ijusdimqui fuMSiomibm ratiauaUbus quoquo medo somuza soutiuiatur^ 

Soiotio* 

Pmeftabitar id, fiki dato exponente difTerentiatt XexJoco x, ax^ 

/(a + bx + cx^) feqaentes valores fabftitaantnn 

I. Pro pofitivo coefficiente qoadrati x*. 

y/ j^u r .N bz+(a+z^Vc _ «•— e 
/(•+bx+cxO.=~^^-^j5t«S x5=:— ^; 

^i— 30>Z+ (« + Z*)/c)«Z •_ y , /•/ , t I 4N 

"- (I+2z/c> ^ P^"" »=x/c+/(a+bx+c^*> 
IJ. Pro negativo coefficiente qvadrati x^ 



c(.i+2»;» ' P«» Z S= Y(;ba+4ac)— b+2cx 
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350. Coroiiariam |# . 

SI datas exponeiM differetitialis Xax folm fon£Uonem irration^- 
lem yya + cx^jf qaomodocunque cam variabiti x et ejas funftionibai 
'ratioDalibas conaexam, compleftatur; valores, proquibas, IocpX|ax» 
/'(^dLcx^) fobftitutis, ille^ormam rationalem iodoet^ cront, ob(349.§0 
pro bs=o, fequentea. , , * 

I. Pro coei&ciente pofitivo qotdrati .x'« 

II. Pro coefficiente negativo qoadrati x^ 
/r ,N azv^a (i — z*)/'^ 



— ^ZfiZx/^a /'(a — cx*) 



351. Corollarium 2. 
Per (350. S.> determinari polTimt feqoentia memorabilia iotegralia. 
Pofitih z=:x+/(«+x*). 
j/Cx+/(«+x»))°sx=: 

5=:l/z"£Z+ — /z'^ *sz;=:— — ; — ? + — 7 — — r:; =2 
^ ^ l^ 2 (n +j)^ 2(n — I) 

_f x+/(^+x*?>»^ , «(x+/(«+x^))»-' . p. 
.. r-- a(a+i)- T 2(n — i) ^ 

' UDde'pro'o=: — z obtinetor per (246. $•) 

a 4 

_ Ce+c)Cx+/(«+x*))"+» . «c(x+/(»+x»))» . «'(•c-eXx/'fa-fx»))"-«.v, 
- 4(u+a; "*■ . »n ■*" . . i(«-3) ^ 

U 3 Hinc 



355» Froblema. 
Iwvmi^ fmM(tmm rtaumakm vMriabUU % up^ tk^ f itfmiiiUi HfipreMr 
{taaX— compUanai fimttUmm tmaiiniaUm y/ ^^^^^ cm rdOimi^ 
Ubus fundtimbus paUutioi x>^ pmamque ratioui €ommmik 

Solutio. 
Sobftituafitar m dato exponente differentiali X^ loeo^- ^^^% et 

* "^b— gx^' X ~nCfz^— ixb — gz^)' 
. Broz=^-^ — .. 

356. Corollariam i. 

Pro n:=:i obtinebantnr ex (355. §.) feqoentei yilMtares» qoi, loeo x^ 

'•/-a + bx - 

«X, et \ f\ S 9 affamti, qaemlibet exponentemdifferentialemXsx. 

reddent rationalem « fi is folam fanftionem irrationalefi \^jt » 4^^ 

cunque ratione conne»m cam - rationalibus fanftioiiibus variabilis x, 
compleftatur. ' 

fz'* — a tt(bf — ag)^/*'"^*^ 

»- b-gzA*' "=^ %ib-gzf*)» 
V^a+bx 

357. Corollacium a. 

Si autem fiat /t:=:2, prodibunt ex (355* §•) feqaentes expreillonef | , 

quae valores inexponente^differentiali X — fubftituendos exbibent, ut 
iaeocaru» quo X binas fun£Uones irnnionales V^(a+tx(^)« /^(f-f gx"), 
folis conftantibus a, b, f/g a fe invicem difcrepantes, etcum funftionibus 
rationalibus potentiae x^ qaoqao modo connexas compleftitur ^ in ratio- 
nalem poflit converti* 



b— gz'' X ~ni:fz«— »Xb— g«*) * 

/'(.+bx») - /(b_gz«) '. y ^'t^^~/^^^* 
„,^ ,_ /•(«+t x'')_ /(a4.bx")(f+gx'") . 
'' / *^ 7<f+gx") f+8*'* 

'. Hac enim fjabftitutioDe £et« ot no?Ds cx{ioDetis differentialis tinicm 
fiiDftionem irrttionilem /^Cb-^gz') ^opieftfttary df ^Hijiui ijiaiinitione 
fiiperip» eft ^Sism^ 

3 $.8. Cor4>llariBm ^. • " ^ 

£t pro n:=s i in (357. §.) reperientor feqiMitei valores j qm h 
4ato exponente ircationali Xax fubfticati ipfuai reddent rationalem, qoo- 
tieeille binas fiiBftiones irrationalea /^(a+b^) ec ^/'(f+gx)., oom varia* 
biU X ejasdeQiqae funftioniboS' rationalibas qaocanqae modo cbaiiexas^ 
coBtinaeriC. . 

fz* — « 2(bf — a-ff)2€X 

*—b-gz«' **— (b-gz>)» ' 

Novas enim expooens diflereotialis continebit anicam fonftiooeai 
irratbnalem /"(b — gx^)> decujas ejiminatione fupecias eft aftum. 

359. Problcma. 
Bdiim ixponintem diffinntialem Xex^ fi is completam integratumem 
mm admittit, iatfgrare per Jeriem imfimtam. 

Solutio. 

Explicetur fanftio X, fecondam prlncipia primi capitis, per feriem 

formae A x» + B x^ + Cx<: + etc. , ut fiat Xsx — ( Ax* + Bx«> + Cx<:+ etc.) e x ; 

deinde fiat integratio per (349.$.)* obtinebitur pro quaefito integrali 

/Xsx &ries io inflnitam e^carrens, qnae idciroo, qaia tota haberi non 

poteft; perfeftum integrsle liacia dabif, qOotqaot e)us"tenniiii (bmantar. 

Ciarufh tamen eftt adproximarl pdlTe bac vla ad. veram integrale, quod^ 

in adplicatione calcoli iotegralis aeqne eft . atile, et neceifariDm , ac 

Kitowfn /. X * adpro* 
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•dproximare ad radices omMronim^ qaoram perfcftae rtdicef neqtteimt 
•ffigntrL ■ ' /%, 

360. Corollarium x* 

Si fimftia X:=r/(8x«4.bx»)=(ax»+b X»)* jaxtt (54 %) expUce* ^ 
tar per feriem^ obtiiiehkor per (349. $.). reqoeiie sotati» dignam iii* 
tegrale.. 

yex/(tx«+bx")5=r 



t .x 



a r b.X a I.b*. X % 



4 



at (an— m+a) 2.4^ (40— 3m+a) 

<o»5m4.e tg*7m*» 
I.jb^. X a r.a.^b^.x a. 

i i 

a.4.6t (6n— 5m+2) 2.4.6.8^ (gn— 7^+2) 



+ •• J--..^ 

trn»(gr-i)m4.a x 

+ ' > 3 - 5 ' 7 (2r~3^b^x » ) + a 

— a r - I y ■ 

2.4.6. g 2r.tt""3r"(3rn— (2r— i)m + 2) 

Terminas altimas, atpote r^, dtbit finKatos, poft primom ordioe 
feqoentes» terminot» fi loco r termini Teriei i> 2/394, 5» ctc* fucceifive 
ibbffitatntar. 

361. CoroIIariom «• 

. Et fi Xt=:(ax"»+bx«')* cxplicetor per feriem (55. §.)? obtrncbitor 
per (2491 §.) feqaena integrale» 

y/Qtx^ + bx»; 

l.lr 



3m-an-g 
X » 



( — I r^ 

4 m-a^ + I 

(m — 2)t . X a. 2(3m — 2n— 2)a • 

y>3b* • T.3.^b> 

~ j. 5 «>4n-a *^ J 7m-6n-a 

2.4(5 m — 40^ — ^-)» •* * 2.46(7m-6n-2> .x a 
.. + ..... -.^ ... . 

^ T.357 • - - ^(2r— i)b ^X ^y 

,+ ir-Tl ( ar^- i^lm-arn-a j ' * 

2.4.68 - - - 2r((2r+i) m — 2ro*-^2> a^ . x * : 



V . *. ^t , .■ , 
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Nonnofiqtuni «onmiodkii perfidtor «dproidouitiOi fi^ sfliinitls inde- 
terminjids coefficfendbas A\ B, C,D, ete. ipfnn integrale ^uaefitom/XeK 
ponitoaeqoari fericl Ax+Bx*+Cx*+Dx*+ «tc, «ut alteri foraiae 
- fittilia, deinde ex «eqoataone per differentiationem produfta, Xax 
s=«xCA+aBx+3Cx»+4Dx'+eta) ▼aloreapro A, B,C,D, etc. fecoiH 
4oni principia priml capitia deteradnentor. Saepennmero etiam, anvent« 
«eqoatione Xi=A+3Bx+3Cx»+4Dx'+etc.r=S, logarithmi log X 
i=: log S utiliffime capientor^ fmde olteriori differentiatione «eqoado 

^=^ derivabitor^ quae quaelitoa.valorea ift S, C,Dj etc. debebit 

prodere. 

Haec methodos qoaerendi «eqoatJonem pro determlnatione valoram» 
^Qoa coeiEcientea indetfrminati debent obtinere, tonc praecipue notabili 
compendio calculi poteft adhiberi, ii fonftio X in dato exponente, diffe- 
rentiali X^x potentias polynomioram compleftatur. 

E. gr. Si u, V lint certae funftiones variabiiis x^ petaturqoe integrale 

u" 
exponentis differentialis— ax, quod feriei Ax+Bx*+Cx'+Dx*+ etc. 

aequari debeat: cum eo Ipfo fiat ^=A + 2Bx + 3Cx»+4Dx5+ etc., 
pofita hag ferie P=:S, erlt 

^ = S, hinc log 5-=logS; feo 

mlo — nlv— IS: igitor debet effe 

msu ngy «S_ 

~ V ~ S ' 
onde valores coefficientium A, B, C, D, etc, quaeri poteront. 

Scholion a. 
Haec vero per coefficientes indeterminatos in^egrandi methodos 
(l. Schol.) id babet incommodi, quod, nifi exponentes variabilis x certa 
leg^ crefcanty aut decrefcant, inaniter permulti coefficientes introdocan- 

* --maa 7^_^',^^^ =Ax+ Bx^ + Cx3+ Dx*+ Ex^ 

4=1; B;?=Oy C=o, D;=;0| E^o^ Qoodrca» 
X a ' nt 
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Qt id fftctnrf^HmfMemn^^ qnt lege es^- 

ponentts feib exdpeve debetnt^ eee iotemi indeteraiiiiatoe^ relinqttefe, at- 
qdeex fineli aeqoatioiiey onde- jan» Talores i^OFom coeffictendum elU 
dendlfaerkit, ita determinare ,. ot ad Hloa priocipia in (28* 29« %) ftabi- 
lita poffiiit adpiicari Xl^etenmiv proBti iii^(si6«S«9.Schoi.} tacite mo« 
xajly nonqoam hac aot alia netliodo integraodiper fi^ries^ in indefioitani 
txcorrentes. utemorV fi^ alia tia fopereft^ qoa^cpmpletam int^ale dati ex- 
ponentia differentialia per qoHmGonque demom f^pftionem^ aigebraicamt 
logprithmicafli ,. trigpnometrteam , aot mixtam^ iavenire Jicet l obi veco ad 
ejofmodi methodam rqfiigiendum fuerit> corabimus, ot feciea, terminia 
Aqaentibas continuo decrefcentibus * convergant» dtvergentesqoe feries». 
in quibus feqaentes termini fiunt majores praecedentibus, omni cafu vitik' 
biinus.. Quo eDimmagis cotiyergit ferieSi quaefito integcaii aequata, eo 
pauciores termini primi fQfficiont ad integrale prope vemm. exiibendom^ 
Ex. bae potiflunum ratione feriebas fiomuie Ax^+Bx^^-f Cx<= + etc. aKao 
feries formae generalis Ax*(«+/9xn)F+Bx^(a + i3x»y» + etc. in maftia 
dirquifitionibos poflunt fubflitoi, cnjus iotegrandi metbodi exempla io fe* 
quentibos occorrent^ 
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362. Defikitio. 
Integratio exponentis differentialiS' «y involVentif daai aoC prareff v»- 
riabiles o, y,z, eafaoique expooentiea diflerentiales au, ^v, az, abfolvi- 
tor inventione fiinftlonrs Z-f C variabinafn o^ v, z, cojaa ratio dtfferetP' 
tSalis d)eternirnata per (142. §.) babet expooentem dato sy aeqaalemr at- 
qoe haec fun(tib Z-f C9 in qaa C denotaC conftantem indeterminatanr, 
vocatur comptetum inUgrak exponentir diflFerentjaQs «y. Integrale- 
ej^Qsmodi licebi): aut fimplicrter Sgjao fsy, vel figno ^^Vsy exprimere; 
quocirca poterit iigmim !/Ysr, et quodvis ei fibile, indicare integrale 
exponentis differentialis Vsr fpeAati inftar unius funftionis folius varih- 
Bilia r, Ilcet fors V aliatf praeterea» variabiles et earum exponentea difie- 
sei^tialea compleftiitur; 

Sice.gf. pro «a=zx*'sx, et 6v1!^z^bz&ic erik 

y6us=y2wt*fix=fzx% et yiv = ^z*fizfxc=j»2'sx;. 

363^ Corolla-rium' i. 
Nttllos exponens differentialia ^^ay involvent daaa variabilesr u, v 
•ritperfe integrabilisi nifi is aeqnetar eertae funftioni variabilium U|.v 
lormae Msu-lTNsy, in qua fit v^Msus^^aNfev (i45.36^$-> 

3644 Carollarium. d*. 

Dato autfem exponente differentiali sys=:Msa+ira.v^ in qffo fit 

▼fiM'«rt="€N6V, captoqfUe intcgrali ^5^1«^ (362. §0, qubd differentia. 

tum pro utraqofe variabili u, v pfer (1422. §•) det exponentem '>^6.yM'e0 

^ spMau+nfiVritaat fit ^«Msu;=:"snsv (145. SOi «n^ »«0^— n)^'^» 

^ ' X $ »deo- 
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adeoqne N — II ant qniiTrtltwcbtAaM, 'tfthf M^ fiiliffio Iblioi vtriabaif v, 
carens varitbili n: otnnit <i<go cxpoBMBdilleretilfaIi«-^c=M«u-^N«v, ia 
qno faerit -'<Maas=HtN«y, htbcbit pro lift«0ntt-conpleCo (36a.S>) <•• 
qaentem fanftionm. 

365. Corollarluin j. 

Si detar exponeni JifFerentialis "^'sy involvens trei variabiles n, v» s» 
non erit is per fe intcgrabiliif nifi fiib forma Uio-f Viv-fZsz, inqua 
fit v^Uiu=«fiV«Y, »«U^a=:«^Zfiz, '6 Vjv=\«?:£Z (149.362.5.). 

366. CorolUrium 4. 

Qoodfi vero in exponente differentiali trium variabiliam formae 
£y=U6U+Vjv+Z«z fit ^iU;fiuC=««V«v, ««U.iu:=:".aZ«z, *«V-«v 
rr^fiZiz, capto integrali yUiu (362. SO 4^^^ differentiatum pro om- 
nibus variabilibus u, v, z, dabit certum «xponentem diffierentialem 
«vi«. yu«u=Uiu + P6V+Q6z, ita ut fit ^«U«u="6P«v, ^iUsu 
="«QfiZ, *«Piv=rfiQ«z (149. §.); «rit co ipfo »y — «^«i.yUia 
= (V— P3iv+fZ— Q)«a, et '*(V— P)iv=^^(Z— Q}iz, exiilente 
"fi(V— P)=o, et "«(Z— Q):=:o, adeoque tam funftione V— P xiuam 
Z— Q carente variabili u: integrale completum ejusmodi exponentis dif- 
ferentialis sy comprdiendetur ergo fequentl formula (362. §.) » cujus pari 
prima per praecepta praecedentium capitum , pars altera vero per (364. §.) 
eft perfefte determinabilis. 

y=yU«u + ^y(«y— ^^fi.yUfiu)'+C. 

367. CQroilarium 5. 
Semperergo, dom exponentesdifferentiales, involventes duastresve 
Tariabiles earundemque exponentes diiferentiales , fuerint integrandi 
(362. S-)^ difpiciatur antc omnia, iitrom ii lint per fe integrabiles (363. 
365- SO; tum, fi fint per fe integrabiles, quaerantur illorum ititegralia 
juxta (364. 366. §.): fic enim, ut per fe patet, integratio illorum re- 
ducitur ad i6tegrationem exponentium differentialium unicam variabilem 
involventium, de qua in praecedentibus capitibus ell aftum. 

368- Dk- 



CAP UT VIL i6j 

36g4 DjSFXKtTiaw ? v • 

Atfrnlh dfffhmlkiHi primi ^rilmitp vtl Asplidter AtquaHo d^eun^ 
lUEf VoaMtar in fiiqiieqtfbai omnif aeqmtio faiter diiae mH plnrei varia<- 
biles ii»Tt.a^ eammqiie ezpoDentai difierentiBlea «a, tfv,azt aequatio ao- 
tem inter variabiiee o» Vt n^» etlMii esqKmntibae differentialiboa btnm ve- 
riabiliuni, vocator IntigrtUt datoi m^mtimiis iHffermtialiMv £ iHa per 
(l4r.$.) diiTereDtiate reftitoat datinii aeqnationem differ^ntialem* Ooini» 
porro aeqoatio differentialie formae Men+VaFv-f OiZ=o erit homogi* 
mttif vel kiterogmea: primom, fi M, N, O fint totidem homogeneee e}U8- 
demque dimenfionia finiftfonea variabilium u, v, z (12. g, %.)} atterumr fi 
alterutrum aut utmraque borum defitr Dfcentur demum variabiles n, v, z. 
m aeqoatione differentieli Miu+Nav4-0ez=o fipmaidt efie aot ;7fr- 
mixtae: primnm, fi M eomplefbitttr fblam variabilem o, adeoque careat 
viriabilibna v, z, N folam variabilem v, et O folim z; alterom veror fi 
aliquif fiiftomm M, N, O involvat variabilem ab illoy in cojua exponeof» 
tem differentialem is du6hia eft, ^ftioftam» 

369. Corollariam f. 

Omoif aeqoatio differentialii poteft indoere fbrmam aeqaationia 
«^sor completnm vero ejoa integrale, denotante C conftantem inde* 
terminatam, ertt Z=::€, fi exponena differentialie funfttoDis Z per 
(141. S*) pro omnibuf variabiiibna; qoae in ^f^czro cootinentur, determi- 
flatus exaeqoet funftionem differentialem i^ (36S. %.), 

370. Corollariom a» 

Dato integrali Z=:/ty expoTientia different&Iif %y duaa trefve va?- 
riabilea involventif , fomtaque cooftante indeterminata Cf erit Z = C inte* 
grale completum aeqoationia differentialis «y:=o(369. 362. §.)• 

371. Coroilarium 3« 

Criteriam generale integrabilitatif oimiiDm aequationnm differentia. 

Com M5U + Nfivr=:a inter duaa variabilef o, v in eo confiftet, ot fit 

^«Mau:="€Nev; nuHa enim aequatio differentialia hujuf generis erit per 

fe integmbilis, quae hac proprietate deftituitor (368- 14I» §0» quaecunque 

vero aequatio differentialis haboerit hanc proprieUtem, erit illa eo ipfo 

per fe integrabiirs, aftuquc integrabitur, fi quaeratur integrale Z5=/CM«a 

Nf v) per (364. SO^ tum fiat Z=C (sj^c. §.). 

373. Co- 
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• ^^2. Coro.IlarJiMn 4« 
Ct oAkeriom iot^bilititii M^Mtimiiai dififml|iB«ii*;^«»4^tY 
•4-Zczs=:o.ioter ^es wiaUIef t^ yM «oottet in i^eUdottibu ""^UjHi 
s:"0 Vev, uJijiVkt=^^sZtZ9 'iVerssr^eZ^st ioqoitio oinurum di^ 
ferentiiilis ooo erit per St integraUiii» nifi fingoliie hie .Yelitiooei io eo . 
locum biiieint (f68» 149* S): qootieo veropropofiti faetit ieqoatio 4iffe* 
reQdiUi fingolii hu relitionei offerensr; todee erit ea pe^ fe integ^ 
biliss eritqne ejoi iotegrele compleiom Z^Q^ .fiZ;=;/(l7in4-ViV^Z«;) 
per .C366. $.) detetainetsir (370. S^ 

373. Cacollirlu^ 5. ... 

Omoiiieqaitib differeotiilit Men+NiVKO» velMio4-NiY4*Oiz^;sQ^ 
in qua viriibilee (bot fepecitie (gfig. %.% debet cfle per (e integrabHii, 
iti ut integrale^ completom priorii fit /MiiO+yiNiy s C« et V*Meo 
4-yNi v+!/D^«»e pofteriorti (571. %n^ W- • 

374* CoroUarium 6. 

€i aeqoitio I(io4-N«vso, quio dit -^=:-^9,non fit it]iitri« 
rii , 'fed in refolotione cojuipiim problemttii legitimo ritiocinio determi» 
nati ; neeelTe eft> ot ee .certee fooAiQai y»:C viriabiliom o, s refpoo- 
deitj pro qoi ddbet neceAtrio efttere «eqoitio aliqoi differentiilii Pia 
^-Q^vs^^^^eytso, iti ot fif^aPioCiQsv (145. SO; igitur eritetiam 

|^c=^, hinc •^=-§-; proinde vel eftN,=Q et M:=P, binc 

quogye '^iMiOrzsyNt v., vel debet dari tertii quiepiim fiin6kio V varii- 
biriom ^, Vj pco qui fieret NF=:Q et Jt!Ft=:P^ Idnc '"^4 .MFam 

s=:«t.NFiV. 

375, CoroJlirinm^. 

.Quimobrem omnii iequitio differentialis Msu4-Nsv=:o., id quim^ 
in refoltttione ilicujqs j>roUeoMdis le^timo riCocinio foerit perventum^ ^ 
debebitefle per feintegribilis, auti.fi non fit per fe integr^ilts, poflibijii 
erit faftor F , ex qno et data aequatione nafceretur aequatio identica 
^MF^u4-pF€,v=:o per fe integrabilii (371. 374* S-)» 

375- Co- * 
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II, T pefttiMu InVoIveiiif^^ift^^to^ 

'•■ ' ■■ v" -^ "'■■■ ' '■■*'■ ' ■• 

iii^vMlMii, AdeoqiMr ptr^tST». S^V iotegrtbilta .poffit tniirfoniitriv 
Cm eniai lir liAo hypothefi M, Nimt fa nftioaeg teritbiUoiD o, v et bo& 
oipgetieae et ejoedem . pote »t«# dimeofioalB (3^. SOf Mcefle utiqoo 
eft» ot pro v=oz, hioc sv:?Q«3i-f zeUf. M, M ebetotin prddo&i Pa% 
Qo"^ ex certie fanfUooibus P, Q rolioe viuiabiiis z in potentiam o*p 
dataqfie aeqnatio differentialia abeat in PoiBeQ-fQu^^^uaz^+^zeu)^^:^^ 
tx qoa narcitdr feqoena aeqnatio «Uffetentiaila varjabiiea ,0, a; feparatae 
complefteoa (3^%. $.), eJQsqoe integraliiifer ($73. $.). 

sg ■ Qsg inx /Q^^ — P 

377« Corollarium 9. 
Hoc modo poterit quoque aeqoatio homogenea Hsa+Nav+Otzsa 
involvens tres variabiles permtxtaa %yfZ (368* S*) transfbrmari in aliam, 
qoae onam variabllem a reliquls duabos fepamtam compleftatory quo ipfo 
ejos integratio ad integratiooem exponentis differeotialis involventia doas 
TariaUlea (362. S) ' educitor. Si enim H, N, O fint ftiofUones bomoge* 
iieae mli ordinis (368« ta. 8« SO» et fiat vs=q4>, z=Oi», hinc ev:z=a«^. 
+^sa, szrsosA^+Msa; neceffe eft, nt pro bis valoribns fonfKones 
M^ N9 O abeant in produda Po"»» Qo% Ru" pro certia fuoftiooibos P, QR^ 
variabniom ^/> carentibDS tertia variabiliu; data aotem aeqoatio con- 
vertetor inPo»su+Qo"(as^+^sa) + Ru*<oe^4-/ieo)=o, exqoa 
fequeoa prodit aeqoatio difbrentialia ; 

so 1 Qs^+Rs/tt _ 

o 'Tp+Qsip + Rs^ , 

378- Corollariom xo. 
Licet ergo aliqiia aeqoatio differentialis non fit perfe integrabilit 
(371. ^^^-S*)* Ii><I^ nondum fequltor, eam.abfolqte noo effe integrabi/emt 
fieri enim poteft, ot certo modb traosformata reddatur per fe integtabilis^ 
^ ficut e. gr. omnis aequatio homogenea in (376. $•)* 
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379. Problema. 
Migmn datam fMmcunqM$ oifuatiamm difimtuikm H«'a 

Solutio. 

1. Ante omnia difpiciaturt utrum ea (it per fe idtegrabilis» et fi eft per 
fe integrabilis y qaaeratar ejas aeqaatlo integralia per (371. $•}• ^ 

2. Qaodfi vero data aequatio differentiaiia non fit per fe integrabilii 
(37 f* S0> videatart an noo certia artificiis ita pofiit transrormari, ut eo 
Ipfo reddatur per fe integrabilis..(378* SO» generates regalae in eum 
finem nuHae pofilint praefcribir particulares autem methodi» quae in fpe- 
cialibus cafibus fuccedunt, ufu optime difcuntur. Ceterum conftit ex 
praecedentibas^ omnem aequationem differentialem per fe non integrabi' 
lem vel homogeneam efle vel fttero^eneam ; omnem pbrro aequationem 
bomogeneam pcr (376. §•) poije reddi integrabileaiy onde elucet, folas 
aequationes heterogeneas fuperefle» pro quibus' defideraptor artificia, ope 
quoram eae reddi queant integrabiles» 

3. Quare videatur, an non data aequatio heterogenea fic fit CQmparata» 
^ utaut, reteotis vartabiJibus u» v, vulgaribuf operationibus algebraicls» aut 

Xttbftitutione novae cujuspiAm variabilis fic pofiit transfomiari» ut trans- 
formata vel variabiles feparatas complefbtur» vel faltem fitbQmogenea: 
cafu enim primo erit ea per (373. §.) I°^^8^bilis; et cafu altero per 
(376* §.)* Nonnunqnam licebit faftorem F qoaerere» qni propofitam aequa- 
tionem baeterpgeneam» fi ea per ilium multiplicetur , reddat per C371» §.) 
integrabiiem (375. §.). 

, 4. In defperatis cafibos qoaerator feries» qoae variabilem t! per attfiram 
V ita exprimat» oteadatae aeqoationi differeotiali fatisfaciat* JEIapropter 
fingatur effe us=Av« + Bv» + ' + Cv»+* + eec., hinc eu =(«Av*»""* 
+ («+ 0Bv«+(a+2)Cv«+*+ etc.)svt tum fubflituantur hi valores loco 
n et^su io data aeqoatione Msa+Nsv==o: bac enim ratione obtine- 
bituj: aequatio^ ex qna, valore exponentis ^ rite determinato, valorea 
coeffidentium indeterminatorum A> B, C, etc. per (ag. xtl 29« §.) poterunt 
derivarf» 

380. CoroIIariom i. 
Exemplum aequationnm heterogenearum per fe non integrabilium 
(371* S)# quaefimplicifobftitotione novae variabilis in aeqoationes identicas 

imme«- 
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inmedi^ pet^ata^ §0 fctogrtWleg poffant trao«roriii|ri (ST^-S- 3. nOf» 
offert aeqoitio Afiii + in(Ba+ Cv)«o — D«v + b(Bu+ Cv)ev:=6: 

haec enim, pro Bu + Cv^sz, hloc a^sc— ^-j — , abit io feqoen- 

tem aeqoationem differendalem', cojas integrale completum, ot fecpitor^ 
P«^ (373» S-) ^'^^^ determintre. 

I (nz— D)gz ^ 

•^■rAC+BU+CtiiC—nB^z ~^^ 



^ ^ , n(AC+BD+(mC— nB).z) 
. Conft;=:a+ ^oiG-nB)- " 



D<:mC-nB)+n(AC+BD) ,_,,^.^^. , ^ \ 

— -^ <mC— nB)^ iog(AC + BD+(mC— iiB)«). 

381* Corollarium 3. 
Unicoa cafos in (380.$.) debet excipi, nimiram qno fit mCsnB« * 
adeoqae-mz:;^-^: hoc aatem cafu determinato, ob (mC — nB)z:^;:Of 

habeWmas in(38o.S0 «o+^^Tbd ^^^' tdeoqoe per (373. §•) 
«rit , 

aeqaatio integralia 

^. n(Ba+Cv)>-2D(Ba + Cv) 

. ^+^ a(AC+Bb) --Conft. 

. ^ aeqaationis differentialie 

Aia-f-^(BB+Cv)«u— Pev+n(Ba+Cv)«v«o. 

t 38a* CoroUarium 3. 

Exemplam aatem aeqaationam heterogenearam per fe non integra* 
biliam (371. §.), quae fimili fablUtatione in aequationea homogeneas per 
(376. SO. integraWlea poffont tranaformari(379.S. 3.0.) habemoa in aeqaa* 
tione (A+Ba+Cv)6U— (D+Eu+Fv)iv;=:o: fienim ponatur A+Bu 
+Cv=<p et D+Ea+Fv»i»,4iinc 

• Ts^^Cb^ __B»/»— Ea^ 

*"— BF-^CE ' ■ BF— Cfi /^^ 

abibit date aeqoatio io liomogeneam ideotieam (F^+B^^ciP—^CB^ . 

+C(p)«/»;=o(368.S0» «qwipro z = — = p^Eg^fy P« 

Ya " ,07«. 
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(976. SO obtinetqr feqang aeqoatioiiitegri^f coBpiefteiui itttegtde^r 
(373« S-) ^^^«nniiubilei ^ 



^^^ffM^^<^ 



Notetar tameti earoi» qoo fit BFsCE, adeoqae BF-*-CE:=ro 

hi expreffiteiboa pro <0| e^: hoc enim cafo abit data aeqnatio is Ata 

F 
-^(Bo+CT)sar-^'Dev — «^ (Bo+Cv)«?cso; qoM per (380.381.$,) 

eft integrabiiii. .^^ 

383« Corollariam 4« 

Exemplom porro aeqaationam Iieterogenearom perfe non iotegraU* 

liam (371. $.), qaaram conditionea apriori licet determinare» (bbqaibaa 

illae in homogeneaa per (37$w $•) iotegrabilespof&ot transforiinaii (379. $• 

3,m), exhibet aeqqatio (u»v^ + n«vO«a+a«v^^Y=o; Si eoim io Iiac 

ponatarv :=:£*', ob(inebitar aequatib (u*z"*»+u*^z'^*')ea+nii«z°P+»J^^c 

:=:c» qoae eo duotaxac cafa erit bomogenea»' fl Aierit a+nbt=:c+n4l 

!=e+n(f+i)~i (368. 13. a. SO* «deoque (d— f— l) (a— c)s=:(c— c 

•—i^^d — b)» et n:=: » ande feqaitor: oaoem aeqoationem be*. 

terogeneam (a*v*» + o*^v^)«u + d* v^evx=o, in qua eft (d — f~i)(i-T-e) 
• ?=(e — c-^i)(d— b)» tranafermabiiem eiTe in boRK^neam per(376.$.) 

integrabilem» nimlrom pro v:=:z^-*^ » ezceptis, ot per fe patet» dao- 

bos caGboa, qaoram primo ^^ ^^lw — d— b ^™ e=o^ ct aitero 

a *"■ c s*— c 
> . = ■ pro.d=b: Ms aotemcafiboi abit data aeqaatio in fiH 

qoentea aequationei per (373. $•) integrabiies. 

«•^•«+-;q:V'^^' to*-*+a*-0*»+v.'-"'^*vs=:o. 

384* Corollariom %. 

lotegratio dttae ieqaatioois dl$erentialii Mso+Nsvsro per fe non^ 

' integrabiUs (371, $.) ope fiiftoris (379. S- 3- «•) owgit» ^^ determinetar 

ftinftio F» pro qoa aeqoatiio id^tica MFsa+NFsv=o fit per fe iote* 

grabilis^ (375* S*)* qoare» cOm in hac hypothefi debeat fieri (M^^sF 

' +F*»M)sasc(N»iF+F»sN)tv (371. SOj habebimas fequcnteni aequa- 

tionemf 
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tiotteiB» ez qofr&ftor F deberat olid, fi b a prM «Bet detenntoabjlif : 
Yeratn noo fadlo difficnltatof fapeniYerii» qoiboe haec dtfqoifitio eft ob- 
Mi(ie«' 

SSS^^^CorolUriain 6. 
loterea notetor ctfiia pecnDeriii^ qoo eft (lL-.»IiHj: N eerta 
lonftio (bliiia Tariabllia q, carena variabili v. Com eoini in propofite aeqna- 
tioM M«o+Nats=:o debeat effe H=? - -—^^ fi bic taior fobftituatar 

Jn (384. J.), obtinebitnr ~^ = Uan, pofito U = (^ - ^) : »• 

Qoamobrefli, qootiea caroerit U variabili v/ qoo cafo integraie/Uco per 
•at qoae in praecedentibpa font capitibos tradita, poterit determinari; totiea 
erit log P £±/U«o, adeoqoe» Ibmta bafi e logaritlimoram natoraliom^ 

Fse faftor, pro qoo data aeqoatio differentialia Mao-f-Navso 

yer fe^ non iotegnibilia traoaformabitnr in aeqoatioofm ideotiqmi 

Me'^ •an+Ne .tvrrro 

Crale erit idcirco ob (364. $,) 

386. Corollariam 7. 
Exemplo fit aeqoatio differentialis Pvan^^Qfn-f avsrCf comple- 
Aena fonftionef qoafconqoe P, Q variabilia u carentea variabili v. Pofito 

M=Pv+Q, et Ns=i, adeoqoe VNe^ .fvs=V« .f vs=ve , 

lunc "f . VNe .f v= vPe .t o» obtineUtnr per(385.S0 ^e 

rpta 
+ yfuQ^ ^(^ P'^ coJBpIeto integrali illioa aeqoationif diffieren. 



/Vctt /y«tt 

Me »«0 4-Ne .t vcro per ib integrabUem; ipfom atttem inte- 

/i/.tt 



387« Coroiiarinm 9» 

Per (386. $•) poffaot integrari omneir^eqaationea differentialefl for- 
mola generait UTfO+Vy^fi+TfVPco compfeiieolBe» modp fonftio- 
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u ■ V 

nes U, V, T cweatit vtriabili v. Caiii enim fit -— V4U+— v"rTi + j V 
=0, pofito z = pL, - f obtinebitur «eqoatie «z---(^tt — 1)-^-«#< 

— (n— i) -;jr 8U = o pet (386. §-) intfegrabilii i nlfi fbrs fit n= i/ 

qao cafu data aeqaatio differentialia abit in teqaationem •-~-.ca 

i|- "^ — =0 per (373. §•) integrabilem, 

388* Definitio. 
jlequatio dtffirmtialis fecundi ordinis y feu Aequatio diffirmtia - diffe' 
tentialis erit in feqaentibas omnia aeqaario inter variabiles qaascunque 

a 2 s 

Uy v^z earumqae exponentes differentiales su, svi %z fecandior^s. 
389* Coralltrium i» 

Sicut exponentes differentiales sxxt sv, az fecundi ordinis obtinen^ 
tnf differenriatione exponentinm differentialiam su» sv» sz primi ordi- 
nis; fic pro omni aequatione differentiali fecundi ordinis relata td vari%- 
biles n, V, z poterit cogittri iieqaatio differentialis priml ordiMs Telatii 
ad easdem variabilesi e cujus differentiatione refaket tequatio differen- 
tialis fecundi ordinis ^latae identict (388* S-)* ^ 

.390. Corollariutn 2. 

Omnes teqnationes differentio-differentiales inter variabiles U| v in 

duas claffes poffunt diftribui : td primam claffem pertinent aequttiones, 

in quibus tlteratrt vtriabilium n vel v pro tbfolutt fumitar (4. $.)> V^ 

' exponens differentitlis sun=i vel 6v:=:i fitt cohfttns (8i« §•) «t diffe- 

rentio-differentialis aequalis nihilo , nimirum 8u;=:o vel 6v;=:o: ad tl- 
teram vero cltffem poffunt referri tequationes» in quibus neutrt variabi- 
lium XX9 v fumitur pro tbfolatt, qute idcirco ntrumque exponentem diffe« . 

rentio-differentialem eu, ev involvunt. * ' 

391» Corollarjum<S« 
Dnm petitnr tequttio inter varitbiles u» v ctrens exponentibus diffe« 
rentialibus htrum vtritMliam, cujut feiuiidofli diffecentialeidem fit cust 
"" ■ ^ dtu 
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data aeqaatione differtotio • differentiali, .dttptici integratiooe eft^ opus; 
giriifmm -ifittfgit^JI^ datm-.aeqoatiraifl differentio • differeDdalU eft aequatto 
dsffereatialis prlmi .ordioia^ cujua differentiatio reftitoit datam aeqoatio- 
iiem differentio^differentialem; /ictiHubtm, iniegrale datae aeqoationis dif- 
ferentio-dtfferentialia eft iotegrale ejoa primi integralis (389* 368. SO* ^ 

39.3> CoroIIarium 4. 

Eft aotem integratio aeqoationam differentialiaiD primi ordinis femper 

in poteftate, ita' ot illa omni cafii faltem per feries poflit perflci (379. SO* 

fecouda integratio .cujoslibet aeqoationis differentio - differentialis poterit 

ergo pro abfolota haberi, ft priina illlos integratio foerit io poteftate 

(391- §•)• 

393- CoroIIariuin 5« 

Ceterom facile ex Iiaftenos di^tis coUigitor, integrale. primom aequatio- 
IU8 differeotiotdifferentialis pende&tis a variabilibos o, v, in qoa variabilis v 
pro abfolota fumitury conftantem indeterminatam Csv debere involvere^ 
^ ot id completum iit (391. §)• 

Scholion, 

Defiderator itaqoe metbodos inveniendi prima integralia aeqoationom 
differentio*differentia|}om (393. §.): generalem, qoae omni cafo fucce- 
dat, nollam faabemos : qoare, ne extra finesegrediamor, quos in concio* 
oandishis inftitotionibos debebamos conftitoere, indicia inimediatae inte- 
grabilitatis aeqoationom differentio • differentialiom , methodumqoe inte- 
grandi aeqoationes per fe iotegrabiles, tom nonnoUa artificia brevtter ex« 
planabimas, qoibos aeqoationes differentio-differentiales per fe baud inte- 
grabiles fic poffunt in certis eafibos traosfermarl, ot illae eo ipfo reddantor 
integrabiles. lofigoe ejosmodi transformattonom exemplom offert aeqoatio 
x»(a+bx»)«y+x(c+ex")sysx+(f+gx»)ysx*:=:o, cujos iotegratio 
complores celeberrimos Aoalyftas bafteQus occopavit, a nemioe vero adeo 
^mpUci, generaU, perfeftaqoe metfaodo pertraftata eft, ot ejos meditlatio- 
9e9 illis polfint aeqoiparari, qoas CSL Pfa/f io fuis diiqMifitiaHibas anafy- 
fl^J.receotifilmeie.xpofuit Verum baec (oterea iotafta cogimor reUn* 
qoere f expofitori in fequentibosy fi iis opos haboerimoi. 

394* P^^* 
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394* Probleina. - < 
Exfhranp rtfiwi aiguaiio ^iriiM^^ii ffimiil i i ^ ifAr lim tZ g M< m 

SoUHo. 
Dirpiciator, ftnfit Q^iis^cM» RalrsnN, et PiD«v£=:^«H«o 
+"«N«v: nifi enim hae relttiooes inter fhnftiooes H, N^ P, Q» R foeoA 
habemnt» aeqoatio propofita non erit per fe integrri>iltf : pro ttidem vero. 
relat^ooibos erit «ZsMea+Nevi=:o prinuim int^grale e|aadem aequa- 
"tlonii (391. 393. 148« S0> ^^ 900 P«r praecedentia praecepta fecondom ior 
tegrale Z:=C debebit derivarl. 

395. Corollarium |. 
Cnm fit «*R«v=«i-^aN in (394. %.) trzu.H^ (j4^%.)\ erit in 
(394. $.) Ptuev^^^^sMiO + evy^fRav: fi ergo foerit v varlabilia ab« 
folou» proinde evs:;;:! cpnl^s, et'iv=0|t debeKt fieri .^aPaoev 
5=:^aMao + ««R«v». 

39(5. Coroliarium, 2» 

Aeqoat^o «ntem «Z=o in (394. $.) erit per fe primo*- et fecondo- 
integrabiliSf id eftt tam prima quam feconda integrado efoa aequatiooia 
(391. %) poterit citra omnem praeviam transformatlonem perfici, fi foe* 
rit Qfia=?:"«M, R«y=^«N, et P^-oav^a^^aMto^^^iNav: erit ao- 
tem ejas fccondom integrale per (394. 364. SO 

397« Corollarium }• 
Qaodfi vero v pro variabili abrolota famatur, qno sv=i fiat con*^ 
ftans, et «vfzo, habebimos aeqoationem differentio-differentialem ge- 
neralilfimae formae iZ = M so + Psosv + Qso^ + Rs v^=o: omois 
teqoatio hujus fonoae, fi fuerit Qsp=^sMf et'^sPsasv= ^«Mfia 
+ "«Rsv^^ erit per fe integrabiliSf primumque ejus integrafe exbibebit 
fequensformola (39+ 395. 393. SOt ^oae, ot ezpendenti patet^ ita in- 
^lligenda eft, ut in illa pars tertia in certis cafibos poffit aeqoari nibilo. 

sZsMsu+svyRsv+^/CsZ— «^sCMso+evyRsv))+Cffv=o. 

398vCo. 
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398« Corollarium 4/ 
.Haec tfmntk tpdioia «equftqoBm demonftrtnt» aeqaftionem ^Ztro 
(397. §0 efle qooque fecundo.integrabilem: poteft enim ea ob illa indicia 
efle per fe primo - integrabilia , qoin ideo fit per fe etfam fecando - Integra- 
bili^ (394- 39?- ^)- SJc e. gr. aequatlo (u' — v)«u + (v — |)«o«y 
+ 3a*«u* + i|«v*s=o datMsiro»— V, Pp=v— i, Qscjo», R!=o, ad« 
eoqoe Q6U=s«6M, et ^aPauevs^fiM^o + ^eRjv^: ob haa rektiootg 
itt illaper fe primo-integrabilia, fed non ideo perfe etiam fecimdo.in- 
tegrabilia: primam enim ejus integraleeft (397. $.) aequatio di£feretitlalii 
(q3 — Y)«u+vuev+C6V=:0t per fe haod integrabilla (363. %,). 

399. Corollariutu 5. 

indicUa qoidem, qaorum ope ex relationiboa inter faOorea M, Py(}» R 
colligi qaeat, otrom propofita aequatio differentio-differeQtialia forma* 
6Z=Meu + Pau«v + Q«u2 + Rav^;;=0 fit per fe tam primo- quam fef 
cundo-integrabilis, carere poflumua (392. %.): ea tamen ex (394. 
397. §.) ultro fe offerant^ nimirum Qau::=:"fM, ^aP^uavsra* ^aMaii 
s=;3."6Rev*. 

400. Corollarium 6. 

■ z % 

Aeqaatio differcntio-differentialis cZ = Mau+ Panav+R«v^:=^ 
carens exponente differentio - differentiali «v variabilia abfolutae v, et 
quadtato «a^ exponentts differentialia variabilis o^ erit per fe primo-in- 
tegrabilis, fi fuerit "eM=o, et ^fiPaufiV=^6M5U+"eRav* (397.5.): 
debebit ergo M aut conftans effe quantitaa, quo cafu fiet^aP£uev=::"6R£v^ 
vel certa fun6Uo variabilia v, carens variabili ut omni vero cafuexprimet 
praecedena-formola (397* %.) primum illioa iotegrale ^ompletom. 

401. Coroilarium 7. 

Exemplo fit aequatio 8Z=v*(a+bv")«a + vCc + ev")6Uev+(f 
+gvn)u«v*=o, inquaeftM=:v*(a + bv»), Pc=v(c+ev"), R~(f+gvn)u| 
hinc ^/M=(2a+(n+2)(n+i)bv")av*; ^aP=(c+(n + i)ev»>v5 "«R 
=(f+gv*^)«Q* Qt illa ergo fit per fe primo ^ integrabilia, debet effe 
(400. §.) c+^ti+Oe v° = aa+(n+3)(n+i)bv°+f+gvn, unde pro cafo 
ejusmodi integrabilitatia obtinemoa €=:2a+f, et (a+i)6:=(o+2XQ+J)b+g. 
Viimtn L Z Qaa- 
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Quapropteri nlii hae relitiones inter qiiantitatetf a» b, c» e, f, g/n locam 

babeanti aequatio 6Z=o oon erit per fejntegrabiliiir pro lui antem re- 

lationibns fiKrile per (397. §,) definietur ejns primum integrale sZtnro, et 

ex boc per praecedentia praecepta fecundnm (91. $)» licet aequatib 

«Z=o non fit eo ipfo per fe etiam fecl^odo.integrabilii. Si enim rela^ 

tiones inter a, b» c^ e, f^ gt n petas» pro quibaa data aeqoatio fit per fie 

primo- et fecundo- integrabilia, debebis fumere aequationem c-Kn+Oev"^ 

fc=4a+a(n + 2)(n+i)bv°s=af+2gv» per (399.S«)> « qoa. obtinentn^ 

relationea c:=:4atraf, et «t=:2(n + a)b5=:— ^^- 
fc ^ n-f-i 

Exemplunu 

Pro ns=:i crit aequatio cZ= v^(a + bv)8a + v(c+ev)«06T 
4-(f+«^)»^«^*=^ P*^ ^^ primo integrabilia, fi fuerit c:=:2a+f, et 
^ef=6b+g: pofito igitur c=aa+f, et e=3b+igy invenietur per 
(997« S*) P^ primo integraii aequatio difierentialia sZ=v^(a+bv7so 
+ V (f + 1 gv) o«v + C«v =0 , quae npn eft per fe integrabitia : binc itaque 
olaeety afiomtam aequationem eZ=o pro illis relationibus/ quae ipfam 
reddunt per fe primo- integrabilem, nonefieper fe etiam fecundo • iote- 
grabilem. 

Ut nimimm iUa fit per fe prim6- et fecnndo« integrabiiig, debet 
efle c==:4a=af| et e=6b=g: "pro bis autem relationibus erit per 
(397. §•) ejus primum integrale; completum aeqnatio difierentialis cZ 
= v*(a+bv)fiU+v(f+4gv)ufiV+C«v=o, feu «Z = v*(a+bv) €U + v 
(2a+3bv)usv+Csv=o per (371 • §.) complete integrabilid* 

4oa« Corollftrinm 8« 
Dom eifQ iiitegranda foerit seqnatio differentio. difierentialis 
«(p=0 deftituta criteriis integrabilitatis, qoae adhiic expofuimus, viden- 
dum erity annon ea certis artificiis in aequattpnem identicam s2»=:o pof- 
fit transformari^ in qna ea criteria locnm habeant* 

403. Problema* 
Intigrari aHpuntimim MffirifMo - diffirinHakm sn+Psnsv + Qcu^ 
+ R6V^=o fro f^l^^Mmmqui faBbribua P^ Qi R indipendiHtibus a varia- 
bUi Q. , . , . 

Solo- 



Salutio. 

I. Cooftdhnrttlir ti infttr ftm6tiotitc ▼arkibitte «bfeltttae v» qmie ^r da- 
tim aeqoatio&ea dttenninata fit, qoo pro certa fiioftioDe Z tmlepeodeiite 
awiabili u fiat 6U=Z«v, et eZttsav, Wne «otzrzfiv*; erit faftia 
Ihbftittitiombna z«v^+PZ«v* + QZ*av»+R«v*=o# Imic »;=;— CP2 
+QZ*+R). / 

a. Habebimufl igttut aequationem differentialem priml ordinis «Z 
+ (P!Z+<^Z^+R>v^o^er binaa va^^iabilea v, Z: qoantt>brem poterit 
baec aequatio fidtem ope feriei cnjuf piam per praecedentia praecepta inte^ 
grari: invento vero hoc iqtegralii ^^raatnr «x illo expre/fio variabiils Z 
perv, atque. eaioco Z foMHtuator in eosZcv». tom hinc quatrator u 
per praecepU praecedentium capitonu 

404. Corollarium u ^ 

Hoc modo (403. §.) obtinentnr ibquentia integralia completa (I) (II) 

(m) aequationum differehtio • d£fferentialiaiD (i) (3) ("3) pro qnibualibet; 

fiiftoribus P, Qf R independentibus a variablli u, ubi e denotat bafim loga* 

rithmorum naturalium. 

I. eu+Rev»=o. I. u;=B + Cv— yiy/R«v.. 

»=B+/p 



a. •o+Qeu»»=a II. ^^^+J c^Qgy 
3. su+PfU«v5=:o, -in. o=:B+/ — j^ 



fiV 

e 



405. CoTolIariutn 2. * , 

Eo cafu determioato» ono faAorea P, Q, R etiam a variabili v inde« 
pendentea, ideoqoe totidem qotiititatea cotfflantei fileriot; babeMoioa ob 
(403. $•) feqoentea aeqoatiooea: iotegrale in (9) potdft detenoinari pee 
(353. SO» ^^ ^'o autem poterit eliei «xpreffio variabilia Z per v^ qon 
loco Z in (a) fubfti^, quaeri poterit o per praecepta praecedeotium 
capitum. 

1. «u+Peaev+Qfo^+R^v^s:?:^ ' . 

X eu;=:Zav. if-QzFT^T^^^^'^' 

Z a 406. Co« 
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406. Corollarium 3. 
Qaodfi in fpecie fit R =0 vel Qso, obtitieUniie pef (40;. $•) fegaen- 
tia iategratia ([) (11) aeqaationam differentio-differentiaUaiii (i) (a), 41114- 
qoid j6nt qatntitatea conftantes P, Qf.R* 

l. 5a + P«uav+Qfitt>=o. I. 05=:B+/^^^* 

e — CQ 

• ■ ' . -. Pv 
» /^C— Re 
a. aa+Psnav+Rsv^:::?^. !!• assB+y— : — p^ tv/ 

Pe 
407* Probiema» 

Iniigrari aiqmHamm diffenntio - diffenntiatim evl +Pfiaav + Q£a^ 
4. It«v^=o }9ro quibuslibit faSaribns P^ Q, R tndepindintibns a variabiU 
akfolmia v. 

Solatio. 

.Ex'(403;* S-) obttnebiaiaa feqoentea aeqaationef. Camjsm faftorea 
P, Q9 R careant variabili v; poterit aeqaatio differentialis primi ordinia ia 
(3) P^f praecepta foperiaa tradita integrari : ex integrali porro aeqoatio- 
018 (9) poterit exprimi Z per o, et Imc expre^flione loco Z in (2) fubflftuta 
Kcebit demum* etiam exponentem dTfferential^oi av in (2) per regulas ia 
praecedentibaa capitiboa tradttis iat^are» ha.cqoe ipfa integratione deter- 
Biinare integrale eoaipfettrtn datae aeqoationia differentio- differentialis (i). 

• jl. •a+P»a«v+Qea>+Rtfv*:=:a 

3. »v=^* , 3. Z«Z+(PZ+QZ*+R)aas=a 

40g. Corollariam i. 
Hine (407. $.) elieientor feqoentea aeqoationea integralef (I)(TI)(RI) 
aeqoatiooom differeotio - dif&rentialiom (1) (2) (3) perfede determinatae, 
qoidqoid fint faftorea 9, Q« R carentea variabiti v. 

a. :u+lf.v««p: • • n. y^B^f^jj—, ~ 

. . /Q40 
3.«o+Q«u«cso. IIL ve=B+y^^^^ 

, ^ ♦ 409- C' 
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'4og. CorollariBin. 2. 

S!f8ftorM'P, Qf R utraqiie ▼ariabili 11 , v careatity totidetn idcirco 

'^oantilatibiis eonftantikiM aequentor; fiabebimna ob (407. %) feqaentes 

aeqnationes, qoartfm tertia per (254. §•) integrata dabit expreiTtonem v»- 

riabiiis Zper 0; bac vero expreifione in (2) fttbftitota reddetor exponeoft 

^ diffiereatialis sv per regolas praecedentiani capitom integrabilis. 

I. «o+Psosv + Q«o*+Rsv*=o. 
^ ^so — ZsZ 

^ "-"!"• . 5'"= QZ^+PZ+R* 

410^ CoroIIarium 3, 
Bini fimpliciores cafus» qoorom ono eft R:=:o, et altero Y—0% feor- 
fim notari merentor: his enim cafibos nafcontar ex (409. §.) feqnentes 
aeqaatioaes iategrales (I> (II) aeqoationom differentio - differentialiofla 
(0 (?) P^^ qoiboslibet qoantitatibos conftantibos P, Q, R* ^ 

I. so+Psosv+Qso»:=:a L vgsB+Q /^ ^^^q- — 

C— Pe 

a. 2o+Qsa»+Rav«5=;a H. v:=B+/Q^^ i21_^, 

/(C— Re ) 
Scbolion x, 

Nootmnqoam poterit iniegratio aeqoationis difierentio-difterentiali^ 
redocf ad rntegratiomem onios tantdm aeqoationis dftferentiafts primr drdi-^ 
tnSf fi aot prrmi expon^ntes differentiales so, s Yi varfabiliom o, v, a qoilios 
data aequatio dependet,* aot certae Variabiliom ir, v, vei etiam exponentiom 
differentialiom so, sV ftmftiones inftar qoaotitatmn vaiiabiGom confide*' 
rentar, atqoe bae nova ebaraftertbos ezpreflae in data aeqoatione fobfti- 
toantor. 

E. gr. S! m eytrrsosv+asv fiat svt^z, Bioc svtmt; eritsy £=:zsoi 

+asz: igitor sy;=zo^osv.' In sy:=:mo+sosv ponatorsv;=:i»sosz; 

erit sy:=:xsz+z^x: igitor. sys=:zx;=:sosv» 

• „ 3a*svsv— -flasasv* ' ^ - -1 ^. 

In sVcr: — fiat «*»=:* tt sv^ssit} eilt 2U$ass§:h 

•A«^x;^torsVP=;^^^ ttV^JL^i^. 

'^ ii Scio- 
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5i&holioii.9. 

Natet utem fibi tyro» maltui dfe in. eo pofitita» ifc wrMIBi tbfo- 
latAHorcatort ad qoamoeqaatio integraiiAi fiefoftor, qood qnitfeoiJa oA- 
plicatioiie calcnli diffH^entio-iotegralie ad refalotHmeai pniilemalBm «o- 
thematico^tim iiallam padtor difficaltatem« 

E. gr.Ci proponatar eeqoetio Ay^^tyeEsyexH-eKty-y-ea beod^hciio 
integrabitar, nifi praevie fiias, variabilem z abfolotiimy adeoqoe expo- 
nentem differentialem jz= i conftantem efle: in bac vero bjrpothefi erit 

pofito «3C=: V, iiitegraIe/Ay^yez;==/Cy«v+v«y)> ndeoqoe ^^ s=yv 
+ Cpz~y«x+Cez.. 

Si in refolatione cnjasptam pr<AIemadi deveniator ad aeqoationem 

Vey:= *^"*^?*y^y f oon adperebitf qna rationeUliu Integrale poffil: 
determioarif nifl conftet, variabilem XLr=ify$x pro difolotar adeoqae ex- 
ponenteardifferentialem «a:=yex pro conftanti foiiTe famtomi ^oo cafa 

erit atiqae etiam eo*5=y*«x» oonftani, ctideo» camfitV«ys='^— ^^^t 

y y ex 

Scholion %. 

Confideratio baec variabiUa abfolatae, cajoi primos exponena difto- 
rentialis ki, conflms fit, maximi eft momenti in negotio integratioaii 
aeqaationam differendo-difierentialiom. Preqnenter lane fiet» nt prop€|« 
fita aeqaatio differentio-differeotialis dependens a qaapiam.variabili abfoH 
laU, qaaenoUo modo yidetor efi« integrabilii| fiKile integretnr, fi alia 
aliqaa variabiOs pro abfofata famfttar. Veram, ut haec nova variabilis ab- 
folota rlte poifit determinarit neceffe eft, ot ante omnia data aeqoatio dif. 
fcrentio-differentiaiisin diam tiansformetar , in qoa nulla variabtlis fumi- 
tor pro abfolata, qood hoc modo praeftabitor. 

I. Dataaeqoaljo compleftator so, so» sv^ denotante v varialHleni 
obfohitam, et «v&t exporteotem differentialem conftantem. Com in hac 
hypothefi fpeftetor o inftar certae ftmaionii variabilis v; debct effe so 
t=psv, et sppsqer pro ^oibQsdaBi fooQionibQS pi q variabilis v: qoare» 

dum 



dam T pro variabili abfolata^famitnr, e(t «o^qcv^; fi antem y non (ii- 

meretur pro variahili ahfoliit% fierat ea:=:^v+ pavurqtfv^-) • 

d. Hinc (i) feqnitar, transformationem aeqnationia differentio- diffe- 
rehdalifl, depen^entia a variabili abfolnta v et a certa fun6tione o ejas va- 

riabilia, fabiHtatione fonftionia •^*"— gPg . Y =^0 — ^ loco aa abfelvt 

«V «V 

Soholion 4. 

' Qood porro ad deleftiim variabilia pro abfolata ftmtendae attiiiet» qtto 
iotegratio datae aequationia differentio-differ^ntialia faciiior reddatar, ia 
ingenio ejas, qai integrattonem debaerk perficere» relinqoendaa eft, eom 
nnllnm generale criteriQm in earo finem liceat aflignareb Notet tamen fibi 
.tyro, aeqaatione differentio.differentiali per (a.ScfaoI.) transformata noH 
lacile alittm eaponentem differentiatem pro conftants effe fomendnmt qitam 
enjaa tntegratio eft in poteftate, com bac ipfa integratione. qoaii&aa v»* 
riabilia pro abfolnta famenda debeat detenninari 

E. gr. detiir integranda aeqaatio Vav==r5I2!±^g±Ifll!2, in qaa 
eft v variabtfia ^aUblata» et avc=i conftaoa: hSuk tranaformatione pet 

a a I 
/-.ci.i> V..- v.i„ i. TT . avatf+aoav^+vav^ao — vaavtv 
(a. ScboL) obtmebitor aeqoatto V«v =: =-5—5- 9 

in qua AoUa variabilia eft abfoluta. Quodfi jam para aaav^ 
4-vav^cn:=:av^(aaav-|-vaa) numeratoria feorfim confideretUTy. illico ad- 
paret, non tnodo vau effe perfeftum integrale fiiftoria anav + ^^» ^^ 
edam bunc ipfiim fiiftorem fieri aequalem nibilo, fi ejoa integrale vau pro 
conftanti fomator. Qoamobrem, qoo fimpHcior reddatur expreffio aequa- 
tionia integrandae^ fumatur vau^^pro conftanti^. feoyvau pro variabili ab- 

% cvau^— — Vfuavav 
Iblota^ erit enim a(vaa)s=:4vao+vau:=p, et Vav:=: TTil * 

Hinc» quia vau» adeoque etiam sv^au^ conftana eft, fiet integrale/Vav 



^ i^/rr — -^^i^^f^^f^^^- i 



2v*au**' '^ 4v* 4v*au* 

Scbollos 
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Scholion 4. . . 

S!m!Iibai ihediodifl folet peragi integratio aeqtiiHooaiii differetiiiiGafii 

altioram ordiQQm: qutefis enim aeqaado diffSerentialis ordinta li-f i «x*^ 

primit ejusmodi aequadonem , qaae per differentiatiooeiii certae aequatio- 

nis differentialis ordinis nti obtenta poteft ceoferi, quae idcirco id eft re- 

fpedtu hujos aeqaationiay quod aequatio diflerentlo-differentialis» fea 

aeqoatio differeotialia fecaodi ordioia refpefta sequatiooia differeotialia pri- 

n 
mi ordioia. Cafum fimplicifllmum "^exhibet aeqnatio formae aa^^Vav^ ia' 

qua V eft variabilia abfoluta, biQc avrsi eonftana integratio ejus- 

modi 'aeqtiatioifia' fiieile perfidturt quaerendo foccefliv« expomntes 

n-i joL-a ii«.| 
differeoljales aa^aat au»'----- su fiip6tioQis a# n qaorum altT- 

ma detercninatur ipfa fnoftio u« Si effet auspsv', comfitsv con- 
ftsQS, et su.=s .su; deberet atiqoe fieriyiu=rau; etypsvf=sv<^ypsv 
,=(P+C)sV"S pofito/pav;=P: igitar effet^sassCP+jgS*^''"^ "««*• 
inamfeftam fit| qua ratiooe ex ju;=:v^v'' exponentes differentiales 
cu, su9'---su fnccellive pofiiQt detenmoari: erit nimirum tas(».+: 
AJsv'»'"* pfo flt2=/Vsv et conftante indeterminata A : «u=sv"""V(«*^ 
+ Asv):±:(i3 + Av+B>vn"* pro /3:=/««v, et conftante irtdetermfnata 
^^ll = av^-VC^sv + Avsv +Bsv)=(Y + iAv=*+ Bv +C)sv«*«% pro' 
'7:=r/j3sv et conftantt indeCermioata C: et ita porro. 
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GENEHALIBUS QUIBUSDAM CURVARUi^ PKO- 
PRIETATIBUS. 



4\i. Definxtio. 

Vjrenertlis oinDiam carvaram divifio eft in curvas fimpUcis et duplkii cmr- 
ffOiuroi: omnii curva, qoae totajacet in ooo plano, vocator corva fimpli-^ 
cis curvaturoi: omnea vero reliqoae corvae foot curvas dupUds cmrvaisur^s. 
Interea de corvia tantom fimplicis corvatorae traftabimos. 

4ia. Definitio*. 
Si in eodem plano dentor corva ZMPX (a. Fig.) et binae reftae v\%, t. 
VU, DE in ponfto A fere interfecantes , atque ex A in refta VU ab- 
fdndantor qaaecanqoe partes AQ» AN, tom ex ponftis Q, N docantor 
reftae QP,NM paralielae alteri reftae DE; vocabontor A;Q» AN ^<^- 
fdjfas^ et QP, N|f iis refpondentes Ordiuatai feo Applicatas: ponftom A 
erit Origo feo luitium abfcijfarmm: reft» vero VU appellabitor Uusa feu 
Axis abfcijfarum^ et re6U D£ jtHs ardiuatarum. < 

413. Corollarium. 
Sitos abfciflae AN refpefto originis A eft fitoi ab(ciflae AQi et fitoa 
ordinatae QP refpefto lineae abfciflarom VU fitoi ordinatae NM e diame- 
tro oppofitos: eapropter, dum in calcoliie^ abfciflae AQ et ordipatae NM * 
fpe6tantor ot pofitivaSf folent abfciflae AN et ordinatae -jQP prioribos 
oppofitae haberi pro usgativis. 

414. Definitio. 
Qoaevis abfcifla AQ et ordinata QP fimol vocsntor Coordiuatas: 
hinc AQP eft Angulus coordiuatarum aeqoalis angolo DAV» fub qop 
axes coordiuatarum VU» DE fefe interfecant Sont aatem coordinatae 
AQ9 QP ortkogouas feo rsSaugulas, vel obliquaugulas , proot ilia* 
rom angQios AQP eft reftos» vel major txxt minor refto. .ji 

Aa 2 4x5. De* 
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4l;j; DBPiHitio;' 
tiy 3. Rcfta tib taji^it dttum alkojoi corvae arcooi MOX (3.Fig.) inpoofto 

M)fi eaarcoi MOX ita occurrat in punfto M, ut ioter ipram et «rcom 
nuUa refta per idem ponftom M poflit tranfire; liinc vocaUtor M Ami- 

4161L CoroIIartom I» ^ 
Inter inoomeraa reftas , qute dato trcui M O X in ponfto H poffiinl 
occorrere, ooica tangit arcum in M: pofiibile quoque eft , ut aliqoa reftt 
cd arcom MO curvae MOX tangat iopunfto 0> qoin ideo etiam arcui 
OX ab eadem refta tangator in O* Qoamobrem dicetor curva MOX a 
re^ cd taogi io ponAo intermedioO, R refta cd otrumque arcum OM* 
OX adjaceotem pun6to O tangat 10 O, arcoaque bi ad eandem partem ilKus 
' F^. 4* reAae jaceant: recue enim refta cd (4. Fig.) fectbit corvam MOX^ licet 
fors oterqoe illios arcoa MO, XO ab ea in O tangator. 

417. Corollarium a. 

f 11.5^7.9. Si, fomta io ponfto A reftae VU (5. 6.7.8-Fig.) origine abfciflaronir 

doftaque ad puhftom M » in qoo refta T S arcom M X tangat , ordinata 

orthogona MP^ abfcifla AP captat incrementom PQ, novaeqoe abfciflSie 

A Q refpoodeat ordinata orthogona Q m ; poterit per ponfU M, m d^ci 

refta RL» qoae com tangente TS angoiom LMSs^MT ad ponftom 

cootaftoa M formett decrefcente PQ, decrefcet angulus SHL=;RMT» 

poteritque ia fieri minor dato quovi^ angulo (415. §.) Com igitor ango» 

I08 SML=RMT aeqoetor differentiae angulorom RMP, TMP» quos fecans 

KMf et tangens TM cum ordinata orthogona MP in ponfto contaftos M 

formant; evidens eft» fitom tangentia TM refpefto ordinatae orthogonge 

IIP ita efie determinatum » ut angulus TMP inter taogentem et ordinatam 

in pnnfto contaftus aequetur limiti, adquem» PQ continuo decrefcente^ 

angulos' R M P inter fecantem et ordinatam eo propius accedat, quo mnfj^ 

minuitur PQ (68- §•)• 

418* Corollarium 3« 

. Ex his manifeftum fit» re6faim» quae datum arcom rn aliqoo ponfto H 

tangit» non pofie com lioea abfcifiarom VU concurrere» quin punftum coo- 

curfos T ad eandem partem ordinatae orthogonae M P, ad quam jacet orjgo 

abfciflarom A» vel ad partem oppofitam cadat» prout crefcentibos abfcifila 

rig.ir.^.7t- AP ordinatae crefcont (5. 6. Fig.), Tei decrefcont (7. 8. Fig.) 

419. D«. 
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Si refta TS ircmn MX tsitgat in poriAo Jff, KlMe Tero AbrcHTarott 
VU occornt m T, d^ciitiirfttt, ftd {^i^oftiHQ coi^ftas M ordiaatt MP» et 
fefta MN priori TS perpendicobris» «ti|ae lineae abfcifl^riym occurrena in < 

K; erit T&l Ttmg^ns determinatae loi%tt|idiiM«i 1? Subtangtmi MH ^ 
I/ormaUi; et NP SHlmormMs. 

430. CoroIIariam .1. 
Tangeiie cam. fabtaQgentie, et norauJiaepm fobooniiali cadoot ni 
^artea oppofitaa ordinatae orthogonae MP. 

A2i. Coroliarium ^ 

Datfo ordinata ortfiogooa MP e^ .aognlo TMP ioter taogeotem T M 
ct Offdioatam MP io paofto contaftoa M^ poterlt detecmiiiari tang^ns ^ 

TMcsg^jjj^j fabtangena TP = MP .TangTMPj normalia MK 

MP 
^ SinTMP ^ ^ *b»®f»«lta NP=MP.OotTMP. 

4da« Corollarium }• 
Sireftaocd^a^ (3. FbO «wi MO datae conree tangaot to ponftie Fi|^. ^ 
M, O, docaotur€|Qe oeimalea ML^ OM, et diorda MO; eront angoli 
cOM»aMO,LMO,NOM acoti: igjitor fimboot fefe tangentca cd»ab . 
. olicobi in e, et normalea eitcobi in a» 

423. DiyiieiTia 
Aogolaa M n O/ fub qao normalea M L, ON ponftia M, O dati trcw 
MO alicaJQs car?ae refpondentea fefe interfecant {^2% $)» ^^^^ vocari 
AmplUudo MTcaa MO: aogaloa vero ceb» fub qoo tangentea cd, ab duftae' 
ad punfta O^ M fefe fecant (422« $,), eDk Anguloa i«r/jo4lieoli ooioi taa- 
gentia ad alteram» * 

424. Corollartom I. 

Ampfitado MnO cojasvis arcaa MoO aequatar angalo incfinatiom^a 

ceb tangentia cO ad tangentem aM: qaare, com arcoa MO poft punftam 

. contaftas M verfua O eo msgifl defleftat a tangente Ma, isqae idcirco eo 

magis carvetor in M (415. §.), quo major eft angDkia ceM; ciarum eft^ 

corvedinem datae carvae in ponfto M ita eife coimexaa eom amplitadino 

Aa 3 * •rcua 
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arcf» Mo 0| lit Ult eo major ddicat xeiiibif fiu^ mjilor tft iipplitiilolfiiO 
ncM MQ determiaata^ longi^^diiui, ^t yidfllm. 

495. Corolitrioin %i 
^iS. 1« lo drciilo Cc*F!g.) radii rsAC enmt pro quolibet treo PD normito 

paoftifl P, D rerpondeQtefl, ipfi radii PC d6 C4I9- S*) • ^KMlfi ergo fit ar^' 

coflPDsA; eritangiiliui ^CD:=: — (5. $• |.Sciiol.) ampUtndo.aiviia 

PDKA (4»3-S-). 

4ii€« CorblltriQin 3. 

UbicQnqae in datoeircalo datlflqoe circoUfl aeqaalibat fqmantor trcni 

aeqaaieflatcanque pfll*vi; erant ampEtadtnefl omniumarcaam inter fe aeqat-' 

ies (425. %)t eurvedo igitor in qaovia drcalo drcoliflqoe aequalibos 

, ^ conftana eft| nimirum eadem io fingolifl pnnftiB peri|dieriae oniQfl dcculit 

^/jplieriaramque drculorum aequalium (424.$«). 

437. Cordllarium 4/ 
Si vero duo circoli iaaeqnalea defciibantur radiii r, R; erit tm|>litado 
cajasUbet quantnmcunqoe parvi arcufl A in circnlo radU r ad amplitodinem 
arcufl aequalifl A in circnlo radU R, ficut eft R ad r (425. SO* quamobreou 
fl enrveiUnefl conftantea duorom ciccolomm inaeqaaliom (426. $.) ioter fe 
eomparentar; debebit efi« corvedo indrcnlo radU mioorifl major qiiam it 
cjfrcdo radH majorifl {434. &)• 

433. DlBPXNlTlO* 

Fig. %, Circuks eurvidims pro quocunqae.punfto O* datae corvae ZMOX 
(3. Fig.) vocabitor circolafl, ad cujufl conftantem curvedinem (426. $.) 
cnrvedocurvaeZMOX in punfto Q proxime acoeflerit , ita nimirum, ot 
diffecentia inter tumc et illam ourvedinem minpr fit» quam eiTet inter ean* 
dem curvae ZMOX cunredlnem et curvedinem conftantem cujuacunque 
alterius majorifl minorisque drcuH (427. §.): radius ceotrumque circuU 
curvedinifl pro punfto datae curvae brevitalis cau(a appellabitur Radiwi 
cintrumqut curvfdims datae c^rvae in punfto O. 

429. Corollaxium !• 
Cognitifl raditfl curvedinum in duobus ppn£kifluninfl curvae, aat du»- 
rum diverlarum curvamm; patebit eo ipfo » in quooam punfto major, ia 
quove minor corvedoefbc major erit, cujus radius minorfuerit (428-427.$.) 

430. Co- 
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430. Corollariimi i9. . ^ 

Qoodfi ergo ii pmifto O verfot Z ruoitiitor qQ«eciiiK|iiie dttee eorvae 
pmffaif nofcantQrqiie rtdii CQrvedimmi la fiogolii ponftis; eanfteUt eo 
ipfoy ao cBrvatora a pooftb O verftif Z erefcat cootiiioo vel decrefcat, 'aot 
alterne crefcat et decrefcat} et ao eadem fit io ponftla a dato piafibo aeqoi* 
diftantibof (439. S:> 

431. CoroIIariom 3« 
Slso norouiH ON doAa ad popftoai cootaftoa O foinatQr pno^^ni ^ 
ct radio tO defcribi cogitetor circoloi 0« cadena intra arcom OX datae 
corvae, docatorque ma tangenti cd parallela» adeoqoe oormali ON. per- 
pendicolaris; erit cd commonia taogena areoa OX et circoli 0«: differeo* 
tia vero inter corvatoram corvae ZOX in ponfto O verfosX et corvedl* 
oem conftantem drcolt 0« erit eo minoTt qoo mioor faerit differeotia in. 
ter deflexJM arcoa OX drcoliqoe 0« a commoni ttngente Od io regioDo 
ponfti contaftaa O» qoo minor idcirco fiierit dfferentia mr inter ordimk 
tas orthogdnis ms, rs ircoa OX et circQU 0« eidem qoantomcooqoo 
Hirvae abfciflae Oi a ponfto contaftoi compotatae refpondeotef. Qoa» 
propter» fi conftiterit Affereotiam mr ejosmodi ordioatarom oiinorem effe^ 
goam eiSet differentia ioter ordioatam ma tfcoa OX, et ordinatam ka vel 
B8 cojaicooqoe alterioi crrcoli Op velOvf qoi mtjori radio'gO, vel 
fldoori fO defcriptpa coocim^or; conftabit eo ipfo, drcolom 0« eflSi 
drcolom corvedioii io poofto O datae corvae (4^8. $•> et vkifliav 

439« CoroIIariom 4« 
Sc qooqoe, fl radio tO defcriptoa drcoloi 0/8 extra arcom OX cor 
(iit; erit fi, ob parea rationei, drcoloi corvedioii io ponfto O datao 
corvte, fl diffiereotit ioter ordintttm ma arcoa OX ^t ordinatam ka dr« 
coti Ofi evdem qQantomconqoe parvae abfciflte Oa ref^ndentem Hinor 
ftieriti qotm eflet diffSnrentra ioter ordinatam ma arcoi OX, et ordinatam 
ra vet vi drcoli 0« vel Od qoocooqoe alio ra£o mlnoif f O» vel mqoil 
gO deferipti; et vidffim. 

493» CorolJariom %. 
Qoiicooqoe idcrifco cifcoloi rtdio tO defolptQi fberft dctoloi cnr» 
vediois in ponfto Q; debebit It habeie arcom io regiooe ponfti coo» 
taftoi adeo vidoaA arcoi OX datarcorvaei it ioter iilooi et booe 
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^rcnm onnas circnras pofflt lrifisirt« feo \% mlmiri radio fO, ftn tnajori 
gO defcribi cogitetar (431. 4)a. %)\ ob btoc caoftm dicetnf ciMoldrcar^ 
vedimi datto corvae in poofto O verfui X ofniltrf aipoam OX; bintf ap^ 
pcliabitar ia meiibu McHkUori ^atqtte ridkis.l0.f«iwft ofMlr^ teL riMfito 
^cfUt oteuUiiaris^ • :i. -• ■ 

434. Qorollarium 6. . 

Circnloi radio tO defcrl^ttis ireutbqtie' OX^tae corvae in O osco- 
botf tang^ eundm iircom in poaOo O iBterbe Tol tatMHid (493. $^v 

«^ mdoia cunm MOX /uerii/wmma quadrmofmm orAmtoi m% rf 
aijfciffai Os i/if/^ jmt dnptam abfcijfam Os aijualu fwmman Z+>^ t/r/' 
diffirmiioi^Z — 'f ifoarifiii fiimlf/a^fifw 2^» ^i jiianim pnor mdipiudens Jii 
§b abfciffa Oi^ po/Urior viro ita ab iapiudiat, ut dicnfciuti dbftiffaQu 
poffit if firri mmor data quavis quautitati; irit 2t=tO radJof circuU cur- 
VidiMs^iu puuSoO, qui arcum OX taugit iu puuBo O iutirui cqfu primo^ 
H ixterui ca/u Jicuudo. 

DemooArttio. 

1. Per iypotbefim erit - .^^^ — = Z + ^^ binc ms^ :=i aZa— u*' 
4- a^a pro tbfcilTt Otrza. . 

ms* + u* 

2. Vel — — — =±Z— if, hinc ms^=aiiZ~u*^-*2^a. 

3* Qnodfi )am rtdio tO;=Z cogitetur circolas tiTe defcriptQi, in 
^o abfciflae u:=:08 refpondeat ordinata ysrs, vel ys=ks; eri^ 
y»:ir3Za— u^ 

^ Hinc jtm pttetevidenter, femper effe ms>y m primt hypotbefL 
(0, et ms<jy in fecunda hypothefi (3): in prima bypothefi jacebit ergo 
i^rcos circularis rtdio tO;=:Z defcriptas tlioobi in Oirintrt trcom OX 
datte corvae } in fecondt vero bypothefi jacebic is alicobi in 0/3 extft tr*^ 
com OX. ' 

5. Ponanms jam in^rinia hypothefi' (1) praeter circalam 0« radio 
tOt=*Zr dirfcriptaili defcrfti cifcolam O^ radio gO:=rZ+«, pro diffe- 
rwtit «sgt qutntumcaiiqae parval refpondebit in hoc circolo abfciiljie 
O^isa qnadritilttordfoiUe )ts'S3Zd+2iia---U^ 

6. Cum 
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6. Cfim per fvypothefim pofllt fieri^'^ w decrefcente abrcii&i orrOs; 
e^ttbotit abrciffite Oa:=o pro qoibos erit mfl<ks in (i) (5), onde ne- 
cefilEirio feqoilor, arcom circolarem Ofi radio Og>Z dercriptom in re* 
gione ponfti contafhia O cadere extra arcom OX datae corvae; arcom pro- 
inde O « radio 1 0:=Z defcriptom in regione ponfti contaftus adeo efie 
Tldnom arcoi OXj ot inter honc et illom nnllos alter circolos locom ha« 
beat VenmiyQt certo conftet» bonc ipfom curcolom 0« eflecircQlom 
corvedinis in ponfto 0, demonftrari adbuc debet, exttre abfcilTam osrOs» 
pro qoa qoantomcooqoe decrefcente fit ms — rs< jks— -ms C43i»S»)» ^ood 
hoc modo poteft oftendi. 

Per hypotbefim extabit abfcifEi qssOs, pro qoa, quantomeooqiie ea 
decrefcat, erit 'f<|: igitor, fomtis pro ms^rSfks valoribos juxtt (i) 
(3) (5) eritetiam rs*+aks.rs+ks^>4m&*, hinc rs+ks>am8t H 
ideo etiam ks — ms>ms — rs. 

7. In feconda hypothefi (a)» defcripto^circolo O^ radio t0=:Z -ob 
(4), defcribator clrculusOy radio minori Orrr:Ot— ft=:Z— «, funta 
qoantomconqoe exigoa differentia «stf; refpondebit in hoc cireolo ab» 

^ fciflae Osr::o qoadratum ordinatae os^^aZn*— 9«o — o^ 

8« Hrnc, quia per bypothefim poteft, decrefcente abfciffa 0=0 s» fieri 
^<o)9 manifeftum fit, extare debere abfciifas u, pro quibus quantom» 
cunque decrefcentibus fieret 08*< ras* et ns<ms in (^)(3); copfe- 
quenter omnem circulum radio f O < Z defcriptum jacere in regione pun6U 
contaftus O intra arcum OX datae corvae; et ideo circirinm 0/9 radio 
tO:==Z extra arcum OX defcriptum (4) adeo elTe vicinum arcui OX in 
regione ponfti contaftos O 9 ot inter illom et faonc arcum nullus circulos 
poifitcadere. Quamobremf qoo certo conftetf circolom 0/3 fore circo- 
lom corvedinis in ponfto O9 oftendi adhoe debetf dari abfcilTas u:±:Os in 
.:lecondabypothefi(a)» proqoibos» qoantomcooqae eae decrefcant^ femper 
fit ks-*-m8<ms — ns. 

Com enim per hypothefim pbflit fieri ^<Sf erit, fomtis pro kf^ 
ms»os valoribos ex (3)(2)(7)i etiam ks* + aks.08+oa*< 4ms^, IttM 
ks+os<amSj etideo ks — ms<ms — os. 

VMmnm k Bb 436. C<h 
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436. Corollarium. 

Cam in regione panCti contadius O extent abfcilTae as=08y pro qotbtfs 

qaantumcanque decrefcentibas femper fit ms ^rs, vel m8< ka pro cir* 

/ cUlo curvedinis 0« vel Ofi radio tO=Z defcriptOy ob (11.4.); patet 

evidenter, circulum curvedinis O», vel 0/3 radio tO=rZ defcriptuoi 

Buiium abfolute arcum habere, quantumcunque ^arVus is concipiatnr, qal 

jn regidne pun£H contafias O com certa parte arcus OX datae corvae 

Mincidtt, licet is huic arcul adeo fit vicinus, ut mter illam et bunc nal^- 

las arcas circoli paflit jacere: circqlas idcirco curvedinis in ponfto O eam 

babet naturam , ut curvedo datae curvae in punfto O verfus X non fit ea- 

dem com conftaoti corvedine ejus circuli , fed ad eam tantum proxime acce- 

dat, ita himirom ut itla ad nallios alterias circuli curvedinem propias poffit 

accedere (428- §•)• , 

4.1^, DeFI NITIO. 

Difcrimen generale inter Ramos curvarum in. eo confiftit, qaod aliqoi 
fint dsfiniiai, aiii aotem indifinitai kngiiudims , nimiram refpeftu dataram 
iinearum, re£brUm vel carvarom, jaxta quas excurrunt, Sic ramos PX 
Tig. a. (2. FigO dicetur in indifinitum ix€urrert juoUa datam nSam VU, ii iS| 
quantumcunquc prodocatur verfos U, nufpiam concurrat com refta VU: 
' vocabltar porro r^fta VU jiftfmptotus rami PX, fi hic juxta reftam VU ia 
iodefinitum excorrens eo propius ad illam accedat, quo magis verfus U 
producitor. Hoc modo folent concipi rami rurvarum juxta ramos aharum 
curvarom in indefinitum excurrentes , afymptotique curvilineae : verum de 
Us nollibi erit fermo in feqoentibus. 

438. Definitio. 
Poffibileeft^ atonieidemqoe abfciOaeindata earva onataotam ordi- 
fiata, pofitiva vel negativa^ autplurea ordinataei orones pofitivae, vel 
omnes negativaej aot aliquae pofitivae et aliae neg^tivae, iliis tiumero 
%' % aequales, vel inaequales (413. §.) refpoadeant. Sice.gr.io (9. Fig.) ab- 
fciffae At ona refpondet ordinata^ pofitiva ta; abfclflae At refpondent 
doae ordinatae, pofitivae |rp,rq; abfciflae An refpondent pariter binae 
ordinatae, ona pofitiva nm, et altera negativa no; abfciflTae vero Ak 
^ refpondent duae ordinatse pofitivae kh, ki, et ona negativa kl; et afa- . 
fciflae ^A e refpondent qoataor ordiaatae pofitivaey e a, e b, ec^ e d, et duae 
pegativae ef| eg. 

. Omnis 
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Otmits linea abfciilaratn yocatur generfttitn Didmter cnrvae , fi Cumma 
fMrdinatarom pofitlvarum coivis abfciffae Tefpondentiam aequetur (bmttiae 
ojrdioatarum negativarum refpondentiam eidem abfeilTae. Eo autem deter« 
4ninatb cafa» quo ad extremitatem eujusvis abCciCfae cuilibet ordinatae pofi- 
tivae refpondet una ordioata negativa priori aeqoalis; appellatur ea Diami^ 
Ur abfolHia*. .Diam^ter porro abfolota, adquam ordinatae font perpendi- 
colares, vocari f<ilet etiam Axis curvatf et ponftum, in qoo curva ab 
cjua axe fecatnr, eft Fertix curvae. Siilenique aliqoa eurva binaa dia* ^ 
metroa habeat> qoarom qoaevia fit pacalleli^ ordloatia ad aliam diametrom; 
erunt eue Diamitri conjugatai, " 

. 459. Definitio» ^ . 

Ciutrum eurvoi tSi poqftomt in qoo omnia'curvae ehorda per ipfum 
tranfiena bi£ecator. 

44o*'Depinitio. 
^Domplores alicujos corvae rami in 000 punfto concurrunt, fefe tan- 
gunt» aut inberfecant» dicituridi improprio quidem fenfu, ex pluribus^ejus. 
dem curvae pun6tis eoalisarif quae nimirum totidem ejus ramis debentur. 
Punftum curvae, q^od ex pluribus ejusdem eurvae pun^Us non coaluit, vo* 
cator fimplix; omne vero» quod ex plurihus ponftis coaluit» dicitur niaA 
t^kXf atque in fpecie dupiiXt trtplix^ et fic porro. 

•441. Definitio. 

Ad punfta multiplicia pertinent punAa Jlexus cohtrarii: punlfd r^ Fig. ^4. 
gnjfus^ feu cufpidis aut punSla njlexionis: et nodi. Si duo arcos MO, 
OX alicuJQs curvaeita concurraot in punAo 0« ut refta qd,, quae cur- 
vafan in fecat> utrumque arcum M O, XO in O tangat j , et » dum onof 
arcus MO parti cO comrounis tangentis cd obvertit convexitatem » eam 
aher arcus OX obvettat parti oppoGcae Od tangentis; vocabitur Opunffum 
,flixus contrariL Quodfi autem uterque arcuseidem parti cO cotnmunis 
tangentis cd cojQvexitatem obvertat (10. ii. FigO; erit punftnm duplex 0^'*Zt^u.' 
Cufpis cuTVHe^fsii PuuBhm regnffns. Puoda deniqoe» in quibus arcas 
curvae fefe» ut in »| j3 (9. Fig.) interfecant» «ppellantur Nodi. ' 

442. Definitio. 
Aiqnaiio ai eurvam eft aequatio eam relationem inter curvae coordi- - 
natas» vel quaspiam reftas lineas angulosque variabBes» et conftantes 
• Bb 2 , quafl' 
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qiumtitates (llneu Tel.angttlos) exprimei», per i|iiaiii oattm dime {ter* 
fefte determinator. Hioc derooiitiir divifio conrarom io ^oi^f^oicos et 
fraiucemUmtis 9 proot aeqdationeo ad illas Tont algd>raicae vel tFaoscen* 
dentea (i6p. §.). Corvae porro algebraicae dividantor in diverfes Ordmes, 
ita Qt ofoois corva fit generatim oH Ordmis, A aeqoatio ad ^^:.ai eft ntf 
ordiQia (164. $.}• Omnis demnm cnrva c^itimma efb, feo rfgulmisp vel 
iifcimimua fen irrtgidarisi corva emitiMma ▼ocator, eojoa oatnra per om- - 
cam aeqttattonem exprimitor: i^a^foiiiifTero corvae, quales in feqoeo* 
tibas iiaod coofiderabimos» appeHantor» qaamm variae pactes per miao 
aeqoationes debent exprimL 

443« CorollariooA i# 

^ Fbrmola generatis omniQm. aeqo^tioBom ad corvas inter binas qoas- 

X y xy 
cooqoe varisbiles qoantitates x » y poteft efle «+(P4-M + ^ ^ o, fi a 

denotet qoancitaftem conftantem, f vero ot /^ iiBt fammae otonmm ter- 

jmnqrnm» in qutbos fola variabilis x, vel fola y continetar» et ^ exprimat 
fbmmam reliqooram teraiiooramy. otramque variabilem x^ y compieften- 
tiom (442. SO* 

444. C^roliariom o. 
Qoaevis variabillam y , x contentaram in data aeqnatione ad carvam, 
fotay, poteft fpefbri iniUr certae fanftionis alterios variabilis x, cqjas 

expbnentes differentiales sy, sy» syt ctCt ex data aeqaatione poflliQt elici: 
primoS vero exponens differentialis sy» prouti is pofitivi vel negativi va- 
loris fiierit pro certa abfciffa x, denotabitf ordinatas y, crefcentibos sIh 
fciffia, crefcere vei decrefcere (85. SO- 

44{. Problema* 
Fig. is. Dofn atfuHmi9 ad mrvma ZMX (is. Fig.) tolir sfns eoorOkatas 
artkogoaas x;=AP» ys=:MP, inveaire eKquaiioaem adeaoifem eurvam m- 
ier ipfius eaortBaatas obUfuasigulas a=: AQ^sa MQ> sagmio m^uh 
^;=rMQA iarum coordiuatarum. 

. " Solatio^ 

Com debeat effe ytrzSio^ et xt=:a— zCofipr fi bos valores loco 
yf X fobftitoas ki data aeqiiatione inter ^ y 9 obtioebis aliam aeqoatiooem 

^ seqdr. 
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jieqiitvftlentem ioter «etz: femper vero erit Cof^sCbfMQA fiiinen- > 
doe com figno —, oU angolni ^sMQA v^rfoB originem abfciffiinim A 
''fiierit obtufoa. ^j^ 

446. CorolUrium 1. 

Eadem prorfne ratione» fi determinata fit diftantia QAssa {mnfti Q 
afc origine abfciflarom A» ponatorqae y^l&P» xmAPv MQ^z, 
lllQAKn obtinebontnr valoreayK^zSinrf xs!ssa~zCofY» proqaiboa 
loco y, X in data ad corvam ZX aeqoatione inter ejua ordlnatas drthogo- 
naa x, y, prodocetor aeqnatib ad eandem corvam inter ordinataa z:=:M Q 
Aib angolia varlabilibas y=MQA ad datom in linea abfi:iflarom VUpon* 
^om Q comtrgiwUif et ip(ba aogoloa y. 

447. Coroliariaai, a. 

Commodiffime explorator oatara carvae ope coordlnatamm ortbogo- 
Qamm; deinceps idcirco omnes dlfqoifitiones «d ortfaogonaa coordihataa 
reftringemosy eas oMqoe^ nifi contrariom notetnr, nomine ordinatamm iii- 
telleftori: facile enim, ubi opos foerit, qaasvia expteffibnes analyticas» 
compleftentea coordinatas ortbogonas certaecorvae, in aUas aeqtiivaleiw 
tes, qoaeicoordinataa obiiqnangolaa ejosdem corvae compleftantori lice- 
bit cofi vertere (445. §.)• 

448. Frol^lema. 

Dt^^Mfuaikmiaamrp^m RTMS (13. Fig.) i^crihuaas x^AP,^k. x|. 
y:=M P pro MMe aifciffkrum VX , muimn oiqMaiwnim ad tmdim carvam ^ 

iaiir ordmqtas osNQ, zc=:MQ pro alio axiUn, cujus fitus refpeSu 
MXios VX ka fii ditermiuatus p ut nofcantur^ prastir anguium XHo=«^ 
Sfiauiiai pirpiudicukans NLf^sb, Nii':sa mo/ooi or^uis al(fciffarum N 
abaxibus VX,t>E.. 

Solotio. 
i. Daftis perpendicolaribos Pq, Pr ad MQ, Uo^ bvenietnr Pf^Sina; ' 

JHqteyCof*; HLs==^|2^; HN==-=T^ 

2. Eft vero PrssHP.Sfo PHrs=:(HL>LA + AP)Sin«, et Hr 
tsHP.CofPHr: per (i) fiet ergo Prs:;b Caf#-f «Sio«4* vSin«» 

b Cof «* 



Hr = 



Sin.m 



-i-uiMa+xCoU, 



Bb3 



S.De- 
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3..Debct porro cffe u.t=NQi=Hr— Pq— HM, et jSSiMQn: Mq 
+ Pr: igitor fiet per (2) 'u:;:5(t+x)Cof«— (y+IOSinx^; «^Cyf b) 

. Coffl5+(a + x)Sina. m^ . 

4. Ex his denium aequatipnilms prodibofit feqmtes valores pro y, x» 
quos in dattaequittione oportebit fobftltaepe, ujt ea de^aequatioQem iritec 
doordinatas u, a?. 

ysszCof* — uSiQ«— b, xszSlQn+uCofA^A. 

449. CojroUnrium 1« 

Quaecnnque reftafamatur pro axe. abfciflarum' datae curvae, ejasdem 
femper ordinis erit aequatio intcr coordioataa orthogonaa ejoadcm curvae 

(448. 443. §•)- 

450. Corollarium 3. 

Solutio praecedentis problematis ita eft comparata, ^ ea etiam ad ca« 
^ ^fiim lineaeireftae RTMS poftlt extendi» quae, ii illa lineam abfciiTaram 
VX fecet fub smgulo <p=::;STX iu T« et axem ordinatarum DE in d» 
fitque Ans=e, mn=AP;=x, dabic aequationem y— e + xTang(p pri- 
mi ordinis: aequatio igitur ad lineam reftam RTnS crit primi ordinia * 
pro quovis poflibili axe abfciflarum (449. §•)• 

451. Corollarium 3. 

Quidquld fint coefficiefitea a;)3»V in aequatione geiierali' a + /3x 
' +Yy:=:o primi ordini8| poterit» ^uftis axibus coordinatarum VX , DE» 

fqmi An= — — , etATs=:-^ : ^taodfi ergo ducatur per puiifta n, T 

refta RTnS; debebit pro qualibet abfcilTa x = AP elTe ordinata yszzMP 

t=:An + Mm=— — , hinc A+)3x+yy=o. Quare, ficut 

y ? ■• 

aequatio ad lineam reftam femper eft priuu ordinis (450. S )» ita quoque 

omnis aequatio primi ordkiis debetur alicui lineae reftae. 

45.3. Corollarium 4. 
Impofiibilis eft linea curva primi drdinis ; quocirca curvae infimi ordi« 
fiis funt curvae fecundi ordinis <45i, 44^. §.)• 

453- Pro- 
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453, Frobleipa. 
D^a aequatbm ad curvam ZMX (5. 6. 7. g. Fig.) iniir eoordmatasPl$.sC^.% 
^xt=:AP, ^t=xMPy detirmman emgntam TMP mier taagfntem 'tJA et 
erdinatam MP in puuBo contaSus M. 

Solutio. 

1. Si abfciflk xs=::AP aqgeatar incremento Jkxt=PQ^ adeo<^e or* 
dinata MP=y abeat in in Q ^ duf atarqae per panfta m, M fecana^Lfi^; 
debelMt cotingens angali TMP aequarMimiti^ ad qaem cotangena anguli 
RMP eo propios accedat, quominus iit incrementnm dxsPQ tttrcifi^e 

Xr=AP (417* SO- . " . ; 

2. Dufta autem Mp parallela axi abrciflamm VU; erit mp incremeo- * 
tom (5. 6. Fig.)TeI decrifmentuta (7. g. Ffg.) ordfnatae*y=:M,P deWtum 
iocremento A^=,PQ abfcifiae x:=:AP: qua^e debebit effe per (444» 

.57.SO; -.. •••. •' -:■•; • •;-■ , ■ - 

Semper vera eft (5. 6. 7; a Fi^) Cat,H Jl Pr=Catlbip;:r ~5 . jgjtnr 
&mperGotRMP=±r^+fi^Ax+«iJ^,/kc*+i-^ etcA; 

eoqne ipfo debebit effe ob (1) pe? (78- $.>.CptTMP3=:+ ^ ^ adhibito 

«X 

figno + vel -^, proot crefcente abfcifl» xtstAP ordtnata yi^MP cre^ 
^it (5. 6. Fig.) vei dccirefeit (7, 8- Fig.)i •• . - 

454. Coroflaritim i. . 
An^ufc» TMP in puufto contaftns M inter tngentemTTM et or* 
*naiim JfP ittdebet determinari, uC fit*CotTMP=:±^: fiimetar aa- 

tem «y cuoi iignia CMtrariis^ ,fi' arefeeflt;e.i|bfciffii decrefcit ordinata 
(453^ S> 

:i55^.CoroJ:larinm *• 
Pro fltu tangentia Tlll at normaHs .MN refpefttt ordlitata» MP et 
Koeae abfciilkrum VU habeMmiu i^t%iieiite» Mpi^^nM (^S+^i^-S*) 

* Tang ' 



fX 



aoo. CAPUT VIU, 

TaogJIMPe=TingMTPe=:CotTMP=^~J-.' 
Tmr M NPvCsTmgTM PssCotMTPst:- 

V 

Si.MTP==CofT«I.=.^-_-. 

a.TMP!=C.fMTP=-^^. 

456. CoFoiUriufn )• 
p€r (455. $.) mo ex (431. SO obtinebimQS pro taogente TU^ i^ 
tiuigieiite TP| &onn«li MN, et fuboorinaii NP fequentes expreflloftee* . 

TM=:-^/(»y»+ex*V TPsfc^ii. 
MN=-^/(4iy*+fx*> NP=:2^- 

457» CoroiliriQm 4, 

Propoffta ergo aeqaatione ad datam earvam inter cjna eooid!nataa*yt x^ 
poterit tam fitaa taogentii» fabtangendai Dormalia^ et fubnormalis refj^eifbi 
ordinatte et axeoa abfdflaram, qaam magnitado abfoiataper (85- 418* 4^* 
4559 456*S*} pctfefte determinart: id tamen in feqnenti capite ilberiils 
exponetar. 

45:8« Corollarium 5^ 

Indetermioatam reltqaiWM in pra^cedentiboa formdit (455. 456. S), 
Qtram ordlnata y« an abfcifla x inftar Vfuiabilis abfolatae fit fpeftanda (4. §.): 
nbi vero illa ad banc, vel liaec ad illam velut certa funftio ad variabiiem 
abfolatam relata foerit; poterlt obiqoe poni ax=z cafa primoy velcy:=:i 
cafu fecaado. In (4$ $• $0 temen pro determinatione aitioram exponen* 

' tiom diffei^ntiaUam ay^ <4y^ ay, etc. femper debet efle ax;=:i4(i56. 
«57-S)- 

459* CoroIUrium 6/ 

. Kg. f . r- . Ordioata m Q (5. 7. Fig.) pccurnt tangeoti . T M prodoftae in pon- 
«o q, eftqaepq=3sMp.CotMqpr=:Mp.CotTHP5=±-^ Ax, adh£. 

bito figeo.+ v4 ^i proM ctefceatibtli ibfctflis ordinatae pariter 

. crefcant 
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crercQDt (S.Fig.)» vel decrefcant (7.FigO: cam igitar fub Ilsdem ccmdl* 

tioDibusntmp==±i^Ax+4liilx*±i^Ax3±ete^ (453- S-), . . 

fitque qm = pq — mp(5. Fig.), vel qmnrmp — pq (7. Fig.) valorispo* 
fidvi pro quDvis valore differentiae Ax=PQ; erit oCroqae cafu qm=: — 

-^^Ax*— « -^ J^x»— i -~ Ak*— etc. femper valorii pofitivi, et 
ideo habebit exponeas -~ valorem negativom (77. §.)• 
460. Corollariona 7» 
Pari ratione reperics pqj=+ — Ax, et mp=:±— Ax±-^Ax* Pig.<.f. 

• X SX 2SXL 

3 4 

3 fi y 4 g y 

+ « — ^ Ax' + a — ^ Ax*+ etc, fumto figno + vel — , proot cre- 

fcentibus abfciflis AP ordinatae crefcont (6. Fig.) vel decrefcunt (g. Fig.): 
quare, com fit mq=mp — pq in (6. Fig.), etmq=pq — mp in(8.Fig.)^ 
valoris pofitivi pro quovis valore differentiae Ax=:PQ; erit otroqoe cafo 

a 3 4 

mq=i:-^^Ax*+« -^^Ax'+« -^ Ax*+ etc femper valorls pofi- 

2 S X ^ S A ' . S X ' - 

• % 

tivi, qood eft impofiibile quin etiam — ^ valorem pofitivom babeat' 

(77. §0. 

461. Corollarium 8* 
Dom corva, ad quam dator aeqoatio inter ejos coordinatas x, y coo- 

' sv 

cavitatem vel convexitatem obvertit axi abfciflarom» debet efle -^ valo*-^ 

fi.X* 

ris negativi cafo primo, vel pofitivi cafu fecondo» et vicifi[im(459.46o.S.), 

exponente differentiali sy ex data ad curvam aeqoatione pro sxssi de^ 
terminato (458. §)• 

463. Corollarium 9* 
Pars ordinatae mQ (5.6.^.8.Fig.) inter corvam et tangenteminter-Fig.jf.^i^.t. 

2, 3 4- 

£ V 3 sy ^ sy 

cepta eft generatim m q c= ^ — ^ Ax* ± » — ^ Ax' + « -=^ Ax^± etc, 

y$lmenZ Cc tdl 



:ii:^ :cs — -«5 — -mz zr^ oiieu i -i re? cobtcu ez psrte 
- ~ 1:=- 1= ^^* =7^#\*y^+«x*) ob pq 



I = 



^rz rwsma f'i z. J^ iS ocbb mw^'iiii Q, csirvergentibas 



TT :=T : T :^=- T=^J -=X'. -: i=AQ efi y=z 
^?!:- =- — - -"-i • xrc - = r^ • rn"- — riSar, ccfx = zfiy 

£. -w-- Z^MTCT :ias T17=f-;r ^5^5-. «t ung PMQ 

^^ ~ —.rl -, • r-.^-r.^+eyCoCy 
= '<r'-*;~ »c ^C= rsmcTHt — .- i*^ = ' r 

i^ '. .. .'^^wi. :niia!! t^ .!■;<■ g " iJ ' !tes aicrw rr ^K <xpre£one toco 

imt-.-^mxfzr i- -.ffnKsur e^uc"» .*.r:rxr»nj 71-7 ri.Tg<Bre angali 

r^l ^- Tiaw «ry ^j.nffiriar •ictaaigerta ^-— -^jcgr^Q, et fubnor^ 

«Ci. ^*.* -,.. 4.- AJS i. 

jBg*..» >f ^!^=- *t it kT^ifc-a »*tir« jcucis. hinc TAIQ obtn- 
^ ^ iie MK-t «K-.titt. is^ axc «L-Jct»: «ciiiiitt «ae angulttm TMQ, 

Msm WIA. i!«c«iit aitK' — — ac^eacsi acgolf TAIQ, fi is 



4-i. s. .':,'. .j:z= 5- 

Tteanr n. 3»«v^^ C *»» ^ac««u»a TMb perpendicnfaris Qr=p; 
,*»=iSo niC. ^^««- Af«"«i»w "U angoU TJIQ per ejus tan- 
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467* CoroUariuni 4« 
Data afqoatione ad carvatn ZMX inter ordinataa z&cMQ fub ati« 
golis variabilibua ycMQA ad datiHn panftooi Q coBvergentea angalo^ ' 
qae r» feniper poterit reperiri aeqoatio ad eandem carvam ioter ordinatam 

X, ct perpeodiColmB p.» Com enim ist *-*^=r — ^«*— p*) k (466. §.), £[ ^ 

a z ' 
praeterea ex data aeqoatlone determinetor valor pro — ; 'obtioebitor ek 

" , 'T 

ilio et koc valore aeqaatio inter.a: et p« exclofo vel ioclofo angalo f 
qui boc aitero cafa ex bac ipfa aeqoatione et data faciie eiiminabitor. 

468. Corollarium $. 

Et viciHim, fi detor aeqoatio ad corvam ZMX inter ordinatam z£=:MQ 
et perpcudicoiom p=cQr» poterit determinari aeqoatiOt laltem .differen* 
tiaHi» ad eendem:' cnrvam iotet z et angolom y:==MQA. £ft eoim ey 

^s-yr^^-jr-: qoodii ergo ex data aeqoatiooe inter z et p determi- 

iietar valor perpendicoli p per ordinatam z, iJBque fqbftituator 10«^; obtt- ^ 
Dcbitor aeqoatio inter ey, az et z»' onde ope calcoli integralis iicebit 
qoaerere aeqoationem inter z ety. 

« 469. Problemi» 

Data Oiiiuatioai ad curvam iater coortUnatas xt= AP, y£=MP C5, 6.Fij. j.t 
FigO» iaviMiri ixpomutim diffenntialim anus itt=ZM campnhim/i intir 
ardimUam MP H aliam ZC datam in dljlantia CA ab ari^ ahfcijfa- 
rum A. • 

Solutio. 

Crefcente abfciiTa xts AP incremento PQsAx abeat ordioatajrsMP ' 

in y':;=mQt et arcoa /4?=:ZM in fi :r=Zm: com arcasft et ordinata y* 

poifint fpeftari inftar daaramfotidbondm abfcilTaex» ii docitor Mp pa* 

raflelaaxi abfciffiuitim VU» etchorda Mm; erit Mpp=Ax, Aysfy^-^y 

:=mp» et A/(=//— /it=Hom. Pro qoaiibet iddrco differe^'arAxBPQ ^ 

debebit effe 

A /i >xfaorda lltm 9* et ^ /i <ll<I^-qmi . 

Hinc, fomta chorda Mm=/(Ay»+ Ax»)= ~/"(«y*+«*)+pAx* 
+ q i&x^ + etc. pro certir eoeificieotibne p , qi^ etc* iodepeiidentibas a 

Cc 2 Ax 
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Ax (84.89. S)f ffltntis^oe praeterea valoriNs proTI^ et mq juxti 
(462. S)? wt 

A>> — /C«y*+«x*) + pAx»+qAx3 + ctc. 

Debet itaque effe per (131, §.) • . 

«;ts=:/(«y*+«x*). 

470. Corollarioin, 
Hinc pendet RiSRficatiQ datae curvae ZMX» qoae inveBtione arcoi 
ft=ZM perficitor. Data nimirom aeqoatione ad corvam inter coordinatas 
7,x, qoaenifar «y» fobflitQtoqae vitore loco ay in exprei&one pro «/&« 
qoaerator arcos /t ope calcoli integralia» CeteriHm per Te liqiiet».pom 
pofTe ex:==:i, vel ayst, com x vei y inftar (variahilia abfolottte pofiit 
ipeftari. . 

4JI. Froblema* 
Fig. $. 6. Data aequatioM ad curvam Z M X (5. 6. Fig.) inter eoorihuiiaiTit^ AP, 
ytzljlip, inveniri radmm curuaturatpro punSo^M^' > - - 

Splotip. 
1. DodUs t|ingente f M et normali MN'id ponftom M, cogitetor 
abfcifia X = A P aogeri incremento A x = P Q ; * totn docatcir ordinata Q m 
tangenti occorrens in q, et IVIp parallela axi "abrci&arom VU; efit Mpc=Axf 

• iAq^^x^(ey*+i)=:Ax6fi, et m,qs=: + i6yAx* + «6yAx' + flffiyAx* 
+ etc, confiderata abfciiTa x iqftar variabilis abfoibtae, qoo fiat ax=:t 
(462.469.5.)., . ,. ; . * . . ... .../. . .: 

a. Sint mk» mv p^rpendicolares ad taogentem TH et normalem 
M;N5 crjt.Mv=mk=mq.SinTMP, kq^mqCofTMP: ob (i) per 
(455. 469. SO bibebimos ergo in bypotbefi yariabilis abfoloMe x » expo- 

w«i#as«L^»=«. . / .. [■ ..../ -.- /' 

^ a 3 14 4 " .. 

Mv=±j4^Ax^±^Ax? + ?^Ax*£fcetc. '^ 

y: . .a -'•_-* 5« • ♦* 

— + ^. — =^Ax» + — ^— ^Ax' + — ^— ^Ax^+etc. 
■*- 2«^ -*• 4^ ~ S/4 . • 4 

- 3. Eft 



477. CarotUrtam ir. 

Dahr aeqiiaiioiie ail corvaai ZlfX inter ejus coonUoataf xc=:AP et 
7:=MP» poterunt y et ey, ay per x determinari, qao ipfi> fpoternnt 
etiain n^=Ap» z:=;n)p exprimi per x: fiac ergo rotione potemnt deter- 
fluoari dnae aeqaationes inter u^ z, x, ex qaibsa, erhninando variahiieafc X^ 
aiiicaa aeqaationem inter b et a licebit derivare (477. §0- ^ 

478. Corollarium sr. 

Si cogitentor radii carvatarae ZR,.M'nif, Mnv, M^^m"' debiti fingulis 
ponftis datae curvae ZMX; Jacebant omnia eentfa R> m\ m» m^^in linea 
cnrva RmS» cojua natani per naturam cvrvae ZMX perfefte eft deter» 
mtiDatt, ita ot, data aeqaatione ad corvam ZMX inter ipiias eoordinar 
IM x=AP, ys=:MP, ex kac ip(a aequatione per (476. 477. §.) poffit elid 
aeqaatio adcurvamRmS ihter eJQs coordiiDataa oc=:Api. z=m(^ 

479. Corollariam 5. 

Aequationes in C476. SO dant per (474. 469. §•) at=rx+ — - , et 

f fiX 

zt=^ — ; """y* ^ Tamaa bm et muttipficesper sx, cz verodadastn syf 
iSadque prodoftaoa ab Iioe fubtrahas; obtinebb; ezey — eaex == ■ 

Cey^x— «y«x) — («y» + «x*), oiide» ob (474* 469- S-) P^o*^ •^•y 

^ su «y 
-*gaex:=Of et —— s: — t— » , 

az^ ex 

480. TBcarcmaf* 
RacOus Mm drcuK iurj;edmis dMtipunSh M datat emvai ZMX^a»- 
^ftf eufvam Rms mlrarimi curvidinis fingulir curvas ZMX /7«iiff»f df^f' 
^omiii (478- S) <• imifi'^ m, aequatwrqui fummui Rm 4-RZ arcus Rm 
it radii ZR iurvidiais punSo ixtima Z irMtf» 

]>emon(tratra ' ' 

I. Taogat refta nitf arcom Rm m m; debeSft efle Tangnmprs:^— > 

et Cot mFNpKCotMNP = -^ (455» 8-)' igitar eiit aogokis nmp 
compIementumangoIimNp ad onBm reftum (479" SO» qood ^ft impoffiw 

biie» quin tangens* nm coincidat co» radio carvediais Mflk 

3«nein* . 



I 
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474. Corotia^f^iitn 3. 
'QaOeiins aUciffam x iiiftir variabttis ablbhitae fpeftavimiu^ ae^efto. 
' qae exponeiit« differentiaK «xs=i et ejos qtaadrato ix^Ame^ ~« -i^ 

" • X oX 

fetinwniis «y» «y C47<*S* ^- '- "•)* foodfi ergo indeliniiinatiiai Telx- 
fiisa reiinqoere, qoaenain variabiliom pro abfolota fomeoda iit; fcriptie 

ex|>ooentiboa ^, *^ looo ey, ay in (479. |.)« tom ftdofta espMf- 

fioneradiir^C4io.Sv^^I><^^)» ^ 

rcs — £— ^p— r=~s i — ^ CW* $•)• 

Myex — ay«x «yfiX — syax 

475» Corolla««iai'4. 
f 19.13% • Qom^ fi abfciffa x ad ordioatam y ot fondHo ad variabilem abfiata. 

tam referator» debet fieri .tysx, et ay=t>; erit in ea bypotiiefi 

(474. §•; 

■,-, <x «-x 

" ^ 476. Problema^ ,' 

^ip <4- ^^ SiquatioHi ad curvam ZMX (i^^FigO m^ ^ai €oarimaUi$ 
K^APj yr=:MP; inveniri diftamtiai pirpindiculareM uuM tnrvidiau -d^ 
4fiH funBl> iiab amlna cofirdinafarum VU» DE. 

Soiutia 

St MN nbrmatiai et in hac eentrom m circofi cofvedinia debiti 

ponfto M« mp=z vero et mqcz=Ap;=a &nt diftantiae ejus perpendl- 

colarea ab axibus VU« D£ coordlnatarom x = AP, y = MP; eritf ob 

... ,. -- „ _r.PN (r — MN)y ry 

«orvedima radiom r=«M, Pp= -— , «=:~.j5^^ 

• r PN 

lunc ottsx+ ' u ; qoodfi «rgo fomastoc valorea pro radio r^ nonna)! 

MNf et fobnormaH NP per (474. 456. §.) fiet 

*<y«3t— «yax «yax-^-^-fyax 

' . 477- Co. 



477. CarotUriam ir. 

Dihr aeqnakioiie ad corvaai ZlfX ioter ejas coordiDatat x=AP et 
ys=MP» poterufit y et ey, ay per x determinari» qao ipfi> IpoteroDt 
etiain nrrAp» z;=;iDp exprsmi per x: Bac ergo rstione potemDt deter- 
flUDari dnae aeqaationea tater o^a, x, ex qoiboa, eftmiDando variaiuleafc s^ 
'Wttcaaa aeqaationem inter b et t- licebit derivare (477. §.}» ^ 

478. Corollarium sr. 

St cogTtentor radii corvatorae ZR,.M'oif,MDv» M^^m"' debiti fiDguIis 
ponftisdatae corvae ZMX^ Jacebont omnia eeotra R» m\ m» m^^in linea 
corva RmS» cdjus nator» per natoram cnrvae ZMX perfefte eft deter» 
ninatt» ita ot, data aeqoatiODe %i corvam ZMX inter ipiiQS eoordin^ 
tas x=AP, ycrMP, ex kac ip(a aequatione per (476. 477. SO po^^ ^^ 
ftequatio adcurvamRmS ihter ejQa coocdinataa usApi^ z=m^ 

479. Corollarrom 5» . . 
AeqQationes fn C476. §0 **nt per (474. 469, §•) ot=rx+ — ^ > «^ 

xt=^-^ — y: fi (omas ^u et multipfices per ex, sz verodudastb ty^ 

«/«^ "^ . . 

^ ' r 

iBodqae prodoftoaa sl^ Iioe fubtrahas; obtineHs; szsy — sotx = ■■ ' 

Csytx— sysxj — (sy*+«x*), onde» 0^(474.469.$.) pro«t sxsy 

I. ^Q _ «y 
— sosx=©, «t TT" ^ TT"' 

S<& « X 

4go, Tbeoremff. 
Radiur Mm nVovX swr^dms deUti puntto M ifaMi enrtHU Z M X ^s»- 
^tf eurvam Rms nuhronm eurvedims fingultif eurvae ZMX /TsiiffM df}/-* 
^miii (478- S) '• pmiff^» m, aequaturque fu m mae Rm 4-RZ arcus Rm 
ft radii ZR emrvedims puuSo ixtimo Z irM/j» 

]>eixronftratia ' - 

X. Taogat refta nm arcom Rm in m; debeSft efle TaoKffm prs:^^ 

et Cot mN p s CotM N P = -^ (455» 8.>j igitof ei^t aogokis n m p 
compIementnmangolimNp ad oDom reftom (479" SO» qood ^ft impofllt 

biie» q,Qi^ taogenS' nm coincidat com radio corveduus Mm» 

2. Elein» 



at>8 CAP UT Fllr. 

a. Dclnde, «eqnatiotie pro z in (479- S) ^iffercntittt, tam reftitutii 
valoribufi pro a/t et r ex. (474- 469» S-)» obtinebitor «r =^^^^: hioc, 
^^ ay;=~^(4?9-S). •deoqae «)^ = ^ /(«a« + «*) per (469. §•> 
erit ar=:/(5Z* + «a*) exponens differentiali« «rcus Rm (469. §1). Et 
ideo debet effe r=Rm+Conft: com autcm pro trcu Rm=o radxus cur- 
vedinis r=Mtn fiat r=RZ; debetcffe conftr=ZR, etr=Mm=Rm 

481. Theorema. 

Et viciffim, fi eurva RmS tatm fitum \efpi3u datae atrvae ZMX 

habiat, ut, duSa adquodcuuqui punHum m tanginti Mtn, ksic aiquetur 

arcui Rm auSo tangtuti ZR; trit quaivis tjusmodi tangens Mm radius 

circuli cuTVidinis debiti punHo M ddtae eurvaiZUXf proinde eentra omnium 

circuhrum curvedinis Jingulis punSis aervae ZMX. debitorum jacebunt^ im 

iurva ZmS. ' "^ ^ . 

Dcmonltratia. 

1. Cum per bypothefim Mm tangat curvam Rms in ta, pro u=rAp, 
2=mp, /A=Rm,x=AP, y^MP; critTangNmp=:CotMNP=^; 
tangens Nm= j^ efi,^t fubtangens Np. = ^ per (455- 456. 469. §.)• 

2. Adeoque etit Pp = , hmc x ;= — : porro 

Sfi «AJ 

MmfiZ— Z£A( 

3. Quodfiergop pro Mm=i^, hinc sks«At, ob Mm&=:Rm + ZR 

perhjrpothefin , fumas sx et sy hi (a), reperies, ohsfi^y^iez^+en^), 

ey s'tt 
quotientem— =— • 

4. Eft itaque Cot MNP?=: ^ ob (1)^(3) r qaod ncquit fubfiftcire qoin 
fit MN normalis ad punftum M curvae ZM X (455. SO- 

5. Radius curvedinis debitus puofto M coincidit ergo cum Mm; eidem 
vero radio aequari redkam Mm^ fic poteft oftendL Si capias exponentem 

differentialem sy in (a), obtinebis ob (3) k=Mm= —^r^^ 

BfiBZ^ezefic 

Eft 



* CAP 9T irin. ao9 

Eft^Qeemper (3^ ^ — jr/ aj. — 1^» ^**^^ differentlando ptodd. 

-^ . * ^ » («y*3c — «x«y)eyjit*_ . t, ••*»,, ■ >t 

\ ' («yH"*)* . ^ ^ 

ftitntq io prtecedeqtt expreifione pro.k obtinebitor k^ radio cnrvedinb ia ' 

ponfto M (474. §•)• ' * -^ 

483/Definitio. 

Si linee ob&iiSinitil VU' (15. Fig.) tangat datam ennram RS in R, fn^ Fig. if. 
maturqae pars ejus conJlans ZR» tum cogitetar ad qoodvii panftam m 
ejaadem curvae dacitan^na Mmn^Rm+RZ, nifl^iram aeqoalii iammae 
arcos Rm et re6Ue coDftatitis Z R; jacebunt pun6b extima M dmniom tan- 
gentium in certa cnrva TfmX, cnjua Evotutam vocant curvam RmS. Si,. 
ioquiunt, concipiatur curvae RmS filum ZRmS ita adplicari, jot - 
ejus para ZR eandem ia R tangat; tnm cdgitetur extreinum Z aequabilitec^ 
Verfus X progredi» at femper pars fili Mm curvam deferens in re6bim pro« 
tenfii fic, quae curvam in m tangat; curve R S evolvatpr in lineam reftam 
determin#tam per ejus tangentem ^CSsRS+KZ, punftamque Z genera-, 
bit curvam ZMX: ob banclpfam caolkm vocaot carvam RmS evobttmf 
ttZ^X cxitvnm iVokti9$^epriaris gmitam. 

^ 483. Corollarium i. ^ 

lo evolota RmS corvae ZMX jacent centra omnlom circolorum cur- 
vedinis fingulis punftis ciirvae ZMX debitommf ita nt» fi ad qoodcunque - 
puoftum m evolutae ducator tangens Mm curvae ZMX 10 M occurrens». 
ponftam m debeat efle centrom» et Mm radius drculi curvaturae debiti 

punfto M (481. §•)• 

484« Corollarium a. ' 

Data aequatione ad curvam Z MX evolutione alterius corvae RmS ge* 
nitam inter coordinatas xr=AP,y:=:MP, poterit, ob (483* S0> P^f (476- 
477« 4?8' SO determinari aequatio ad evoiotam RmS inter coordidatas % - 
Q;=Apf .z;=:^mp« 

485* Coroilarittm 3. 

Com fit tangeos MmxzrRm^i-ZR radiua corvediois in ponfto M cor- 

vae ZMX (483* SO» ^nt quilibet arcos Rm evolotae RmS aigebraice 

reftificabilis, fi radius curvediois io. quovis ponftb M cnrvae evolotione 

prioris genitae aequetur funftioni algebraicae. 

Ki/MHCNiL bd 4^6. Pro- 



jio cAPUxFTn: 

486. Problemt. 
UatM aequatiom ad ivolutam RmS inter ejus coordinatas^^q^w^ tnqst» 
tmtenire aequatiouem ad curvam ZM X ivolutioui prioris geeuiam mter ipfius 
ioordinatas ZP:=rx»MP=y. 

Solatiow 
f. Nimiram linet* abrdi&irQm RQ d»tae eyoTotie RmS^eft perpefidi- 
calaris ad ejaa taagentem VU in R, qoae lineam abfcifTaram pro curva 
ZMX evohitione priorif gentt» exbibet. Cumjam fit taogetks MmsmB.' 
-{-ZR=:r radtos cnrvedinia ia ponm M» pofito areiiRm:=rs, et ZR==:a; 
erit r=:s+a. Porro eft ys=Rq=mp, et t=:mqsRps=:Ap — a: igi- 

tar per (479L §.) repenetor y^^-^ v,tx:=:t+t^ ^ \' ^ • 

3. Deinde t=:A|> — ae=ra — « dat •t=:«o, etv=Rqc=mp=z dat 
«v:=sz^ qatKnobrein» fi pro bis valoribo* per (48» $. 2. d.) detennioM 

JIZ. et — , obtioebU ex (i) 

y--7^r?+7;5)'''*^ *""*"*" ""/(.t»+«v»;* 

3. Propofita ergo aquatione ad carvam R m S inter cobrdinatas v::=Rq, 
t:=mq, determinetur st persv: boc entm valore loco st in (3) fobftU 
toto obtinebuntiir exprefliones pro y» x per v, t» s : ex his demum aeqoatio- 
ntbas et aeqaatione inter v, t data licebtt eliminare v, t» eoque ipTo aDUii 
aeqaationem inter x et y inde derivare, qaae tamen ab frcn s=Rm haod 
liberabttan 

487. Corollarium» 

Natora carvaeZMX pendet a reftificatione illios evolatae RmS: fi 
arcus s:=:Rm fuerit fonftio algebraica ordinatae mq=t; erit etiamaeqat- 
tiointerx^y ad curvam ZMX algebraica, transcendens vero» fi arcos 
s^Rm aequator fiinftioni transcendenti ordinatae mq=t (486. §.)• 

488* Problema. 
^ ^' Data aequatioue ad curvam ZMX (s.Fig.) iuter coordiuatat xcrAFt 

y=M P ; iuveuire fpatium M PCZ iuter ordmatam M9 et aliam Z€ i 
Mi dijtautia CAab origiue A ab/cij/arum. 



X C AP UT VnL ait: 

Sit fp«tiilA M P C ZsS , iqood fnftn' uBiatffioftioiits «bfiHffae xt?: A P 
poteft fpefttri. Si abfcUTa xrsAl^ dapiat increQieiitOBi A x=PQ, doc«T 
tiirqoe ordioaU Q m, et M p parallela axt ebfdffarom V U, altera ver6 pa^ 
rellela ml ordinatae MP occorrat io 1; erit fpatium PMmQ=;^S^ mp^ 
s=Ay, Mp:r=Ax; htQC AS>MpQP et fimol 4S< ImQP proqoalibet 
differeiitia Ax. Hab^imoa igttor AS>yAx et fimol iiS< (y +Ay)dx, 
Qode ob (84. $.} per (13W §•> obtioetoc expooeaa differeotialia«S^y«ky 
cojua iotegrale aeqoabitur fpatio S. - 

489. Probletne. 
DMta aequathm ad cmvam AX (16. 17. Fig.) colfr cr4iaatas z:=BCFis. i6. 17. 
mddatum paaSum C caimrgmta it m^mhs vmriabila A CBsy» qaadran 
fi^mrm ACB» fia iaviokt jja$ otiam S. 

Solotio. 

Aogolaa r:=AC6 capiat iocrementom HCDt=Ay, et ex ponfto C 
radtIa,CBt=:2, CD defcribaotor arcoa drcularea Bd» Db; eritDd=Bb 
^^tkZ differentia onBnatae BC;=Z9 etarea feftoria BCD= AS dfffereo^ 
tia areae StzrBCA O?- ^S* S0« fi ergo ordinataz i^eftetor ioftar certae 
faaftiQBisnoguUr; poterit poni Az==:«Ay-f"i8Ay*+etc.(S4.S.X 

lam vero patet, aream AS feftoria BDC pro qoovia angolo Ay ita 
fe babere ad areaa feftorom cii-coiariom B d C» b D Ci ot debeateffe AS > BdC ' 
et fimol AS<bpC (i6.Fig0f vd AS >bDC et AS< BdC (ly-Fig.): 
ea propter, com fit arcoa circolaria Bd:=:Ay .BCsAy.Zt et bD^Ay.DC, 
feo bDr=Ar(as+Az) io (i6.Fig.), et bpa=Ay(z— Az) ^0(17. Fig.) per 
(5.5. 3.SchoI.);debebiteife AS>4z*Ay, et AS< iz»Ay+(z+i(«Ar 
+ jaA7*+etc.))(«Ay* + )3Ay'4. etc.); vel AS< iz^Ay, et AS> Jz^Ay 
+ (4(«Ay+^Ay*+etc.)— z)(«Ay»+/3AY' + etc.). . 

Eft igltor «S~4z*ay (131. §.) expooeoa differeotialia areae S^ CQJ09 
integratio dabit idctrco ipfam aream . S ^ A B C 

490. Probleme^" 
Data aiquaiioni ad curvam BPC '( xS- Flg.) iniir ijus eoordmatoM Fig. 1%. 
xr=Ba,y:=aP, cujus nvolutitmi circa axem abfiijfarum AE cogitelur gi- 
ntrari corpus^ rotundum B C D ; imfimrifoiiditatim ijusdsm corporis. 

Dd a SoIm^ 
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Solutio. 
SeAio PmpnP in a perpendicul^s ad axem AE abfcin<Ht' fegmentum 
PBpnPm~S, quod inftar QoiQa fanftionfa abfciiTae x=Ba poteft fpe» 
ftari. Si itaqoe abrcifla x=Ba augeatar incremento Ax=«b, cogttetur- 
qae per ponftam b diici Teftio reacr priori parallela; exprimet AS=Ppsr 
partem totina corporia comprehenram ioter reftionea PmpnP et re^acr» 
qaae idcirco pro qaavia differentia Axsab erit major cylindro} bafeoa 
PmpnP et altitBdioia ab, fimal antem minor cyltodro bafeoa reacr efc 
eJQsdem altitodinia ab: igitur erit pro quavia difierentia Ax:=s ab*- 

AS >PmpnP.Ax et AS< reacr.iix. 

Habet aotem feftio circularia PmpnP ordinatam aP=y, et feftio 
reacr ordioctam rb=8b=rR + Pa=8S+pa5=dy+y proradto: pro 
rattone '.I : T radii ad femiperipheriam debetigitor ^ PmpnPt^yy^y et 
' re8cr=ir(y +Ay)*. Adeoqne babebimua etiam 

AS >»y*Ax et AS ^Ty^Ax+aa-y AyAx+r Ay*Ax. 

Quare per (131. SO debet efTe exponena differentialia aS;=:Ty^«X| 
cnJQs integratio dat foliditatem fegmeoti S^BPnpmP. 

491. Froblema. 
In eadm fypotkifi (490. §.) Hivindri /npirficUm rotmUkm f^mtnH 
PBpnPmp. 

Solutio. 

I. Refta AF tangat curvam BC inP» et abfciflae Bb=:Ba+absx+dz 
refpondeat ordinata rb rr rR + Rbp= rR + Pac= Ay+y , quae prodofta oocor- 
rat tangenti A F in Q : pofieo igitur arcu BP=^ ponator arcaa Prc=i^ 

a. Quare, dum curva BC fua revolotione circa axem AE corpos rotan- 
demCBD generat, concipi poteft arcua BP generare fuperficiem rohin- 
dam fegmenti PBp» quae dicatur S» arcns vero Br fuperficiem rotondam 
fegmenti rBa, ita ot difTerentia AS prioria fuperficiel aequari del>eat fo- 
perficiei rotundae partis hujos f(^menti interceptae inter feAioneaPmpnP» 
tescr in punftis a, b ad axem AE perpendiculares. 

3. In eadem bypothefi(2) generant para PQ tangentis AF, etehorda 
Por conoa truncatoa PpqQP, PpoaroP; pars vero Qr ordinatae^r 
productae in Q intercepta inter tangentem et curvam generat anouIuiB 
diorum rb, Qb. 
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4. Eft lnleti pro quavfs difTerentii ^x=:ab abfcifTae x=Ba {aper« 
ficiea rotonda dS in (a) major faperficie rotoiida coi^ tmacad Poraop» 
et iiiniil minor fumma fuperficiei rotondaeconi truDcatifPQqpt et fuper- 
ficiei planae annuli radiorom rb» Qb in (3). 

5. Superficiea rotonda coni trnneati Poreopf fmitaratloDe i:y m- 
4ii ad femiperipberiam, efi: ^(^y-f-^y^Porc^yCsyf^/Ay^-l-^O* 

6* Soperficiea vero rotonda coni tnincati PQqp eft r(ay-f Ay 
+rQ)PQi ^t fuperficiea plana a&noli radiorom rb» Qb eft.Xay+2Zky 
+QOQr, 

7. Qoamobrem, fi/(A3r*+Ax*) exprimator per (469.S.>9 etx<}, 
PQ in (5) (6) determinentor ut mq» Mq in (462. %.)^ obtioebimoa ex 

(5) (6) (4) pro certia coefficientibos k J, m, {K, L» M^ ete. feqnentes 

expreffiooes^ / 

AS>^Ax/(*y*+««)+lcAx*+lAxHtnAx^+etc; 

AS<^Ax/(tfy»+«x*)+KAx»+Lilx»+Mdx^+etc- 

Per (IJK §.) eftitaqoe eS^sry/^sy^+ax^^rsaryfitt (469^50 
Expofiens difierentialis funftioois S aeqoalis ftaperfidei rotondae (egmenti 
PBp, cojoa integratio dabit fuperficiem S« 
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Qi^IBUSDAM CURVIS SPECIATIM. 



493. Problema» 
jidfkiffa nfohMoHi mquationum omms ardimSf ixptarati fiium tmrvoif ad 
quam data fit aifuatio iutirijus cpordiuatas x» yi ri/piSu axium karum 
coardiuatarmuy 

Solutio. 

I. Data ad canram aeqaatio &t ««f ^+^+^^^^c (443. SOy quae ita 
iit comptrata» ut pro x=o vei y ~o omDea tennim compieAentjes x cafu 
primo, vely «afa fecundo/ fiant aequales nihilo. 

a. Quaelibet drdjnata y exhibet diftantiam perpendicularem uniuf 
puoSi carvite ab axe abfciffanim ; et quaevis abfciiTa x dat diftantiam ejus- 
dem punfti curvae ab axe ordinatamm aequalem diftantiae pun^ axeos ab- 
fciHarum, inquoei infiftit ordinatay* «b origine abfdilarum (414.411. 
447-S-). 

3* Fiatigitur hidata aequatione ad curvamordinata y:=o; abibit ea 
in aequationem determinatam x + (pz=o ob (i), per quam determinan- 
tur abfciflae x, quibus refpondent ordinatae y^o, in quarum idcirco 
punftis extimis curva axi abfciiTarum occurrit) eundemque fecat vel tan- 
•git (s)* Quaevis ergo radix realis aequationis «4-^=0» pofitiva vel ne- 
gativa, dabit unam abfcifTam x, pofldvam vel negativam (413. SO» aequa- 
lemdiftantiae unius punfti axeos abfcifTarum ab harum origiDe, in quo 
curva occurrit eidem axi: toties itaque occurret curva axi abfcifTarum^ 

X 

quot radices reales faabuerit aeqtfatio « + (p t=: o : fi quae harum radi« 
cum inter fe aeqoales fuerint, omnes pofitivae, vel omnes negativae, in- 
diciumerit, totidem curvae ramos in uno eodemque punfto occurrere axi 
abfcilTarum: fi autem omnes radices aequationis ae+^=o fuerint ima* 
ginariae; fignum erit, nuUum extare punftum in axe abfcif&rum, in quo ei 
curva occurrat. 

4. Sic 
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4. Sc quoqne pro xsro abibit data aeqnatio (i) in aeqnttioneat itf- 

tenninatam «-f A^=Of qo^^ determinat ordinataa rerpondentea abfciflit 

x=o, ordinatas idcirco in origineabfciffaromeoincidentes com axe ordina* ^ 

tanim , aeqoalea diftantiia totidem pDnftonim hujos qaeoa ab .orjgine ab- 

firiflarum » in qQibaa e^ corva occorrit (2}» Qoamobrem occurret corva axi 

ordinatarumintotponftis^ quot radicet realea inaeqoalea baboerit aeqoa^ 

y 
tio ft+i(A=o: fi qoae vero ejoa radicea reatea ftierint aeqoaleat omneapo- 

fitivae» aut omne*8 negativae; determinabont hae unom ponftom m axe 

ordinatarom , in qoo ei totidem rami corvae occorrent : fi aotem omnea ra- 

dicea illioa aeqoationis foerint imaginariae; indicabont eae» nollom dari 

ponftom in axe ordinatarom» in qoo ei corva polfit occurrere. 

5* Deniqoe furaator qoaecunqoedeterminata abfcifla xt=r;;^a pofitiva 
vei negativa , abibit data ad corvam aequatlo (f ) in aequationem deter- 

minatam os -f (p-f /tc = a Quaelibet radix realia hojoa aeqoattooiat pon- 
tiva vel negativa» dabit onam corvae ordinatam y^ paifter pofitivam vel 
n^gativam, refpondentem abfcifiae x=:+^> qooipfo determinabitur unum 
ponftum corvae in diftantia xs=a ab axe ordinatarom et diftantia y ab axe 
abciflarom (3). Si quae aotem reatea radicea foerint interfe aeqoalea, omnei 
politivae vel omnea negttivae; bnmea onom tantom punftum curvae in 
diftantia rra ab aze ordinatarum et diftantia 7=-y ab axe abfciifannn deter* 
minaboot, in qoo totidem curvae rami concorrent: radicea demom omnea 
imaginariae denotabuntp nullnm curvae ponftum jacere in diftantia x= +a 

ab axe ordinatarum. 

493. CoroIIariom !• 

Com aeqoatio ad enrvam inter coordinataa x» j pro y ;=:o neqoeat efle 
altioria ordinis, qoam eft ipfa corva (442* §.)> nec oUa aeqoatio determt- 
nataplorea radiceapoflit babere, qoam onitatea exponena ordinia comple- 
ftitur, ad qoera eapertinet (17$. $.); perfpicoom eft» nollam corvam pofle 
axi abfciflarom in ptoriboa ponftis occorrere^ qoam onita^s eontinentor. ia 
exponente ordinis, ad qoem curva fpeftat; fieri tamen poiTe, ot aliqoacor^ 
ei in paocioribus pundtia^ atia vero in nullo pun6to occorrat (492.S«3.n), 

494» CoroIIariom 2. 
Omhisrefta, qoemconque illafitum refpeftodatae corvae babeat» poteft 
fumi pro W abfciflanim (412. §.): impoflibile ergo eft, ot aliqoa refta 

datae 
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cJatne cnlcfwtine ctmrae in phiribos pDnftifi occDfrat, ^oefli imitrttfl iubet 
e)cpo]ieiis ordlnis^ ad qaem curva pertinet (449. 493. $.). 

495* GoroilariHm 3^ 
' Refta, qnae pfppnnftam curvae zpliXy ipliXf aatlreiieratim Uwfitm 
tranfit, cenfenda eft corvae eo ipfo in 3, 3, aut generatim n puoffia occor* 
rere (440. %) : qoare, cam poffibile fit» redam per ponftam ntMpUx purvae 
ita ducece, ut illa i^dhuc per aliquod aliud ejusdem curvae puqftam tranfeat^ 
curvae idcinco ad minimum in ponftis namero n+i oocurMtf imponibile efiv 
ut altqna curva aut niupkx punftum habeat.(440.S.)9 cujos jndex nexponen- . 
tem ordinisy ad quem corva pertinet £442. %.)$ exaequet aut fuperetj aut 
bina habeat panfta multiplicia« e. gr. punftum mtuplix et aliud vtuplex^ 
-quocum indices m-^r iimai exponentem ordims curvae {iiperent (494. §.). 

496« Corollarium 4. 
Curvae fecandi ordinis non poITunt babere punfta multiplicia^ con- 
feqoenter nec cui^ides, neque nodos C443. 441. 495. %.)• 

497. Coroliarium 5« , 

Curva^ ad quam datur a^qaatio inter coordinatas 9, y lialbeblt -ramoai 

juxta axem abfciflarum in indefimtum excorrentemt fi abfdffis x nltra cer- 

turo valorem. := a indefinenter crefcenAbos femper aliqoae ordinatae y^ 

omnes pofidyae j^el 4)mnes negativaei refpondeant: et fi hae «ontinuo 

ftierifit fflinores ; erit linea abfciiTaf um afymptotus ejus rami (492. $• 5- Af 

et 437- §0- 

49^. Cor oliiirium (L. 

Si 4ata ad cnrvam aeqaafcio fic fit comparata, ut determioatae dtcoi 
sMctiTae -xt^l; ordinatae y reales, ana vel plares» abfciflis vefo x r=gk + e 
quantitate e quomodocunque parva auftis aut minutis ordinatae tantnm 

' imaginariae refpondeant; habebit curva nnnm vel plora punfta in diftantiak 
ab axe ordinatarum ita fejunfta a reliqais ejusdem curvae partibus, ot nal* 
las arcus curvae in iis punftis initium poflk fumere^ aut terminari (492. ;^. 

•^niO: punfta ejasmodi ^ofi/atgo^a vocantur* 

499, Cofoliarium ?• 
Tangens ad punftum conjagatum curvae eft imaginaria; et reale cOr- 
vae punftum» cui non nifi imaginacia taqgens refpondet» debet efle conju- 
gatum (498. 415- §•)• 

500. Pro- 



500. Problema. 
Data ad ewtvom aequathm Z:=o iatn' caordinatas x 1 y 1 diUrminare. 
fiiamia^geatis et/ubtaageati$ pro dato ftmSo. 

Solatio. 
X. St U V (19. 20. FigO axis abrdflarum, «t illarain origo panfhimri^. i9*:o. 
A vel B. Ponftam carvae» ad qood tangeos dufta cogitetur, (it M, deter- 
iniinatoiD per ordinatam pofitivam vel negativam P M, et abfciflam pariter 
pofitivam aot negativam A P .vel BP (413. $.). 

a. Cam data aeqoatio Z:=o compleftatar fooftionem Z doarom varia- 
biliom y, x, crit yaZ+*«Z=o (141. §0: igitor, fi fit y«Zs=A^y et 

«aZs=:Bax, babebhnos -i^= ?-• 

. ax A 

3« hm vero« ptr bypotbefiof dator ponftom contaftoa M» cis vel 
trans axem «bfdilarom U V (i)f nnde per fe elucet, tangentem TM cafu 
•primo cis» et cafa fecondo trans axem abfciflarum U V cadere. Attenda- 
tor porro ad exponentem difierentialem ey t^ data aequatione Z=p de» 
rivatam (3): fi enim is pro data abfdfla x=Ap» vel x=BP, et ordinata' 
y=MP„ utraqae abfolute fpeftata, pofitivum valorem babeat , vel nega* 
tivum, conftabit eo ipfo» crefcente abfdfla x=AP vel x=BP ordina* ' 
tam y=MP crelcere cafo primo, et decrefcere cafu fecundo (444. %.)i 
confeqoenter jacebit tangens TM cum fubtangente T P ad eandem partem 
ordinatae MP» ad qoam jacet origo abfciiTarum A vel B, cafu primo, ad 
partem vero oppofitam cafo fecundo (418- §0« 

4* Qoamobrem, qoo fitos tangentis etfubtangentis refpefto axeos ab- 
fdflarom UV ordinataeqoe MP perfefte definiator, deteriniDari debet ad- 
bacmagnitodo abfolota angalorom HTP, TMP: hl aotem determina- 
bontor per (455* §•)> ^f fpeftata magoitadine abfoluta abfclflae x et ordi- 
natae y, expooens differeotialis sy (2) pro illis abfciifis» pro quibustrre- 
fcentibos decrefcont ordinatae (3), com figois cootrariis fumatur (454- S*)» 
ita ot fiat 

TangMtP=CotTMP=^^» 

TangTMP=CotMTP=-q:^. 

figoo ~ pro eo ctffa adbibito» qoo sy fiier^F valoris^negativi (})• 
y^mmL Ee Scho- 
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^ Scholion. 
r^- «• Exmpto fit cirniliw (i.Pig.) radio rtnkC defcriptuj. Si diitneter 

AB fit Mi»> «^ A origotbfciflarom; erit y*s=2rx — x» aeqoatio ad cir- 

calonif eaqae dabit gy^ ^*^" - Exprefco baec retinebltfaa figna, 

£ edam — y loco y fumatur: cum enim «y ex y=i:/(2rx— x*) 
nafcatur; debebit utiqae, fumta ordinata — y, fumi etiam — «y« Qusri^, 
"cam boc cafu abfciflae negativae locum non habeant, crefcente abfci&a po- 
fidva x=AQ nfque x=AC=r habebit sy valorem pofitivam, eodem 
vero crefcente altra x=:AC=r obtinebit «y valorem negativmn: hlnc 
ergoper(3) colligimus, tangentem UP et Uq cum fubtangente UQ pro 
quoris pun6to P» q primi quadrantis AD et quarti AE ad eandem cnm 
origine abfcifTarum A partem ordinatae cadere; tangentem vero Vpet VM 
cam fubtangente Vm pro qooiibet punfto p, M fecnndi quadrantis D B et 
tertii BE ad partem ordinatae ei oppofitam cadere, ad quam jacet origo 
tbflrifiarum A. Quodfi demum m denotet anguiom ad U vel V» fub qoo 
tangens fecat axem AB, et n defignet angulum ad P> q» M> vel p, fob 
qoo tangens occurrit ordinatae» habebis per (4) fequentes expreflioneiy 
iigno — .pro fecundo et tertio qoadrante adhibitOt ob x=:Am>r. 

TtDgm?=± ^^^- Tangn=+ --2_. 

Pro abfciifis u a centro C computatis efiet aeqoatio ad circalom 

y*=r* — u*, hinc sy= : eritigitur ay pro omni abfcifiGi et or- 

dinata valoris negativi, onde fequitur per (3), tangentem cum fubtaogent» 
pro quovis circuli punfto cadere ad partem ordinatae ei oppofitam» adqoam 
jacet centrum C fumtum pro origine abfciiTarum: per (4) autem» retentm 

praecedente literarom m , n fignificatione , habebimos Tang m := — et 

Tang n = -^- Plora exempla in feqoentibus fe fponte offerent* 

501. Corollarium i. 

Cognito fito tangentis et fubtangentis (500. SO» innotefcet eo ipfo 
fitas normalis et fubnormalis (420. $). Normalis nimirum cnm fubnormali 
femper cadit ad partem ordinatae ilii oppofitam , ad quam cadit tangens 
•om fubtiogente: qoodfi ergo inunedtate ex data ad curvam eequacioiie 

Z=o 



APU T IX. %i9 

Z=0 eliciu differentiando expoDenteth difFerentiafem «y (5oo.§« 2. nOt 
liabebit !s pro datis coordinatist abrolute ronfideratis » valorem pofitivaai 
vel negativnm , qoi indicabit^ normajem cnm fubnormali cafu f^cundo ad 
eandem partem ordinatae» ad quam jacet origo abfciHkrum, et cafu primo 
ad partem liii ofipolitam tadere (500. §. 3.o.> 

502. Corollirium 9. 

Dato fita tsDgentii, fuitaogentig, normaliSt et fobnormalis ($00», 

501. SO» determinabitur per (456. §.) magoitudo abfoiota Iiarom linea- 

rum, modo, fpe6i»ta magnitodine abfoluta coordinatacum » sy pro illis ab- 

fciiliSt pro quibus crefcentlbos decrefcimt ordinatae, pro qoibos idclrp» 

sy valorem negativom induit (444. %)f com iigois cootrariis fomator 

(454.S-)- - 

Scholion» 

Sic e. gr. in (500. $. Scbol.)» fi abfciflae a vertice diametri Gompil« 
tentor^ erit in drcolo tangens ± —-3— , fubtangens + — ^ — , obi 

figoum —» adhiberi debet eo determinato cafUf qoo fit r>r: fi «utem 

ry 
abfcifiae compotentur a centro, debebit efle tangens — ^ , . et foib* 

tangens -2— .• 
u 

503. Corollirium 3. 
Si aeqoatio ad curvam Z:=o det ^eZ+^sZt^ Asy^ Bvx:==orig.z9.8o. 
(5C0. §. a. n.), fitqoe A=o vel B=::o, adeoqoe — =0 vel 7-^=: o ; 

o V o X ^ 

erit cafu primo Tang TIMP (19. ao. Fig.)f «t caftt altero Tang MTP 
iequalis nibilo: primo igitur. cafu erit tangens perpendicoUris ad axem 
abfcifl!aram UV» et cafu altero perpendicularis ad ordinatam, proinde 
parallela axi UV. 

504» Corollarium 4. 

Veromfieripotelt ot otraqoepars ^sZ et ^sZ aequatioois difiereDtialis sZ=Q 
teqiietar nibilo^ qoo cafa fiet -^^=; — (503. §.): hoc cafa aeqoatio 
eZ:±to ad deWrminaodom fitom tangentis faaud fofiiciet Sumatur i<|circo 
iVcondi ieqoatio dlffereOtialis iZ=Oy adeoqoe ysZ+3^s«^sZ+^«Z=o 
(152:5.), feo A«y*+2B«y«x+C«x*s=o, fi.fit ysZ=:A«y*,yr.««Z 
crBsysx, et 'sZ:=C«x»: hinc enim nafcetor aeqoatio qoadratici 

^ Eea ^ 



A. -4. ^ p + ?^ — o, cujof biofte ndicfs exhibeboiit daoe v*Io- 

res pro — =TingTMP(5CO»S. 4. n). Si utraque radix fuerit resdiM, 
binae tangentes in M pertinebont td binoa conrae ramoa^ iii M concurrexi- 
tes> ponftumque M erit doplex (440. §•): , er fi hae radicea inter Te aeqaa- 
lea iint, onica tangens in M ad dooa ramoa Tefe in M tangentes-pertioebit : 
qoodfl aotem ambae rtdices flmint ioiagtmuiae; erit M pan£tom conjogatiim 
curvae (499- §•)• 

50St Corollaciuin' 5* 
Et generatim, fi ex data ad curvaoi aeqoatione Zc=:o pef (152. 153. $.) 
jtetecminentur fuccefiive aequationes differentiales fiZ=0, bZ=o, 
<Z=o, * - - aZ=o, fingnlae vero partea.fingularum aequationum 
pro dato corvae pundlo deprehendantur' aequari nlliilo ; fumatur aequatio 
difTerentialis ordinis proxime altioris sZ:=:o> onde» fingulis partibus ex* 
ponentis aZ per (153. %.) determinatia , tum per potentiam By^ et coefii- 
cientem potentiae ax' divifis, nafcttur aequatio rii xirdiois formae 

• + i^ "^ + y — »"}• - - - - —f + =o* Qnodfi jam on&nes radices ho- 
jus aequationis foerint reales» exhibeboot eae totidem valores realcs pror 
taogente -^ angoli TMPp qoo cafo idcirco oqmero^ r taogentes ad 
«totldem corvae ramos io poofto M concorreotes pertinebont^ ponftom- 
que M erit rtuplex (44a SO* ^ aotem omnes radtces foerint imaginariae; 
erit M punftom conjugatom (498^ §.)• i» genere demum pro n radicibuS 
reallbus ejusdem aeqnationas erit H punftum ntuptex (440. $.). 

506. Coroliariuni 6. 

Hincpatet^ qua ratlone liceat explorare» aneurva, ad qoam datnt 
aequatio Z=o inter indeterminatas coordinataa r» y, punfta moltiplicia 
faabeat, quave. ratione co.oQHniitae x, y, qolbos.ta pnoAarefpiiitdtoikt, 
pcflint determini^H. Somta nimirom^priifka^aeqviatiooe.difFtrtiiti^lL^Z 
c=y«Z+*«Zt=:o (152. S-), fiat yaZ=o, ;^aZ=Of ficot eft,2=o^ 
tom ex una trium harom aeqoationum exprimatur valor alterotriua coor- 
dinatae x, y, isque fubftituator in reliqois dasibos aequationibus ; qooties 
enioi Iiae aeqoationes comoian^s aliqoas radices habueriot; toties poterunt: 

• per 



C AP UT IX, aai 

per has radices detertniniri coordinatae x» y» qaibas rerpondent pcraAi 
mulcipiicia: ntnnD vero baec ponfta iint daplicia, vel triplicia .etc. per 
(504. 505. SO licebit inveftigare. 

507. Corollarium 7/ 
Ubicanqne adrunt cufpides fea punfta reflexiontg, aut pan6U. flexna 
contrarii , vel nodi , adfunt eo ipfo ponfta multiplicia (441. §.) : quodfi 
ergo certo conftet, curvam, ad quam datur aequatio, nalla babere pan6fai 
muitiplicia (504. 505. 506.$.)» conftabit eo ipfo, eandem conram nec 
corpides habere, neqaepanfb flexan contrarii, vel nodof. Ex eo tameni 
qaod aliqaa curva ponfta muitipliciababeat» haud feqaitor, eandem quo- ~ 
qae cufpides vel pundla flexus contrariiy aot nodos habere (440. 44t.S0« 

Scbolion. 
, Peculiariter idcirco debet inveftigari» utram datum curvae pnnftom 
mnltiplex flt cufpisy panftum flexua contrarii, vel nodus. Verum has 
aliasque romplures dirquificiones generaleSy qoae, nifi aberios» qoam fieri 
folet, exponantur, tyronem fiKile in errorem indacunt» intaftas reUnqoe- 
mns, neabinftituti ratione nimiopere abdocamar : iis itaque fabftitaemua 
adplicationem praecedentis theoriae ad peculiares quaspiam curvaSf alge- 
braicas et transcendentes, qaaram aliqoae in fequentibos erunt ufui. 

508. Dbfinitio. 
llter enrvas algebralcas maxime memorabilea funt SeSiotus coniroi* 
Curva, cujus naturam exprimit aequatio y^nrpx inter coordinatas x 9 y 
reftamque conftantem p, vocatur Parabola^ et p ejus Paramtir. 

509. Corollarium i. 
Sit VU (21. Fig.) axisi et A origo abfciflarum» DE autem axis or-'Fig. ai. 
dinatarum; refpondebit in parabola cuivis abfdflae pofitivae x:==AP du^ 
plex ordinata y^^ + Z^p.AP (508. S*)t ^"^^ pofitiva, puta ys^MP» et 
altera negativa y?=:Pm, priori aequalia, utraque eo major, quomajoreft 
abfcifla x=AP: abfciiiis autem negativis x= — Ae noo aliae quaoi ima* 
ginariae ordinatae y= /^ — p. Ae refpondtbunt (508. S*)« ^ pro abfciflb 
X = A P=6 fiet etiam ordinata y = M Ps=o (508 S )• 

5x0. Coroilariutn 9. 
Parabola conftat ergo doobus ramis AR, AS in origine abfctflarum 
A concurrentibasi qui juxtaaxem abfcifiarum VU io indefinitom excur- 

Ee 3 ruo^ 
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nntf eo ntgis ab eo recedentefl, qoo oiagii verfas U prodaemhlr. Liaea 
vero abfciflarom VU biafecabit ooinem cbordam Mm ei perpeodicQlaremf 
ot ideo dividetiila fpatiom MAnf in doas partes AHP» AmP congFoeii* 
tcSf proinde inter ie fimiles et aeqoales (509. %,). Eapropter appellator A 
yeriix parabolae, AU aatem eft ejas DiamiUr ab/obAB^ et m fpecie 
Jtcis (438. S>- 

511* Corollarium 3. * 
Si ex Tertice A ad quodcanque parabolae punftom M docator^fefta 
AH; erit AM*s:MP*+AP*: igitor AM*5=:(p+x)x (jog. $.) 

5ta. Corollarium 4. 
Tangens TH (vel Tm) ad quodvis parabolae pan6faim M (vel m) 
cam fobtangente TP debet jacere ad eandem partem ordinatae MP (vel 
m P)t td qoam Jacet ejos vertex A; normalis vero MN (vel mN) com 
fobnormali N P cadet ad partem oppofitam (508. 5cx>. $. 3. n.) 501. $•) : po- 
fita abfciffa x=AP, et ordinata yc=:MP» obtinebantor per (508* 456. 
^455. §.) feqnentes expreffiones pro tangente, Ibbtangentep nonnali et 
fubnormalif fitoque barom reftarom refpeftu axeos et ordinataesi 

TM=/(px+4x*); TPs=ax; MNt=/({p» + px); 
NP=ip; SinMTP=CofTMP=y/^— j^ 

513. Corollarium 5« 
Sobnormalis parabolae eft conftans» nimirum aeqoalis (emiparametro; 
fabtangens vero aeqoatur duplae abfciiTae; et taogens in vertice A fit per- 
pendicularis ad axem AU (512. $.). 

514. 'Coroiiarium 6. 

Pro arcu ;Et=AMt cum fit «x=2^^ Wo&S-); «*tper(469.S,) 

s/t=-^ V^(p*+4y*)» nnde, integrando per (agQ. §•) reperietur arcoe 
/ttS=Z+C pro quavis.abfcilTa x=AP, qui pro x=o, debebit pariter 
aequati oifailo, qoo ipfo valor conftaotis C poterit definiri (238. S)* 



515-Co. 



515. Coroliirium 7* 

Si qoterantifr ^xponentei differenti«te* «7, c/ fro e'x:=i ex 
C508. $')f babebit sy valorem poiiHvoai» et ey valoremi negatiyoin, pro 
cpavli abfcifla xs^AP: in paraboh ergo crercentiboa abfciflia crercunt 
ordioatae (444. $.) (prouti id jan ex 569. §« elucet);* «t in qaovia punfto ' 
. M obvertit parabola concavitatem axi abfciflarDni AV (461. %.); radiuB 
irero corvedinia in qoolibet panfto M continetur fequenti expreffiotie it 
<4fX §.)f fitqoe, pro x:=:o» in vertice A aeqoalis femiparametro» adeo« 
que aeqoalifl fob&oroiali (513. $.). 

ap* ' ' ' 

516. COrollarium g. 

Dato radio corvedinia r=Mio (15» Fig.) pro Indeterminato pnn6lo M Fiff* '5- 
parabolae ZMX invenietor aequatio per (484. SO ^ «joi evolotam RmS 
(482«S»)* V^9 <^^ (emper iit ZRrfRm=r= expreiCom .algel>raicae 
variabliax (515* SOf «rft aigebiaice reftificabilis, ita ot qoivia arcus fu.. 
toroa fit Rmssr^ZRi .^ 

517. Corollariutn 9. 
Pro fpatio parabolico AMP=S (ai. Flg.) erit sS=: ?^ ^^ (Jog. F%^«i- 
488. SO» WnCf cnw Pro xc=:AP=o debeat fieri S-^AMP^o, inve- / 

nietur S£=:AMP5=Y^y' (247* ?38. S-) =fyx (508. S): fp*tium 
SsAMP aeqoatar ergo doaboa tertiia reftanguli MdAP. 

^ 5184 CoroIIarium^o. 
Si pro xsBa^ yaaP (iS-Fig.) arcurBP parabolae revotvator l^g. 1%. 
'circa axem BE; Ba&etur conoidea parabolicom BPp=:S> eritque ejua 
foliditas Ss=iTpx* (490. 508. SO* ^^^ ^^ iuperficies rotunda.conoi* ' 
dis BPp per (508. 491« &>) ope calcoli integralia fadle determtnabitor. 

519. Definitio. 
Focn parabolae eft pooftnm axeos, cui ioiifttt ordinata femipar#> 
metro aeqoalia» 

' 5^0. Co. 
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580« Corollarjttin u , 
r's. 21^ SI F (21. Fig.) fuppooator efle focii$ ptrabolae» et ordinact y s= QF 
^tP V^ AF=E diftantia foci a vertice A (519. $); debebit eile 
^p»p=:pE (508- S)» onde obtinetor E:=j(p, et p:=4G. 

521. Corollarium 2. 
^^ lo parri>oIa dat 2E fabnortnalem (520. 513. §.)# qoadratitm yero ciU 
^ljagribet ordinaUe eft y^tp^xE (52a 508. %.). Qnamobrem, dofta ex 
foco- F ad qoodcnnc{oe parabolae ponftom M refta FH» com fit 
FM=/(MP*+FP*), fiet FM=x+E;=AP+AF, 

522. Corollariinn 3« 
Si praeterea docator refta Md parallela axi AUy quo' fiat angotoa 
dMT=FTM; crit, ob FT=: FM (521. 5x3. §), etiam angoloe 
FMT=FTM=dMT: tangens TM biilecat igicor angQlom dMF. 

.523. Problema. 
Itsuinire aequationem ad parabolam kiier abfciffas a=Mn in reSla 
ML axi hV paralleta a pmSo Mf caf/nx diftaatia MP=a ab axe daia 
JU, computatas, et ordinatas qns=:£ tangenti TM paraUelas. 

Soiutio. 

1. Pro ordinata orthogona^y=qq' et abfcifla x:=Aq^ erit y=a+qh 
et x=AP+a+nr. 

2. Eft autem AP =j (508. $.)f TP = y. TM= j/(p* + 4a*) 

per (512. SO» UoCf ob fimilitodinem triangoloram qnr» ^MTP, fiet 
pg ^ 2>Z 

3. Per (2) determinabitur y et x in (i), atqae hla valoribus iii 
(508- S*) fobftitotia obtinebitor feqaens aequatio^ 

524. Coroilariura. 
Coivia abfciirae u=Mn refpondet duplex ordinata, ttna pofitiva 
z=nq, et altera negativa z=np, priori aequalis: refta ML axi AU 
parabolae parallela biflccat igitur omnem chordam qp tangenti ad M 

paral- 
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ptraUelam; cofifeqoeDter omnis refta ML eft nna ittamiter partboit^ 

ficat ad omne panftam M ana ^ngens T H poteft duci (438 §0* 

. $2$. DfiFlKlTIO. 

b*x b*x* 
Corva, cujoa natoram exprlmit aeqoatioy*=: — —^ inter ccw 

ordinataa x, y, reftasqoe conftantea a, b vocator Ellipfis. 
526« Corollarium i. 
Sumto in axe abrcjlTarom VU (22. Fig.) ponfto A pro origioe abroir nf,«i, 
farom; erit in ellipii ordinata ys=o tam ppo x = o qoam pro abfcifra ^ 
po(itiva.xs=ar=AB: coivia aotem ebfciflae liegativae x=:^Ar, et po. 
iitivae x^Ar'>AB=:>a rerpondebit ordinata yimaginaria: coilibet de* ^ 
mom abrcifTae pofitivae x=AP<AB=a refpondebit doplex ordinata» ^ 

anapofidva y=MP, etaltera negativa y=— Pm priori aeqoalis, utra- 
que, abfcifla x=AP continno crefcente, primom crefcens ofqoe dum 
fitt yr=DC=CEr=ib pro xt=AC=iAB=ia, tom decrefcens, ab^ 
fcilTa crefcente oltra AC, ita nt ordinatae MP=mP et Qp=qp aeqoi. 
diftantes a medio ponfto C reftae A B inter fedebeani: eife aequales 

(525-S.)- ' 

537« Corollarium 9. 

Si ducatur cborda mq vel MQ parallela lineae abfciflarom (JV9 et 
ex pun6Us m, ^ vei M» Q ducantur ordinatae mP, qp» vei MP» Qp, dc* 
bebit efle mPsqp^ et MP=Qp: ordinaUe mP etqp» velMPet Qp, 
jacent igitur in aequalibus diftantiis a medio punfto C re£tae A B (526. %)\ 
confeqoenter refta D E in ponfto C ad A B perpendicularis bilTecat om- 
nem chordam mq vd MQ in n. 

528. CoroIIarium 3. , 

IKtquaevis cborda mQ tranfienf per mediura ponfhim C reftae AB 
biflecator in C Doftis enim ordinatis Qp, mP debebit efle Cpz^CP, 
eoqoe ipfo etiam QC=mC: fecos enim eflet e. gr. CP >Cp, adeoque 
•liqoa Ca=Cp; faincordtfiata ya=:^qp=Qp (596. §.)» proinde angulus 
ftCY=QCp9 quodeft impofllbiley quin fit angulus aCY=PCm, pila* 
ftumque « in P jacelit. 

529« Corollarium 4. 
Ellipfls continetur fpatio finito ADBEA, babetque quatuor Ferlicn 
A, B, D, £» et duos Acts AB;=sa, D£:=:b id Ofntro C fefe biffecantes,- 
rMKM» I. f 1 quorum 
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qaoratn qolvifl totam ellip(hn in duas partea congraentef , ioter fe iiniilet 
et aequales tiividit (526. 527. 528.438' 439* §•)• AB=a vocant ipeem 
principalem^ <eu transvirfum% et D£=b axem fecundarium fea. tonjuga^ 
tum (438^^ S-)- / . 

530» Coroliarium 5* 

Pro Qps=y^, Ap:=x, Cp:=:a erit xti=ia+u: prohoc ergo vi- 

b'a^ 
loreloco x in (525. §.) obtinebitur aequatio y^rr^b^ — — ^ ad ellip- 

fim inter ordinatas y^^Qp et abfcilTas tt=Cp a centro C compiitatas. ^ 
531. Corotiarium 6. 

In ^^5. §) eft ay=j^^;^f~ pofitiyi vel negatlvl valoris^ 
proat eft-x<-|a yel x >4a, abfciffis xs=AP vel =Ap a vertice A 
computatis: tangens ad qaodlibet panftum ellipfeos cum fubtangente ciU 
det ergo ad eandem partem ordinatae, ad qaam jacet origo A abfafrardm^ 
vel ad partem oppafitam» proat panftom contaftas in primo quadrante AD 
tat quarto EA> vel in fecundo DB aut tertio B E jacuerit (500. §. J.oO» 

53a» Corollarium 7* . 
Sic etiam ex (530. §.) obtinebitur ey= — /. ^—a A P™ V*-^ 
▼is abfcifla a a centro C computata vaforis negativi; uftde perCsoo. §. 3.n:> 
frquitur^ tangentem ad qoodvis punftum ellipfeos cum fubtangente cader» 
id partelB ordinatae illl oppofitam , ad quam jacet centrum C. 

5JJ. CoroUarium 8« 
Samtis abfcifits u acentro computatis» fi T tangentem» sT fubttiK 
gentem» N normalem, et sN fuhnormalem denotet> obtinebimas ex (53^ 
• 502. §.)» fequentes exprelliones: ^ 



N = X^/(»^-4«*Ca*~b-»; •N:=^-^ 



2a* 

5S4. CoroIIarium 9« 
Sitangens occumt ordinatae in pun6^o conta6hi8 fub angnlo m, et 
Mitransverro AB Tub angulon; babebimus ob (532. §.) per rjoo.S»4.n.> 
pro magnitadioe abfoluta hprum angnloram {e^oentem fbrmalam^ qaae^eo 

detec» 
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determinito eafti, qno ftierit u£=o vel o?r ^n dtbtt coftf») vel Sin n tr: i • 
nimlrani- ttngens ad verticetti txeoe conjogati D£ eft Iwlc axi perpeodico. 
Itrif» et ptraliela ^ftxi traosverfo AB; tangena vero ad verticem axeoa 
transverfi AB eft eidem perpendicularia, et parallela axi cbnjugato DE. 

535. Corollariuiii 10* 

quodfi ergo integrale bajus exponentis per (359.33$. §•) iu determinetor» 
utpro uso fiat quoque ;t=o; obtinebitur arcus ^;=^DQ debitos ab- 
fciflae o=Cp; adeoqoe pro o:=:CB^ia obtinebitar qoadrans ellip- 
feoa Da 

536. CorolUrium ii. 

Et pro S=DCpQ erit per(488*53o-S.) «S=— -« o /(a* — 40*) t 

3 a 

hinc, qoia debet fieri S=DCpQt=o pro o=Cp=Oy inveniemiis pec 

(389- »38. S) S=DCpQ=^/(a*— 40*) + ^ ArcSin— . Quamob- 

4* o a 

2 

rem pro 0=1 a, qoo cafo fit ArcSin — = ArcSini^lr,^ obdnebitor 

area ^oadraotis elliptici DCB^tVabr: area igitor totios ellipfeoi 

a^ir 

ADB£A=f abir eft ad aream circoli, qoi foper axe AB:3t|i traas* 

4 -- • ^ 

verfo tanqoam diametro defcriptos cogttetor^ ficot axis conjogafos b ad 

transverfum a. 

537. Corollariom la, 

Si pro Ba=x, aP=y arcus ellipfeos BP(i8.Fig.) revolvatorcirca pig. ,|. 
axem transverfumy generabit is fegmentum S=BPp fphaeroidis elliptici, 
cojos genefis revoliitione totios ellipfeos circa axem traosverfum abfolvi» 
tor: igitor per (490. 525. §.) reperietor sS, onde integrando pef (249. 

238. §0 obtinebimos foliditatem fegmenti S=BPp=g^ (3ax*— 2x'). 

Tab* 
Hinc pro x=ia invenietor foliditas dimidii fphaeroidis elliptici = " ^ 

irab* 
et foliditas integri fphaeroidis =- 

538.C0. 
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53f« Corollariam i}. 
a » '45t. «25: 5? op* ctlcun integralis qaacri poterit rupcrfioics 



aaacim ^ytiiim &g«ad« et dimidii, iQtegriqae fpluteroidis clliptici 

539. Definitio. 
F:*§mmHi aaccM tniisvcrfi a in ellipfi eft tertia geomctricc propor- 
^=: — poft axcm transvcrrum a ct conjogatum b: pouftum vero 

MMiifii a, cminfiftit ordii^ata acqualia femipirametro ip voca-* 
tmr Aicmc, «c hefus diftantia a ccntro eliipfcos ExciHtricitMSf quam dcin- 
ccpa fitea c dd^iiabit- 

540. Corol.lariam i. 

Valor b«=ap (539. §•) fubftitutus in (525- 53o* SO ^abit fequcntcf 
aeqoackNM ad cllipfim inter ordinatam y» ct abfclfiam x a vcrtice axcos 
tHDSvcrfi t» abfcifiamque u a ccntro computatam* 

p X* . p u* 

541. Corollarium 9. 

fn ordinata y=ip erit abfciira, nna pofitiva ct altcra negatlva» 

^tsr^^y^^a'— b') femper valoris rcalis, modo axis transverfus a fit 

najor axt conjugato b: in bac hypotbefi habcbit igitur cllipfis in axe 

a}.»transvfrfo A B ^23. Fig.) duos focos F, f in aeqoalibus a ccntro C diftan- 

tiis CF»Cf, critquc cxcentricitas CF = Cf=c=: i/(a»— b*) per 

(539 $•> 

549* Corollarium 3. 

Dcnotantt E=Dr=AF diftantiam cujuslibet foci f, Fa proximo 

^kt B, A, crit ia cllipfi 4c»=a*— b»j E=ia— c; pp=a ^ 

^^(e--)?*^ (S41-539S0- 

543. Coroilarium 4. 
•fglla ordinata MP=y pro abfciffa CP=u, duftisquc ad M e< 
M^tJ r»ftl« fM. FM, crit fM = ±/Cy*+Cc + u)*), ct FM= + 
j^j|-^u)^}' fubftitutis iUqoe valoribus ioco y^c^ »(530.543.$.) 

obti- 



4ff^' 



oBtinebiinas f M=± (-T +^>! et FM=+ (-i-— i£5^. V«- 
nim, quU prb os=:CA:=ia debet fieri fM=fA;=:c4-i«» et F^M^FA 

/ o 2 o n . ^ — 

s=4> — Cf perfpicoam eft, cffe re ipGi fM=— + et, FM t=m 

, t 2Ctt * 



544. Corollarium 5* ^ 

lo ellipfi eft fomma reftarom fM+FM ex foeii ad qoodvis pon« . 
ftom M daftarom aeqoalis mxi ac=rAB traosverfo (54}. §.): eapropter 
eft redta fD=FD ex qoovis foco da6U ad verticem axeos coojogatiOE 
^equalis femiiixi trahsverfo ACsia. ' 

545. Cotollarium 6. 

Dofta ad ponftom M tangeote TS, q«ae axi traoaverfo AB lo T bc^ 

corrat, debebitcffe per (533..S.) 

^ TA=2^=^- Tfg"'~^^^- Tfs=^i^±^-. 
40 40. 40 

546. 'Corollarium 7. 

Datis diftantiia poofii interfeftionis T tangeotis TS et axeoi trane* 

verfi AB inellipfi a focis f,F» dataqoe ordioata MP=y ad ponfhim cod« ^ 

aMP * " 

taftos, dabitoreo ipfotangene TM=— r — /TF.Tf ptr (545^.542« 

533. S-). ... ' 

547. Corollarium 8^ 

Pofta ex fbco F parallela Fra reftae fM; erit TF : Fm:=:Tf : fM 
s=:a:2a (545. 543- SOi hinc fiet Fm=TF.^ = FM (545. 543« SO- 
et ideo erit quoque angulus FmM=FMm. Tangens com reftis exotro* 
que foco ad punftum contaftos doftis coraprehendit igitor in elKpfi an« ^ 
goios aequales fMS et FMT} normaiis MN idcirco biffecat angolum 
fMF (419 SO. 

548. Corollarium 9. . 

Aeqoatio ad ellipfim pro abfcifiis x = A P {22. Fig.) > verttce A cdm- ^is- <»• 
potatis (540 "§) dabit «y et «y per «»p, x, eritqoe «y pro qoavis ab- 
icifia X valoris oegativi: eliipfis obvertit nimiram in qoovis punfto M 

Ff3 coDca» 
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coocavitatem axi tramverfo AB (461. §.}; radiaa vero' cDnredrnli !n M 
comprehendetor ob (jfj2. SO fequenti formula, ex qua pro xt=o^ et x=a 
obtinetur r=ip radius curvedinia in otroqae vertiod A, B axeos trang- 

♦^ a* ^a 

verfi AB, et, pro x=:ia, rssr— j- ==4»y — »4^ corvedinif in 

otroque vehice D^ E axeos conjugatL 

549« Corollariao) 10. 

F%.a|. .P^ ^^^ FMsz ex foco F ellipfeos. ad punftum M fub variabiU 

angolo yssMFBdufta erit z=4a— ^^ (543. §.), et u=:CP=CF 

ib* 
~FP=:c~zCofy, hinc et (542. S ) ^^ »— acCofy ^ - ^"^^ ^**^ 

4b^cy 
ponatur area feftoris BMFs:S; erit sS= . _;^^^^^^ .^ per (489.S)f 

atque hic ejcponens differentialis per (333. §0 integratus, ita ut pro 7S0 
integraie evanefcat, dabit aream BMF* 

550. Definitio. 

^ , . . . .. • t** I ^^* . . 

Curva, cujus natoram exprmiit aequatio y*=:-— -^ — — later co- 

a a 

•rdinatas x, y et conftantes reftas a, b vocatur Hyptrbola. 
551. Corollarium i. 

rSc. s4* Sumta origine abfcilTaram in punfto A reftae VU (24. Fig.) erit ia 
hyperbola ordinata y = o tam pro x=o quam pro abfciiTa negativm 
x=-*-AB= — a: cuivis porro abfciffae negativae x= — Av, exiftente 
Av< AB=a, refpondebitordinata y imaginaria; et cuiiibet abfciflfae tam 
pofitivae x=Ap, quam negativae x= — AP, exiftente AP> AB=a, 
refpondebit duplex ordinata y, una poCtiva, y=Qp cafu primo ety=MP 
cafu. fecundo, altera vero negativa priori aequalis^ y=^ pq cafu primo ec 
y= — Pm cafo fecando^ utraque in indefinitum crefcens, abfciffa con"- 
tiiuio crefcente, it» ut ordinatae Qp = pq et MP = Pnt aequidiftaa- 
tes a punftis A, B inter fe aequales fint (550. §.) 

$52. Co- 
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^ V 552. CoroUarium 2. 

Hioc (551. SO^etdein ratione, qua id pro etlipfi defiiotiftnvTmnt 
C537» S^S- S*)> elacety omnem clTordam MQ, mq perallehm Uneae i^b« 
fcifiarum VU a refta D£ biffecari in n, fi D£ ad reftam AB in puofto 
snedio C fit perpendicularii ; omnemqoe chordam Qm tranfemitem per C 
biffecarl in C. 

553« CoroIIarium 3« 

Hyperbolil extenditur per fpatinm indefinitomy habetqot qnatoor r»» 
«108 AR> AS» Br, Bs, qnoriim bini priores in punfto A^ bini yero pdfterio*. 
res in B cbncarrttnt» tom ilH et bi Juxta Ixneam abfcxiraram AB ia ttde*' 
finitum excurreotea eo magia ab illa recedont, quo magia prDducontur 
(551. 437. §0* Habet praeterea hyperbola onum ^ATfiif AB=a definitae 
longitodinia, et doos Periiees A,B; alter aotem jixis DE priorem in 
Ontro C biflecans, atque ad huoc perpendicolarfs , in fe indefinitae loogt* 
todinia C551. 552. 438. 439- S0> p^teftponi =:b. Hoc modo habebimos 
in hyperbola; ficot io ellipfi» axem principalem fea transver/um AB;^t 9 
et Jecundarium feu conjugatum D£=B. 

554» CoroIIarium 4. 
Axia transverfas AB> otrinqDe prodoftos» dividit fpatiom inter qaam^ 
Tia chordam Qq vei Mm ei perpendiciilarem arcumque QAq vel MBm 
interceptum in doas partes coiigroentes , ideoqoe inter fe fimiles et ae- 
qoales: chordae vero Qq, Mm aeqoidifliantes a centro C et perpeodi- 
culares axi AB abfcindont fegmenta QAq» MBm congruentia^ inter fe 
fimilia et aequalia (551* S*)* 

555. CoroIIariom 5* 

Pro Qpsry; Apt=x, Cp=u erit xs=Cp-- CA=n— it: B!nc 

b^ u^ 
ct ex (550. SO obtinetur aequatio y*=— — \ b* ad byperbolam prd> 

abfciflls a centro C computatia, 

556. CoroJIariirm 6# 

. PrioF acqoatio (5-5^ S-) pf« abfciflis xc=i:Ap c terdce" A compota* 

iiprCp a centro C compotatis dat #72: /f ^ " ^\ - utro^ue cafii 
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eft ergo mj pro ohiQibas abfciffis, cam pofitivUt qnamnegttivbi qQilmf 
reales ordinatae refpondent (551. SOt valoris pofitivi'; aode per (5QO.iS* 
g. D.) feqaitari tangentem com fubtaogente ad qaodlibet paoftam byper» 
«boiae ad eandem partem ordinatae cadere, ad qaam jacet origo ah&iffii*. 
mm fumta ih vertice A, vel centro C. 

557, Corollarium 7^ 

Sit T tangens ad c^odcanqae byp^ bolae pan6him da6bi| iT-fab- 

taogcas» N normaiiSf sN fabnormaliSf y ordinata ad panftom Mntaftiis^ 

u abfoiila a centro eotnputata, .m angolos inte^ taogentem et ordioatam» 

ei n jingolos inter taogentem et axem transverfom; erit por (55& 

N = ~r/(4a»(b*+a»)-a^); sN=^8 

Sin ncrCofm - ^(^^.jX-.^_^-y ^ 
558* Corollarium g. 

Pro u:=±ia>t (557- §•) Siat^^;^^^^;,;^^^ -i^ 
gens ergo 10 vertice byperbolae A vel B eft perpendicolaris «d uem 
traasverfum AB. 

559' Corollariutn 9. 

Pofto byperbolae arca/t:=:AQ, obtinebimos pro «bfeilfis or=Cp 

acentro compuUtis per (556- 469- S) ^^'^ "^(^a^y— aV ~ * 
qoodfi igitar htc exponens differentialis ita integretur, ot integrale 
. ji—A Q pro az=:C A=ia fiat aequale nihilo, unde conftantis pendet de» 
terminatib (238- SOt obtinebitor arcos ^ttrr: AQ coivis abfciffiie o;=Cp 
debitos* 

560, Corollariam xo« 

Pro fpatio antem S = A.Qp faabebimus per (555. 4g8^ $•) ^S 
b /*/ V *^ 

=s~en/(4a*— a*): invenietor igitor fpatiam AQp coivis abfciffii» 

nrsCp refpoodenf , fi aS per (289. 238. S) fic integretur, oc pro 
u;=::CA:s=:ia fiatiat^aie Ss=AQp;=:o. 

561. Co« 
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. ." 561. Corollariuin IK 

^rcas BP (iS.fl0lfikyp9Aohe» rerpondens abrciftae xsrBif et or.^S*<t^ 

diDatae ysaP» revohikttS drca axem transverrain B£ (553. SO generabit 

irb* 
cbnoidem byperbolicttm PBp, cujus foliditag S=jg^(3ax* + ax') opa 

calciili integralit per (490. 550. 249. §.) facile determinatur: fuperficiem 
aiitem eiua rotondam S per (491, 556. $.) pariter ope calcoli mtegralta 
licebit determinare. 

563. Corollartom xi» 

Sladverticei A/B byperbolae (^fFig.) ponantnr perpendicula GH« 
gh Uffefta ita, nt dimidiQm cujuslibet perpendiculi AG, AH» Bg, fiii 
aeqoetar femiaxi conjagato ^b, tum per centram C docaator reftae Ll% 
L*l; erit prb qaavii abfctfla acCPt et ordinaU ys=:MP in m oroduQa, 

mP:±=~-: igitur mP*-MP*=lb* (555. SO, et ideo mM= ^^^^j^^^y > 
Crefcente itaqoe abfcilTa u— CP in indefinttomf decrefcet continuo mH, 
qoin fit poffibile, ot pro certa abfcifla o=CP fiat mM=o; qoia fecos 
fieret etiam b*=0: reftae CL9CI, CLS Ci' funt ergo. afymptoti ra« 
morom AK, Ak, BKS Bk« (437- S.> 

56 j. Depinitio. 

. * ^ b* ' 

Parameter hyperbolae eft tertia geometrice proportionalis p= — 

poft axem ejos tranaverfum a et conjogatum b: ponftom ax^ trans* 
verfif in quo ordinatalaequator (evuparametroy eft Foims^ et hojus diftad- 
tta a centro hyperbolae JExceutriiitas c. 

564. Corollarium '!• 

P^ (563* 550. 555- SO obtinebimoaJeqaentefl aeqoationea ad byper* Fif.s^. 
bolam pro abfciilia x=AP (26. FigO a vertice A, et aliia o =CP a ' 
centro C compotatia. - 

y»=px + i^. y^:^^ iap. 

565. Corollarium a. 

Pofita ordinata y=4 p erit ^cifia o=±4/(**+V*) per (J5f S^)# 
■nnapofitiva, et altera negativa , priori aeqoaUs: I\yperbola habetergoi,a 
axe transverfo .AB otrinqae prodofto door focop F,i im atqualibos t 
yaammJ. Gg cent 
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■ oentro C diftantiU CP, Cf, qao fit at excentridtas fit c=:f /(ft>4.b*) 

per (563..S.). • ' #' 

566. CoroilMriDiD^. 

Sit £s=:FA=fB diftantit cujosvix foci liyperbolae a proximo ver> 
tice; erit 4c*s=«»+l)»i E=c — ia; p.s=ip— -asr^^E+^) p^ 

(565.563.S.> . . 

567. CorolUrium 4. 

Da6b'i ex atroqae foeo ad punftnm M hyperbolae reftis flH, FIW, 
erit fM=+/(y»+(c+!J)») etFM=+/(y»+Ca— c)»): per («5. 
566.SO fietergofM=±(|-+'^) et FM=±(iL.«.?i.").. 

Cam aatem pro os^iazsC A debeat fieri f M = f A =; c +^a, et FM 
=FA=c— ia; debet effe fM=~ +— , et FM=^-JL. 

568. CorolUrium 5* 

Differetitia reftarum fM— MF ex focia hyperbolae ad quodvif ejui 
pundtnm H duftarum aequatur axi transverfo AB;=:a. 

. 569. Coroliarinm 6. 
Si ad pnn6tum M dacatur tangens TS axi transverfo occnrreoa id T, 
petanturque diftantiae hujua punfti a focia f|F> et vertice A» iiabebimui 
pcr(557.S) 

^^--4^' TF— ^. Tf —. 

570. Corollarium 7, 

Datis autem diftantils TF» Tf, et ordinato y=MP ad pnn6hmi 
ccmtaftns^ dabitur tangens TM=^ /TF.Tf (569. 557. §.). 

571. Corollarium 8« 

Pncatur ex foco F refba fm parallela alteri fM, erit TF$Faie%T^^ 
fM=a:au (569.567.5.): crit it^que Fm=TF,— =:FM/« 
proinde etiam angulus FmM=FMmu Tangen« T^ 
H hyperbolae comprehendit cnm reftia fMyFJi 
idem punftum duftis, angnloa fMT,FM;3^ 
f M in R; Dorttialis MN biiTeeat angolom:! 



CAPUT TX. «3$ . 

^ . 573* Corollarium 9. 

Aequatio ad hyperbolam (^ro. abrciOis x a vertice A eonpQtatis ($64. $.) . 
dabit exponeotes differentialea «yt «7 per x, a, p, eritque ^y pro qqavia 
abfcifla valoria negatiyi: byperbolatobvertit tdcirco axi transverrp AB 
, concavitatem in omnibaa panftis (46x.$.)f radias aucem curvatorae pro "^ 
gaovia byperbolae panfto poteft per (471. S*) feqaenti formula exprimi» 
^oae, pofita abrcifla x;=:o vel xc=: — a=AB# atroqae cara dat r;=ip 
pro radio curvatnrae in atroqae veftice A, B. * ' . 

573. Problcma. 
Dat&,jtngulo dCAcJi, /ub quo ineUipfi ei kypirbola (27. 28. Fig.)Fig.tr.a|, 
ckorda cd per centntm C tranfieas tnctinatttr ad axem transver/um AB, 
iavenire aequationem ad utramque curvam] inter ab/ciffas Cm=v in eadm 
chorda a centro compufatasp et ordinatas zxzzum /lA atigulo nvC:=;:/i^ 
eii,axem transver/um AB inclinatas. ^ 

Solutio. 
1« Qrdinata orthogona ad ponftam n fit npsssy refpondena ab- ' 

fciflae Cp=a; iit porro ma parallela orduiatae np, etmrpanUIela 
axi BA: erit - 

y:=rp+nr in ElHpfi et Hyperbola; 
u;??p8 — Cs in Ellipfiy et aspa.+ Ca in Hyperbola. v 
3, Qaare» cum fit rp:=:vSin a; nrszSio/t, Ca;=vCofft^ ps=Z. 
Cof/4, liabebimaa 

. y =z Sii/e + vSinft in Ellipfi et Hyperbola; 
a:=zCofAt— vCof« in Eillpfij 

n :=: z Cof /t + v Cof a in Hy perbola. % 

3. Si jam hoa valores fubftitasa loco y» a in aeqnationibaa ad ellT*'' 
pfim. et hyperbolam (530. 555. S-)f obtinebia feqaentem aeqaationemrad- . ' 
Jubitis iignia faperioriboa pro ellipfi, et ioferioribas pro hyperbola. 
^ > 3(a*SinAtSin«— b^CQfAtCoftt)vz 
* * a*Sin^* + b»CofAt»^ 

I 4(a*Sin»^+b^Cof»*)v* + a^b» _ 
. *r 4Ca*SinAc*±b*Cof^*) ~^* 

Gga 574.C0-. 
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574* CoroHaTi.uin i*. 
Doftt td d taogeDte Td rapponttiir ordioata ssnii effe d paral« 
lela; erit angoliia /t=:ovCsdTC: qoodli ergo de<fit perpeodiculacis 

^ Att i> ^ de Sin/tt de Sin » , de* Sin /a Sin <g 

adAB, fiet YJ — C^. IJI— cSf7' ""''Trc? — CofMCof» *' , 
Qoaniobreni, com pro de^yt Ces:^o, fubtaogenteqaa Te per (530. 

533 • 55df- 557- S) debett rffe f jV" =T» ^^ inellipfi et byperbok 

b* Sin jtc.Sin a ^.^ _, ^ _ ^ •*».«. 

-TT- = n r n r t «t b^Cof ^ Cof «:=: t* Sin jtt Sin «• 
a* . Cof/t.Coi a ^ 

575* Corollarium d. 

Pro ordinttis zc=:nm ttngenti Td parallel^ abibit prtecedena aeqoa- 

tJo (573 §)» evtnescente ferando termino oF (574. §•)> *** fequentem. 

Htec tntem tequttio dabit pro qutlibet tbfciilt v^dl^ui pofitivt et ne« 

gativt dopllcem ordintttm z, untm pofitivtm» et titertm negttivtm priori 

aequtiem: qutevis ergo cbordt prindptlie dc per centrum ellipfeoa ant 

byperbolte tranfiens eft unt Diameter ejufdem curvae, omnea chordaa 

II N, n'N' taogenti ad punftum d partllelas biflectna (438^ $}• 

% I 4(«^Sfn«*±b^Cof«^)v* +il^ — 

* + 4^t»Sin;c» + b*Cof;i^ ^^ 

576. Corollariutn 3. 
In elUpfi erit chordt tb diamUr camjugata ditmetri d*e, fi.ab fit tui- 
genti Td ptrtllelt C575. 438* %-)• iQ byperbolt nullt datnr chorda per 
centrum C tranfient ttngentiTd parallelt; licebit ttmen refttm ab pa- 
ralleltm ttngenti pro diameiro canjugata ditmetri cd hyperbolae foraer» 
(575* 438' §*)• Ittqoe in ellipfi et byperbolt erit dltmeter cd tequtlia 
duplo vtlori tbfciflte v pro z=o; ditmeter autem conjogttt tb aeqotri 
debebit duplo vtlori ordinatte z pro v=o: qutre, denotante n ditme- 
trtmcd, etm ditmetcum coojugtttm tb; obtinebontur ex (575. S^) fe- 
quentea formulte pro iisdem ditmetria» fignis faperioribas pro ellipfi, et 
inferioriboa pro byperbolt tdhibitit, nullt ratione habitt imtginareitalia^ 
qua ditmeter conjugtta m hyperbolte tfficitar, unde nihil tliod {equitmrp 
qutmquod ditmeter conjagttt nulli hypcrbolte punfto occurrtt, ficot al 
pofito u;=o in (555. SO V^ ^ conjugtto b aequatio ad bypacMn 
ter y, oftendit. 



_ >b _ ^ >fc 

/Cb*CofA»*±a»SiD/*»* """/(b*Cof«* + t*Sm»*)' 

577« CorolUrium 4. 
IHto tsfolo ftsdCA iiicliiittionis diametrt dc «d «xem tnniverr 
fum AB ellipreos aat hyperbolae, datisque axibQS a,b poterit determio 
nari angaiaa ^=ACa inclinatiooie diametri conjagatae ab ad axem ABf 
et eo ipfo etiam angulaa conjogationis aCd=a+/t diamttrorum cd| ab: 
crit enim ob (574. §.) in atraqae carra 

«f b» ^ «. b^Cof« 

^ ^r- /(a4 Sin«» +b*£of «*) * . \ 

578* CorolUrium $• 
HiQC (576. 577. Sr) nafcentor pro diametrii m» n eltipfeoa et byper* 
kolae feqaentea formaUe I) 11) » ec ex iis per (577. §.) obtinebantar 
formalaeIII)IV). 

T — K / ^ Coftf „ ^. x * Cof ;t 

Lm^b^^ SinAiSin(«+;t)' °- '*—*'/ SinaSin («+/*)• 

ab 
fli tnnss sin^^^^) I IV. abs=moSin (•+!»). 

579* CoroIUriom 6. 
Si valoref pro Sin/i» et Cof/t* ex {577, SO 10 (^T^. S) fobftitoan-w 
tar^ tum pro ellipfi qaaeratur fumma, pro byperbola vero differentin 
qaadratorom diametroram conjugatarom n^» m^^ erit n^+ m^£=sa^+ b* 
in ellipfi, et n* — m*c=:a*— b* in byperbola. 

5gO. DXFlNtTlO»^ 

Binae corvae veteromi Gffpis et Gmehmsj offeront eiempla corvcnm ^- «9* 
algebnucarum tertii et qoarti ordinls. Si fuperdaureftt An (dg^Fig.) tam 
quam diametro dtfcribator circolus AdatA> et ad ponftom o. ponadur 
tangens Kl perpeiHlicalaris ad An, tum, abfciifis ^[oibil^nqiie pvtibos 
neqaalibas na, nb in pq, duftisqoe ex h reftis Aa/Ab drcoli peri- 
pheriam in c, d fecantibus, fiat A M^^a^ Am£=:db; Gorwii qoae pti 
..'boc w^Ao determinabilia tranfiverit» edt Ctffms. 

Gg 3 58<« Co* 
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58i* CoroUarium i. 
Pfo coordinttfs ortbogooif AP=x, -MPssy erit^in ciiToide 
ARP = ca*=:y^ + x*: cqid igitar fit ca* : i^n*3:an* : Aa*=an*: (ari* 

-f An»). et an*:Aft*=MP»;APS prolnda an»=:^-2^^} habebi- 
miis, pro radio r, et diametro An=3r 

hinc x^(y* + x»).*=4r«y*, et xy»+x'=:ary\ 
Aequatio ad ciflbidem erit itaqne 
x'+xy*— ^ry*=o» 

58a# Corollariam 2. 

x' 
Aeqa«tio ad ciiToidem dat y* = — — -: cttivii ergo abfciflae ne* 

gativae x:;= — Ae refpondet ordinata y imaginaria: pro .xt=:b antem» 
£et etiam ordinata y=o: calitbet porro abftiflae pofitivae x:=^AP 
modo ea fit rainor dupio radio 2f = An, refpondebit doplex ordinata, 
«na pofitiva y=MP, et altera negativa y= — mP priori aequaiis» ntra- 
que continno crefcena, abfcifTa x = AP indefinenter crefcente, ufqne 
x=An=3r» qopcaliiinduit ordinata y valorem indefinite magounu 

583. Coroliarium 3. 
Quamobrem, fi etiam in origine A abfcilTaram ponatur ad An per* 
pendicularia p*q'f continebitur tota ciflbia inter perpendiculares pqt p^q^ 
in indefinitum produftaa, conftana duobus ramis AR, AS ad diverfaa 
partes iineae ablciflarnni Aii jacentibna, qui ex origine abfciflarum A 
egredientea juxta illarum axem A n et perpendiculum p q excnrrent In in- 
definitum, ita ut ii, qAo magis produfti fiierint, eo magis fint recefliiri a 
diametro An, eo magis Vero accefitiri ad pj^rpendiculum pq (582. §0^ P4 
eft itaque afymptotoa ramorum AR, AS. 

584« Corollarium 4. 
*' • * a ^. 

Aequatio ad cifibidem (581. §0 dabit pro y, sy» cy^ feqphtes ex« 

wefliones* 

CSf — x)x^gx, * ^ gr^sx^ 



^ ar X (ar — x)* x^C2r — X)* 



Qoare, 



Qaare» ctim feiiiper deb^afc efle x <2r (5g^. $.), patet, Qtramqiie 
Wpoiietitem djfferetitialfm bjI %y pro qoavis abfcifla xc=:AP habita« 
fDB val^rem pofitivum; ande elacet, et ordiaatas crefcere, abfciifia 
crercentibua» et ciflbidem convexitatem in qaovis punfto M> n» obver* ' 
tere axi abfciffarum An (444- 46'- §•)• 
"" 58SvCorollatittiii 5» 

Per (584^455. 456. S*) poteft ileterminari tangens, robtangenst nor* 
.nialis» et fubnormalis, fitusque tangentts et rubtatigentis pro qaovis pun« 
fto M et m: tangens icnm ftlbtangente, puta TM vel Tm com TPt 
femper cadet ^d partem ordinatae, ad qaam jacet origo abfciflarum A, 
(584. 5C0. S- 3-nO; aogulas vero MTP = mTP dabitur per TangT . 

,^ (3r— x)x ^^^ ^ ^ ^^^ fietqae Tang T£=:o pro :^£=:APt=o: 

(ar-x)* 
linea aUciffiirom An eft ergo commnnis tangens ramorum AB, AS, et 

punftum A Oifjpts ciiToidis (584 441* SO- 

586. CoroUarium 6. 
Si petas ' radium curvedinis pro quocnnque pundo M vel m ciCEoi* 
dis; invenies illom per (584* 472. §•) figno — adfe6tam, quod indicat, 
ipfum jacere in normali MN vel mN ad pattem adverfam tM vel tm, 

fic ut fit tM=tm= ''^ ^r~^? • R»dia« cnrvedinis ad quod- 

3(2r — x)* ^ ' 

vis punftam M ciiToidis eo minor eft, qao propius punflum M acoedit 

ad cufpidem A \ et ideo curvedo cilToidis crefcit continao verfus cufpl* 

dem A (430. %:). 

$87« Corollarium 7. 

KeAificatlo cifibidis ope logaritlimorum poteft perfici. Si enim pbnaa 

3r-^xs=?z; obtinebis ex (584. SO 

W2r— zP -_2r'+3r^z— z^ . 

y = V i ' «y ^ %i -az^«x=— sz, . 

Pro quovis arco /ct:=AM debebit erga fieri per (469. S-) 

«A*— V^r |-j a2^+szy=:::rfiz. ^ > ^^^ ■> . 

z 
Integrale antem ;i ho;us expopentis diffcrentialis licebit per 
(;303- S-) pcf^Ae determinare. 

588- Cg. 
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588* CorolUriQin 8* * 
Spatlmnrao S£=AMP rerpoodeof dataecoicoiiqne tbfeU&iexsAF 
detenninabtle eft per foa6Uoiiem algebnico-trigooooietriauoi» EriCcmoi 
ob(584§)J»^'(488.S.) 

Qoamobrem integtaodo per (joa. (.)[ lOveoieBiat 

S=C-(4x^+lrx*)/(ar-x) 4. ?il ArcSio -^Zi- 

Verom, com pro abrdfla x=:o debeat fieri S = IIAP = o, et 
Afc Sio' i=^= ArcSio-i=— ir; erit C— 4r. ~ = o, hioo 
Cs^J^-rS adeoqoc 

S?=Jrr*— (4x+4r)/(2rx— x»)+l^ Arc Sio^'. 

589* Corollarium 9. 
fotom rpatiom iotra Ao^ARt et op comprebeorom, ramo dfloidia 
AR in iodeftoitum prodaffco» obtioebltur ex (588- S) ?^ x=Ao=ar9 
aioiirom S=irr^: faoc fpatiom eft ergo triplum areae feoiidrcali Ato. 

590. Definitio. 

f^ ||o. Sif datis duabus reftis EF, Ba (3a 31. 33. Fig.) fub aogolo rrfto 10 
M^ l^ D Me ioterfecantiboff capiantnr io refta Ba partea BD=DA=bp 
PC'* determinatae longitodinis, ot iit b=a (31. FigOf velb<a (30. 
FigO ^ ^> ^ (3^' PigO* tnm ex ponfto C per qoodris ponftom G 
H^h* EP ducator refta CM, fiatqae GM— GN=BD=DA=b; jace* 
kunt omnia bac ratione determinabilia ponfta M, N in Conckmde. Pon- 
ttm C vocator Polus concfaoidis; refta vero conftans b=BD=AD eft 
^OS StigMa tta Farameter^ et £ F Axis vel DireSrix, 

591. Corollarium i. 

Concbob conftat doaboa partibns RBS, UAV ad partes oppofitis 
^^ KF. jaceotibus, quarum commuois af>'mptotos eft ipfe axis EF 

59a.Co. 



592. Coroilariam 2. 
Si ex punfto M ad EF et Ba daeantur perpendiciila MQ, MP» erit 
MQ:MG=:CP:CMr=(CD + M<D:/(MP*+CP*), adeoqiie MQ*:MG* 
:c=(CD + MQ)*:(DQ*+(CD + MQ)*); cum igitar fit CD=a, MG=BD 
t=2DAt=:hf fi praeterea cooixlinatae orthogona^ fiaat DQ=:x, MQ=:y, 
habeblmQa pro aeqaatione ad conchoidem (590. §J 

y»:b*=(a + y)»:(x^ + (a+y)*); 
y^+2ay'+(x?+a*— b*)y*— 2ab*y— a*b*=o; 

{y + a)(y + a)(y + b)(y-b:^, + x»y*=o. 

593« Corollariuin 3. 

Natiira conchoidis, quae^ope pr^ecedentis aeqaationiSi poteft expTo- 
rariy pendet a relatione inter conftantes reftas a, b (590. §.)• Quidquid^ 
fllae fint, aequales vel inaequales, deberet, :pro y=0, fieri a*b*=b 
(592^§.)> qaod eft impoffibile: impoflibije ergo eft, ut concholi axi EF 
in aliquo poafto occurrat^ eumque tangat vel fecet (591* §.)• 

594» Corollarium 4. ^ 

Quodfi autem ponatur x=o, nafcetur aeqoatio (y+a)(y+a)(y+b) 
(y — l>)=o^592. g.) quatuor radicum realium y= — »f y = — a, yi= — b, 
y=b (170. 175. §.): conchois poteft ergo figittae (590. §.) quater oc- 
currereomnicafu; ter ex illa axeo» EF parte, ad quampolusC (59a§.) 
jacet, nimirum bis in difliantia a=DC, adeoque in ipfo polo C, femel 
vero in diftantia b=DA, et femel ex parte oppofita axeoa £F in diftaxw 
tia b = DB (492. §. 4. n.). 

595. Corollarium 5. 

Omnis conchois habct pi||^om duplex in ipfo polo C. (594. 440. §.); 
Si eft diftantia poli ab axe major parametro, nimirum a = CD >b = DA 
(30. Fig.); punftum duplex in polo C eft conjugatum (498. §•)• . Si vero 
eft a=DC=b:=JDA (31. f^ijr.); pnnftum duplex in polo C (594.S.) 
coincidit com punfto extimo A parametri DA. eftque idcirco A punftuoi 
triplex (440. §.). Si denique eft b = DA >a=DC; punftum duplex ia 
polo C jacet in parametro DA inter ejus punfta cfxtima D, A (32. Fig.). 

y^lMmiH I. Hh , 596.C0- 
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596. Corollarium 6» 
Ex aeqottioDe ad coocfaoideiii (593. ^)\ fumto t^oneote differen- 
tio& <x=i pro coDfboti, oafbeotor fequentes aeqoationes differeotialca 
pcr (J41. 142. S-). 

Z=v*+«ay'+Cx*+a*— b»)y*~2ib*y— a*b*=a 
«Z = C2y'+3ay*+(x*+a»— b*)y— ab»)«y + xy>ax=a 
a ( (ay'+3»y*+(x*+a*~b»)y-ab*)5y) 
«Z=>+(6y* + 6ay+ x* + a*— b*)€y» , < = •♦ 

V+4«y«y«« + y*«>^* J 

597* Corollarium 7. 
Fmoa acqoado diSerentialis (596. $.) dabit --^zz o pro x = o et 

T=b=DB (30. 31. 32.Fig.)» qoidqoid fit a=DC: omni ergo cafa ha- 
Mh coochois ad pooftom B (594. §.) ooam taogeotem mn parallelam 
ui EF (503- S.> 

$98. Coroilarium g. 
Sedetiamprox=oety=— b=DA» modo fitDA>DC=a, vel 
DA<DC=a (33.30. Fig.), obtinebitur —^=0 ex prima aeqoatione 
differentiali fiZ=o (596. §.): igitar etiam ad pnnftnm A concboidis 
CS94$«) dabitor ona tangeos pq parallela axi EF (503. $.), fi parame- 
ier b fit major vel mioor quam diftantia a poii C ab axe EF. 

599« Corollarium 9. 

€ V O 

Verom pro x=o et y = — a prodibit -^= — ex prima aeqnatione 

jifierentiali €Z=o (596. §•)» u°de pro fitu tangentis in pnnfh) C feu 
molo conchoidis nihil poteft coliigi. Qaamobrem famator in fubfidium 
rftcooda aequatio diiferencialis cZ = o (596. §.), qaae pro x = o et 
y-=— a=DC dabit * 

— — =— r 1, hmc =±\/ I -"a ' V 

Qoodfi ergo firb=DA<a=DC (30. Fig); erit tangens in polo 

C tanquam punfto coojugato conchoidis (595. §.) imaginana (504. §.). 

Si vero fit b=DA=a=DC (31. Fig.); debebit tangens in punfto du- 

%j^*r» /^/xi-. g.) efle perpendicuiaris ad axem EF (504. §.), et C erit 

Qifpis 
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CHfpU concboidif (441. S.y Sidemam fit b!=:DA >a!=DQ(32.Fjg.)s 
extabunt ad C binae taogentes avjrrs (504. §.), et C eHt nodus cotiT 
cboidja (441. SO* 

600». Definitio* 

Exempla carvaram traoscendentiam (442. §.) defamemas a qaadra- Fig. |}. 
trice, cycloide, et epicycloide. Si quadrans AB (33. Fig.) drcuH radio 
CB=r defcriptl, et radiua AC dividantur in qaiboscunque punftis E»P^ 
ficatfit B£:BA;==CP:CA, tum, dufto radio C£, ex P ad AC dn. 
catur perptndicalaris PM eidem radio in M ocearrena; jacebant onmia 
punfta M boc modo determinabilia in Quadratrici dina/irtUis AMD. 

6oi« Corollarinm u - 

Pro aren ^ radio =1 inter cmra angali BCE defcripto et 2:=:CM, ' 
erit CPtsz Sm ^, B£:= r^» ABs= ^rT: cnm igitur fit BE : BA 

t= CP:CA (6oa SO» «nt ^:iT=sz Sin^:r, binc z = ^y.^ aequa- 
tio ad qaadratricem inter ordinatai z=;CM ad punftum C cOnvergeo» 
tea et ang^os variabiles (p=BCE. 

6oa. Corollarlnm d. 
Crefcente angnlo BCE» adeoqne etiam arcu ^, crefcet quoqoe 
n:=CM, et pro <p=4ir, anguloque BCE =rBCA:=90*' fiet z!=r=AC: 
quodfi autem decre(cat angalus BCE, dum fiat tam is quam arcas (psoj 

fiet etiam Sin« = o, et z^CM=CD=-^ (6oi.S.). # 

ir 

' 603. Corollarium i. 
Ex (6oi. SO facile elicies aeqaatioaeffl inter coordlnatu orthogonas 
ys=MP,x=CP: erit enim 

x=:55Sin^=:-2^; 



- -^ tir(pCof(P ^ ^ *x 

y?=zCof^= T^—^^Cot-rr^ 

^ ^ irSin(P ar 



Sin^ 

604« CoroIIariam 4« 
Pro his coordinatis invenies in (603. S») exponentem rationis diffe- 
rentialis Amftionis y 

Hh 2 sy 
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596. CoroUarium 6» 
Ex aeqcmtloDe ad conchoidetn (593. %.), futnto expODente dijSeren- 
tiali 0x:=i pro cooftaDti, nafcentar fequentes aeqnationes differentlales 
per (141. 142. §.). 

Z=y*+3ay' + Cx'+a*— b*)y*~2ab*y — a»b*s=:a 
«Z=:C2y3+3ay* + (x*+a»— b*)y— ab*)«y + xy»«x=a 
C (2y'+3ay^+(x*+a*~b»)y-ab*)«y) 
«Z=:^4.(6y2 + 6ay+ x* + a*— b*)€y» . < = •• 

597* Corollarium 7. 
* Prima aequatio differentialis (596. §.) dabit — = o pro x t= o et 

y=b=:DB (30. 31. 32.Fig.)f quidquid fit a=:DC: omni ergo cafa ha- 
bebit coDchois ad punftum B (594. §.) unam tangentem mn parallelam 

axi EF (503. S-> 

598. Corollarium g. 
Sed etiamptox=oet y=: — b=:DAy modo fitDA>DC=a9 vel 
DA< DC=:a (32. 30. Fig.), obtinebitur — ^=6 ex prima aequatione 

differentiali sZ=o (596. §.): igitur etiam ad punftam A concfaoidis 
C594. §.) dabitar una tangens pq parallela axi EF (503. $.), fi param«- 
ter b fit major vel minor quam diftantia % poli C ab axe EF. 

599« Corollarium 9. 

Vemm pro x=o et y = — a prodibit — =-*- ex prima atqmtioMt 

differentiali 6Z=o (596. §•)» u°de pro Otu tangeotis in puDAo C feu 

polo conchoidis nihil poteft colHgi. Qaamobretn fucnatur in rubGdium 

/fecunda aequatio differentialis cZ=:o (596. §*), quae pro x^o ee 

y;=— a=:DC dabit ^ 

«X* b» -. «X L /^f ^^ \ 

.— =^""' i?»c 73r=±/ (1?— 0' 

Qaodfi ergo firb=DA<a=:DC (30. Fig)i erlt ttngenf lo paVr 
C tanquam ponfto coojugato conchoidis (595. ^.) imaKioAna ' '^ 
Si vero fit b;=DA = a=DC (31. Flg.); de 
plici C (595. %) effe perpendicularis ad axem ^ 
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Sm0Cofip — (p iSins^— (p 

Hinc manifeduai fit, ob (59- SOt «y feroper habere valorem t)eg9- 
tivam: ^rerceotibus abfciilifl xsCP detrefcant. ergo ordinatae y=MP 
(444^^0 9 tangen&qqe MT ad pun^tum M cum fubtangente TP jacet ad 
partem ordioatae MP ei oppofitam, ai^quam jacet origo abfciiTaram C 
(500. §. 3.. n.); ct, fnmto idcirco «y cum fignis contrariis,' obtinebis 
fubtangentem com angulis MTP, TMP per (500. §. 4.0.): Dimirom 
>rn_ r(p Sin2(p 



. T.ngMT>=*=|f2*,T..gTMP=.^:^^. 

. Pro angulo BCE=o debebit fieri (ps=o, Sin^=:o, Sioa^p— o: 
xKitnr pro tangente in D erit Tang T D P ::=: o , et fubtangent 
' TP=Tp=a 

\ 605. Defi nitio. 

^•J4^ Si diamcter AB (34- Fig.) dati circuli perpendicuiaris fit ad reftaiii 

DE in B, et per quodcunque iiiius punftum P ducatur MM' parallera 

♦ ' reftae PE peripheriam cffcafi m m, m* fecaris, fic ut fit arcus Ani=Am% 

tam fiat Am=:mM=Am'=m*M'j jtcebunt omnia punfta M, M' hac 
ratione determinabilia in un* curva, qaae Ciyc/oif vulgaris feu lirochois 
vocatuf. ' 
^ 6o6. Coroilarium i. 

Pro radio AC=r circuli genitoris, et AP = x, MP=y, erit 

y=mP=rvIm = mP + Am (605. §.)• . Eft *autem mP=/(2rx— x^), 

et tam pjP finus, quam AP=x finus verfus arcu^ Am: quodfi crgo 

' huic fubftituas arcum radio =1 inter crura auguii ACm defcriptum per 

' ' (5- §• 2. Schol.)» babebis fequentes aequatiopes ad cycioidem inter coor» 

' dinatas orthogonas x=AP,y=MP. 

y^^/^C^rx— x*)+r ArcSinv ; 

Tcl y=:/(2rx— x^)-f rAfcSin ■^ ^"^"''''^ - 

607. Corollarium 2. 
Pro ;c=AB=2r .erit y =:BE=r. ArcSinv 2=rT= femiperiphe-? 
riae AmB cifcoU gcnitoris (606. §.)• 

6o8-Co« 



- '. C AP UT IX «45 

6og» CoroIItfium $i ^ 

Ordinati y eyc^oidis fetnper eft imaginnriay tampro abrciflji neg^tiva 
xts?— Ap, qaam pro pofitiva x=Aq>AH:=2r (606. SO^ tota cyclois 
eontinetur ergo inter parallelas DE^ de per punAaextima diametri AB 
tranfeuntes. 

609, Corollarium 4. 

DifTerectiatio prima et fecmMla funftionia y in (606. S) ^^bit fe* 
qoentcs exponentes difierentiales : 4i> 

>^2r — X • — r 

•^ V X "^ X /(2 r X — X*) 

6io. Corollarium 5. 
Cum fempcr debeat effe x<2r (608. §0; fempcr erit «y valorifl 

a - 

|>oiitivi, et Ry vaioris negativi (609. SO^ tangens MT cnm fabtaogente 
T P pro qaovls piinfto M cycloidis jacebit igitar com origioe A abfcif- 
farum x~AP ad eandem partem ordlnatae mP (500. §. 3-nO; ipfa yero 
cyclois obvertet concavitatem axi abfciffaram AB in qoolibet punfto fil 
(461: §). 

6ii. Corollarium .6. 

Pcr (609. 5CO. §. 4. nO invenientur pro fito tangentia refpefta ordi- 
natae MP et lineae abfciffarum AB fequentes expreffiones: 

-2r — X 



TangMTP=y.<:2Z_iL. TangTMP=/' 



2r 



Pro X sr AB = 2r erit tang MTP x: o; et pro x ^=i o fiet tang 
TMP:=o: tnngens in E vel A e& Igitor perpendicolaria ad B£ cafa 
primo, vel AB cafu fecundo» 

6r2. CoroIIarTum 7. 
Radios curvedinfs in quolibet pun£ko M cycloidis erit 0^.(609.472. §.) 
aetjuaUs funfHoni 2^(4^* — 2rx) = 2.mB, nimirum = dupiae chordac 
m.B: pro x— AP=o erit itaque radius curvedinis in panf^o A aequalia 
guadruplo radio» feu doplae diametri circuli genitoris^ nimir^Ai =4f 
s=:4.AC=2.AB» 

Hh 3 613. Cc 
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613. Corolltrium 8« ^ 

Pro trcu ^:=:AM per (469. 609. §.) loveniet ezpotienteoi differen** 
"tialem «;t=fixy^^^^: ipfe igitur arcQs erit /t^rsAM^a/arx. Hinc 
pro x:=ar=AB debcbit effe AMEc=:2 /41^=4 r. 

614. Coroilariaai 9* 

Et pro fpatio S:=AMP Iiabebiaiiia . ob (606. 488- S) exponentem 
differentialenu \ 

ES=fix/(2rx— x*) + r«x ArcSinv — • 

Hinc fi altera pars integretur per (257. §)> prodibit 

Sr=rxArcSinv^ + /^x/(2rx~x^— / ^./^^^s ^ > 
r *y * "^ ^/(arx — x*) 

Adeoqae per (289. 302. %.) debebit effe 

Ss=AMP£=i(r.+ x)/(arx— x*)+r(x— ir)ArcSin?~. 

Qaamobrem pro x~ar obtinebitar Tpatiam ABE=rC2r— ir} 
Arc Sin V a =1 «* r^ triplam areae A m B femicirculi gemtoria. 

615. Coroilariam 10« 

Cetenim facile ex (605. %.) colligitar, punfhim ^ diametri AB per* 
cutCaram cy^loidem AME» fi circaloa genitor AmBm'A rotetur faper 
rcfta DE. 

6x6, Definitio. 
Vig- 3^ . Si faper peripheria EBF (35. Fig.) circoli radio CB defcripti rotari 
cogitetur circolas AbBaA cam priori jacens in eodem planof progre» 
diecar paaflam extimum A diametri AB in curva AA'D, qaam Epictf^ 
cloidm vulgarm vocant. 

6x7« Coroilarium i. 

Si drculus genitor ab initiali fitu AbBa perveniat ad fitum A%'BV» 

ka ut diametri AB, ab fitum A'BS a'b' obtineant; erit arcas a'B=aB 

5=:a*BF: qaodfi ergo ponatnr arcus a*B=a'B*=a, et radias circuli gc- 

nitoris cB^c^B^^r, circuli verO| fuper quo ille rotatur, radiu8CB=R; 

erit anguias a«CB=~ , et tngulus t'c*B'p=:-Y" (5- S- 3* Schbl.). 

6ig.Co- 
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6i8. Corollarium 2. 
Dpfta td qQodcQQqoe puDftum A' ^picycloidis refiia CfP = r, 
cum fit A'c'=r, Cc' = r + R» et angulus A'c«C= 180^ r- B'c*C 

&180*' — (617. §.); hab€bimuf per (5. §. i.Scliol..36.Form.) 

v»=r»+(r+R)*+2r(r+R)Cof — . 

619*. Corollarium 9. 
Pro coordinatis orthogonis xt=CP, y = A'P debcbit crgo effe ob 
(618. so 

y*:=r»+(r + R)^ + 2r(r+R)Cof-2 »*. 

^ 620. Corollarium 4. 

Ubi circulus genitor AbBa fitum DMGN obdnuerit, punfto A io 
D, et B in G cadentej erit u = BD t= AaB = irr: igitur 2* = CD* 
c=r* + (r+R)^+2r(r+R)Cofir C6i8.S0i adeoquc, ob Cof »=— l, erft 
z* = CD^=R*, et z=R. 

621. Corollarium 5. 
Duftis ex c» ad A'P, CP perpcndiculis c'q, «»p; erit angulua 

A«c'q = a»c«B' + a»C B =— 4. -^ (617. §.), et x=CP 

r ' K 

=Cp + c'q, y=A'P=A'q+c'p: cnm ergo fit 

Cp=Cc^Cofa'CB = (r+R)Cof-^; 

c»qs=A'c'.CofA'c«q=i;Cof(-^4-^); . 

- A'q=A'c'. Sin A'c'q=rSin (-p + -^); 

c'p=Cc'. Sin t'CB=(r+R) Sin -^; 
I debebit «iTe ^ 

x=(r + R)Cof -H-+rCof '■+^ " - 



K ^ * ""' K r ' 

^. r + R u f ^ , ,^v *,. u 
y=rSin-^— • — + (r+R)Sm -^- 



6^3. Co- 
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6^2. Corollariuin 6.- 

Epicyclols erlt ita^ue curra algebraica, vel traMcendenii^ prout 

radii r» R fuerint' commenfurabilea, vel bcommenfurabiles. Si enim ra- 

dii r» R liat commenfurtbiles; dabuntur niimeri integri k, V pro.quibus£e£ 

r k „ ri r+R k+1 ^ , ,. 

-jr- = -T- binc ^ — ~^ 9 ^ — 5 — = — i — • nabebimus ergo in 

(6ai. §.) ^ 

x=Cr+R)Cor-^. i.+rCofiti-. i-. 

« Quamobrem licebit utrumque coiinum in hac aequatione per Cof-^- 

exprimere, et fi tum valor loco Cof — ex aequatione in (619. §.) de- 
terminabilis fubfliituatur, detefnninabitur aequatio algebraica inter x, y^ 
carens atca «• 

» 621. Problcmt. 
Explorare fitum tangentis ad quodvis puuSum A} tpictfctoidis. 

Solutia / 

1. Pro -^=:r(p, €t —^ — u:=zfi,, habebimus ob (6ai. §0 fe- 

^uentes aequationes: 

x=(r + R)Cor(P+rCof;t; 
y :z=T Sin At +(i*+RJ Sin (p. 

2. Si arcus u:=^Ba» crefcat, decrefcet xt=zCP, et crefcet yrrA^P, 
tznde fequitur tangentera A^T cum fubtangcnte TP cadere ad partem 
ordinatae A^P oppofitam illi» ad quam jacet origo abfciJirarum C (500. 
S- 3* "•)•' • 

3. Erit autetnin(i) 6x = (r + R)6Cof(p+rsCof jtt, etcy^reSin/» 
+ (r + R)fiSin^, feu fix^= — (r+R) Sin(psCP — r Siu jieju,, et ey=:r 
Cof .afi;t + (r + R) Cof (pfi(p: quodfi ergo juxta (i) exponentes differen- 
tiales fiip, €/jL determinentur pereu, valorque pfo ex fumatur cum fignis 
contrariis; debebit effe per (500. §. 4.n.) 



T.ngPA.T=fi=^^|±g^=T..sU*+.). 



Et 



9t ob ^+;t= "''t^ ; o erit 



• TmgPA'T=tt«iig4- -^^^tBl.Vo. 
I '« 

624* CoroUiiriuin T. ' 

Pro fito Ungentis refpefta liae^ abfcin^raiii, et &oroudis A^S rtf 
Ipefto ordinatae erit ob (633. S) - * 

5s=TaiigK^+/*)=Taiig4 • ' ^[^ ' ^ .«• ' 

63S« Corollariam 3. 
Da£ta chorda A'aS erit aogriaa a' A» c» »* A' c« b» £= i a^ C » 
=^X6i7-S:); obA«c'q=-p4-^:(^^^^ erit c»A'q 

t=:9P** — C ~ 4" rs" 7 • habcbimos ergo aagalam a' A* q=a» A* c*+ c'A'q 

;;7/ . ,. * x;r. ••. K ^^ - ■ , . ■.■■■' ^. . . - ., . 

-1:900«. 4 C^TkT?).'*- ''^'^* ®^?^ eireCota'A'qn=Tangi.-?^ji^ . a. 
Angalas intra chordam, A^a* etordinatam A'P aeqaator ittqae angalo 
intra normalem A'S et ordinntam A'P (624. §.)» ^t ideo debet normalitf 
A*S caiQ chorda A'a' coincidere, et tangena A'T efle perpendicuiirli 
ad chorttam A*a». ' * *i - 

626. ^roblema. 

. lUBHJUari arcum epicifcioidis x = A A*. . . r 

Solutio. ^ 

Determinatis jaxta (623. S^, I. 3. n.) i^ocibos pro 'ex, sy, [pbt^i 
sebioias - 

«y*+«x*= iji^^fU»(O(r+Sin>Sin/t+Cof(pCof/0) 






»S« C AP U T 'IX» 

Xv (469- ^) cric «V» 






•^B^^a itkMt fini ette crOM «sA A^;=:o, et Sin-^ ;=:o; 



697. Corollariam. 
^ «coasBDsrAaBsrr, erk«=:AA«b; igitWfir.(6a6.S.) 

AA'D« 1^y> a.iw«= l'^;^'^^ . 

tet^ Problemao 
IwiMVi rwfc» larwterf jwre ftetf jwai» A* ifkfikUSu \ 

Sohilio. 

^ <^}* S* >• 9. nO ft (6a& S) dktenniiMibb radhmi cnnreliinie pcb 
ynfto A' fir^QifBti celaiio» 

r4>B 
K 



♦=Tr» '»**'*Rr"°' 



•ys= -£±2. «(Crf^+Cf;.); 



Jy a - -^^.B*(rSto^»+«)«ln^* 






trgo 

Z 



\^(3r+ir)Cr+Ry, ,a,/,+statao^+Cof^Cofi»> 
=:=(ilj±H^t:B^ ,,Hi+Crf<>»--#jX ; . 

■r- ^ *■ ; • -■'-■,■.'- / '' 

ftt (474. $.), « rMnu» comtiwo' in pando A« ▼ontar Z, «tfc 
( -Cr+R N«» ..,(,^.Cof»^(p))y ^ 

. 4rCr+R) ^l+Coffa— ») . 
ar+R V 3 

Conftqoenter eft 

- 4rfr+R) /lliriZ-. J£fr+5L<W^. 
^- ar+R V i — ar+K '*'«r 

699. Corollariam !• 
Radian corTotfoio pro poofto A obtiiicUo cx (63$- $•)* V^ 
arcQ assBa^sco, 910 cafa fiet-Cof-^ ssCofos It i^j^ .ndiao 

corvatanr in A fiet 2»-^^^— • 

r 

lia . 630. €•• 



«!♦ 
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^ (4^ S>) «rit ets» 






.a.y^ 



i^^Cofi 



im ««ss .I:i^ •vCof i • -J-* 
4r(f+R) -. - a 

■Ift «tf!» irew AA*i?:*s=^-4^^3:S_Sio«-^+C; ctiinqae proar. 

co a=;&B«*s=o dcbent fiwi ettnii Amw «sA A<=o, et Sln-—-: ;=o; 
4eM cff» coBftMM C&so» hioe 



ifr(r+Rr g 



637. Corollariom. 
Yn •Koas=BD=A»B=ra'» eritas=:AA*D: igitarp«r(6a6.S>) 
(r+R) 



AK^Dxsi^- 



.Si„i,«j!I^. 



69S* Problemao 
hBtmn nuSmm emiMtHarai pro qmms ptmffo A* ifUj/doiJSu 

Sohitio. 
PlMr<6a3. %1.2. n.) ct (636. $) detenninabis rtdiiiiii c uri rt iini» pi^ 



ywifta A* (eqocnd cilcolob 



♦=T' " 



r+B 
Rr 



r+R 
•xs — = — 



y •«(SiB^+Sio;.); 
•y=-£±5- •o(Ccflp+0»f/t); 




x^ 



C4Pvr /x #|i 



R« 



«s=-7^ ««(rCof (p+ (r+B)C»fMn 
•y = - ~S- "•fra»f +(f +R)Sto;i)s 



rR» 



s s 



crgo 

Z 



_ (ar+10Cr+R)» ,„,(,4.sin(pSln/i+Cof<pCof^) 

. -^^^tBr.a3(.+CofO»-.f,X 

Per (474. $.), fi nidiw comitorM^ Id piindo A* Toctttv Z9 trit 

_ (CLtffi!;l.,(,.^c,f(,-^))y ^ 

. (»-fjg C r+Ky ,^,^^,^,^,^^ 

, "^^ ar+R V 3 

Confitqoeiiter eft 

'o 
3._ 4rfr+R) ^^'•«•^"fT- 4r(r+W) ^>^ » 
*•" ar+R V a — at+K ar 

699. CoroUarinm i. 
ISaifflr^frSBSii^pro poofto A obtinebli *x (fiag. J,)» >•••' 
•rcQ B = B»'=o, quo caTii Set C^ory-sCof osii <^ 
«wvaranrioA fi« Zss-^ii^- ^V 

«30. Co. 




6.30. .Cor.ollarium W rt • - a. ■ 4 
Badiam vero carvatan^e pro poD&o D inveniei.ex(628. §.) poneiMto 
Arcom u^BD^zrAtBsrrr, adeoque Cof— =:Corir=o: qoare cii: 
dius corvaturae ip [luii^ D.eft Z«=a , . . r- « 



Error corrigendus. 

la 301. S- W' I30*"d^b^t parti piimt' Teriei faahere fiiftorem 
3 /(« + fl x)' . loco a /« +i8 X). 



•' ^t* 



t 
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